
SIAM J. IMAGING SCIENCES c© 2016 Society for Industrial and Applied Mathematics
Vol. 9, No. 2, pp. 573–604

Fiber Orientation Distribution Estimation Using
a Peaceman–Rachford Splitting Method∗

Yannan Chen†, Yu-Hong Dai‡, and Deren Han§

Abstract. In diffusion-weighted magnetic resonance imaging, the estimation of the orientations of multiple
nerve fibers in each voxel (the fiber orientation distribution (FOD)) is a critical issue for exploring
the connection of cerebral tissue. In this paper, we establish a convex semidefinite programming
(CSDP) model for the FOD estimation. One feature of the new model is that it can ensure the
statistical meaning of FOD since as a probability density function, FOD must be nonnegative and
have a unit mass. To construct such a statistically meaningful FOD, we consider its approximation by
a sum of squares (SOS) polynomial and impose the unit-mass by a linear constraint. Another feature
of the new model is that it introduces a new regularization based on the sparsity of nerve fibers. Due
to the sparsity of the orientations of nerve fibers in cerebral white matter, a heuristic regularization
is raised, which is inspired by the Z-eigenvalue of a symmetric tensor that closely relates to the SOS
polynomial. To solve the CSDP efficiently, we propose a new Peaceman–Rachford splitting method
and prove its global convergence. Numerical experiments on synthetic and real-world human brain
data show that, when compared with some existing approaches for fiber estimations, the new method
gives a sharp and smooth FOD. Further, the proposed Peaceman–Rachford splitting method is shown
to have good numerical performances comparing several existing methods.
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positive semidefinite tensor, semidefinite programming, sum of squares polynomial
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1. Introduction. Diffusion-weighted magnetic resonance imaging (DW-MRI) is a tool that
explores the microarchitecture of the white matter of biological tissues in a noninvasive and
in vivo manner. Since the DW-MRI signal attenuation is sensitive to the directional diffusion
process of water molecules, which are restricted by the complex local biological tissue environ-
ment, we can infer the detailed orientation information of nerve fibers by analyzing DW-MRI
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signals. In clinic [14], the orientation information of nerve fibers provided by DW-MRI helps
to investigate some neurological and psychiatric diseases such as stroke, epilepsy, neurodegen-
erative diseases, and spinal cord disorders. In neuroscience [35], by means of DW-MRI, an
ambitious project named the human connectome project,1 is raised and aims to reveal the
anatomical connectivity of human brain in vivo which was never before possible.

Assuming the diffusion process of water molecules is Gaussian, Basser, Mattiello, and
LeBihan [5] proposed the diffusion tensor model, where the diffusion tensor is a 3-by-3 sym-
metric positive definite matrix. Lin et al. [39] showed that the principle eigenvector of a
diffusion tensor corresponds well with the orientation of a single fiber in cerebral white mat-
ter. However, due to the complexity of the human brain, the Gaussian assumption fails in
regions that contain multiple nerve fibers, such as crossing and kissing [3, 57]. In fact, one
third of the cerebral white matter regions contains more than one nerve fiber [6].

To characterize a non-Gaussian diffusion of water in complex biological tissue environment,
Jensen et al. [32] presented the diffusion kurtosis imaging, which generalizes the diffusion
tensor model by introducing an excess kurtosis term that approximates the higher order part of
the diffusion displacement probability distribution. Qi et al. [48, 27, 47] gave some properties
on the eigenvalue and the extremum of a fourth order kurtosis tensor. Hu et al. [31] studied
the positive definiteness of diffusion kurtosis imaging. Diffusion spectrum imaging is another
effective approach which was proposed by Wedeen et al. [58]. They used the Fourier transform
of the DW-MRI signals to recover the spin displacement spectra, whose orientational maxima
is corresponding to a fiber orientation. However, diffusion spectrum imaging requires hundreds
of DW-MRI measurements with multiple diffusion weighted b-values, which are expensive in
a clinical application. Tuch et al. [57] raised a cheap DW-MRI sampling method named
the high angular resolution diffusion imaging (HARDI), which collects DW-MRI signals in
gradient orientations located on a semisphere with a fixed b-value. Signals with no diffusion
weighting are also obtained for a normalization.

Using HARDI, researchers proposed numerous methods in the last decade. Tuch [56] in-
troduced the Q-ball imaging which uses a Funk-Radon transform to compute the linear radial
projection of a diffusion probability density function onto a unit sphere and obtain the dif-
fusion orientation distribution function. With the help of spherical harmonics, an analytical
Q-ball imaging was presented [19]. When the volume element in the projection of a diffusion
probability density function was considered, some variations of the Q-ball imaging were pro-
posed [54, 1, 8, 42]. Recently, Wolfers, Schwab, and Vidal [60] studied an adaptive selection
strategy for active constraints of convex optimization and produced a practically nonnegative
diffusion orientation distribution function. Another kind of method is spherical deconvolution
(SD). Taking the interesting assumption that all the nerve fibers share a common response
function, Tournier et al. [53] expressed the DW-MRI signal attenuation as a convolution of
the FOD and the common response function. By selecting a proper response function and
performing SD numerically, they obtained the FOD. We note that SD helped Q-ball imaging
to obtain a sharp diffusion orientation distribution function [20].

1.1. Estimation of fiber orientation distributions. As a probability density function of
fiber orientations within one voxel, FOD must be nonnegative in all directions and integrate

1See http://www.neuroscienceblueprint.nih.gov/connectome/.

http://www.neuroscienceblueprint.nih.gov/connectome/
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to one on a unit sphere. We remark that the nonnegative constraint is also considered in
diffusion tensor imaging [40] and Q-ball imaging [26, 51, 60]. To construct a nonnegative
FOD, SD methods could be classified into two sorts.

The first one is based on the spatial discretization of all the directions on a unit sphere. We
discretize the unit sphere in a finite set of orientations, and rotate the fiber response function
to them. In this way, we obtain approximately complete basis functions. Then, the remaining
work is to determine the nonnegative weights corresponding to these basis functions. Here,
different basis functions produce different approaches. Ramirez-Manzanares et al. [50] and
Dell’Acqua et al. [16] rotated the single-fiber diffusion tensor to generate basis functions.
Whereafter, Patel et al. [44] refined this method. Jian et al. [34] and Kaden, Knösche,
and Anwander [36] used the Wishart distribution and the Bingham distribution, respectively.
Weldeselassie, Barmpoutis, and Atkins [59] and Barmpoutis, Ho, and Vemuri [4] employed
the even order power of predefined linear functions. Numerically, to estimate the nonnegative
weights of basis functions, Jian and Vemuri [33] and Weldeselassie, Barmpoutis, and Atkins
[59] employed the classical nonnegative least squares method. Dell’Acqua et al. [16, 17] used
a Richardson–Lucy iterative algorithm, which comes from Bayesian statistics and converges
to the nonnegative least squares solution in the context of Gaussian noise. Patel et al. [44]
took a projected gradient descent algorithm since they introduced a nonlinear regularization.

The other sort of SD methods is based on the discretization in the functional space.
Tournier et al. [52] represented FOD in a spherical harmonic basis and penalized the negative
regions iteratively. However, the resulting FOD could not eliminate negative probability
completely. Alexander [2] used the concept of entropy from information theory and expressed
FOD as an exponential function of a linear form. Cheng et al. [13] approximated FOD by
the square of a single homogeneous polynomial in an even order spherical harmonic basis. So
the least squares fitting of magnetic resonance (MR) signals is a quartic polynomial that is
obviously nonconvex from an optimization viewpoint. Moreover, they considered the unit-
mass constraint and adopted a Riemannian gradient descent algorithm.

1.2. Peaceman–Rachford splitting methods. Over the past decade, Lagrangian-based
methods found many applications in compressive sensing, signal processing, statistical learn-
ing, transportation research, and imaging science. In our last work [12], we employed the
alternating direction method of multiplier (ADMM) to estimate the generalized diffusion ten-
sors which have a solid physical significance. In fact, ADMM was originally proposed by
Glowinski and Marrocco [25] in 1975 and it was summarized recently in reference [24]. Gabay
[23] pointed out that ADMM is indeed the Douglas–Rachford splitting method [22] applied
to the dual program of the convex separable minimization.

Here, we focus on another splitting method, the Peaceman–Rachford splitting method
(PRSM) [45], which is similar to ADMM except that PRSM updates the multiplier twice in
each iteration. Gabay [23] pointed out that PRSM is more efficient than ADMM if it converges.
To enforce the convergence of PRSM, He et al. [28] introduced a common underdetermined
relaxation factor in the two steps of updating the multiplier. This smart modification makes
PRSM strictly contractive. Then, the global convergence and the local sublinear convergence
rate of the strictly contractive PRSM were established.

1.3. Contributions. The contributions of this paper are as follows.
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1. We establish a novel model for the problem. Our model is a convex semidefinite pro-
gramming (CSDP); see (2.30); which consists of all key characters of the problem.
First, based on the discretization in a functional space, we estimate a fiber orientation
distribution with a clearly statistical meaning, i.e., we impose the nonnegativity of the
function in the constraint. In other words, although the coefficients are completely
undetermined, a nonnegative SOS homogeneous polynomial is employed to approx-
imate the FOD. Hence, a basis of the SOS polynomial does not correspond to any
preset fiber orientation, and the resulting homogeneous polynomial is more flexible to
capture the contour profile of nerve fibers. Moreover, we consider the unit-mass con-
straint which plays an important role in our numerical experiments. Inspired by the
Z-eigenvalue theory of a higher order symmetric tensor which is uniquely determined
by the SOS homogeneous polynomial, we introduce a generalized eigenproblem. Under
some conditions, we prove that the eigenvalue of this generalized eigenproblem is the
Z-eigenvalue of a symmetric tensor. Then, we give a new heuristic regularization skill.

2. We propose a new efficient splitting method to solve the CSDP. Our model falls into
the framework of convex optimization with the sum of separable convex functions and
linear equality constraints. A state-of-the-art algorithm for solving such problems is
the alternating direction method of multipliers, which is a dual application of the
classic Douglas–Rachford splitting method. Numerically, another splitting method,
PRSM, usually performs better. We thus customize it to our model and propose a
new Peaceman–Rachford splitting algorithm. To accelerate the convergence of iterates,
we enlarge the relaxation factor in the second update-step of multiplier and introduce
an additional correction step. The global convergence of the new algorithm is analyzed
in the framework of a general convex separable minimization. Preliminary numerical
experiments confirm the efficiency of this new algorithm.

3. We perform numerical experiments to examine the effectiveness of the model and the
efficiency of the new algorithm. We code our algorithm in MATLAB and do experi-
ments on both synthetic data and real-world human brain data. For synthetic data,
we approve the validity of the new spherical deconvolution method, which generates
sharp and smooth FODs. For the real-world human brain data, using the new method,
we reconstruct the region of corpus callosum crossing corticospinal tracts. The results
are consistent with neuroanatomy.

1.4. Outline of the paper. The outline of this paper is as follows. In section 2, we es-
tablish the statistically meaningful spherical deconvolution method and obtain a novel convex
semidefinite programming model. The heuristic regularization skill is also discussed in this
section. To solve the optimization model, we propose and analyze a new Peaceman–Rachford
splitting algorithm in section 3. Section 4 includes the details of the new Peaceman–Rachford
splitting algorithm applying to the novel convex semidefinite programming model. Numer-
ical experiments on synthetic and real-world DW-MRI data are reported in section 5. We
complete the paper with section 6 by drawing some conclusions and remarks.

2. The novel spherical deconvolution method. We start from the SD model [33]. Given a
pulsed magnetic field gradient sequence with a gradient orientation g and a diffusion-weighted
b-value b, the measured HARDI signal is denoted by S(g). S0 is the zero-gradient DW-MRI
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signal that is indeed a standard T2 image. Then, the SD model is expressed as

(2.1) S(g)/S0 =

∫
S2

f(v)R(g,v) dv,

where S2 := {v := (v1, v2, v3)
� | v21 + v22 + v23 = 1} denotes a unit sphere, v is an orientation of

a nerve fiber, f(v) is the FOD to be estimated, and R(g, (0, 0, 1)�) is the common response
function corresponding to DW-MRI signals of a typical fiber with the orientation (0, 0, 1)�.
A detailed response function used in this paper will be shown in (2.15).

To ensure a clearly statistically meaning [11], the FOD should be nonnegative

(2.2) f(v) ≥ 0 ∀ v ∈ S
2

and has a unit-mass

(2.3)

∫
S2

f(v) dv = 1.

Here, the inequality constraint (2.2) has infinitely many constraints since the orientation v
takes all value on the unit sphere.

2.1. A basic convex semidefinite programming model. We suppose the FOD function
f is a homogeneous polynomial with order R, which is even for symmetry. To deal with the
nonnegative constraint (2.2), our basic idea is to approximate FOD by an SOS polynomial,
since an SOS polynomial is certainly nonnegative [43] and any nonnegative polynomial could
be closely approximated by SOS polynomials [37]. For v = (v1, v2, v3)

�, we denote a basis of
R/2th order homogeneous polynomials as

(2.4) u := (v
R/2
1 , v

R/2−1
1 v2, . . . , v

R/2
3 )�,

which contains Q :=
(
R/2+2

2

)
entries.2 Suppose that there are several R/2th order homoge-

neous polynomials c(k)
�
u whose coefficient vectors are c(k) ∈ R

Q for k = 1, . . . , L. We define
a matrix

C :=

⎛⎜⎜⎝
...

c(k)
�

...

⎞⎟⎟⎠ .

Then, an SOS representation of FOD could be rewritten as

(2.5) f(v) =
L∑

k=1

(
c(k)

�
u
)2

= (Cu)�(Cu) = u�(C�C)u = 〈uu�,C�C〉,

where 〈 ·, ·〉 is the matrix inner-product such that 〈A,B〉 :=
∑

i,j aijbij. Note that for any

given L > 0, the Q-by-Q matrix X := C�C is symmetric positive semidefinite (PSD), whose

2The binomial coefficient
(
n
k

)
:= n!

k!(n−k)!
is the number of ways of picking k unordered outcomes from n

possibilities. Please see http://mathworld.wolfram.com/BinomialCoefficient.html.

http://mathworld.wolfram.com/BinomialCoefficient.html
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entries are undetermined. Generally, a larger L can lead to a relatively more accurate approx-
imation; however, there is no need to preset it in an elaborate way since the numerical results
nearly do not depend on it. Conversely, for any X in the PSD matrix cone S

Q
+, i.e., X � 0,

the homogeneous polynomial f(v) = 〈uu�,X〉 is nonnegative.
On the other hand, we define

(2.6) φ := (vR1 , v
R−1
1 v2, . . . , v

R
3 )

�

as a basis of Rth order homogeneous polynomials, which contains P :=
(R+2

2

)
entries. Under

this basis, FOD has a linear form

(2.7) f(v) = φ�w =
P∑

j=1

wjφj(v),

where w ∈ R
P is its coefficient vector. According to the basis Lemma 2.1 established in [12],

there is a linear map

(2.8) A(X) :=

⎛⎜⎜⎝
...

〈Aj ,X〉
...

⎞⎟⎟⎠ : RQ×Q �→ R
P ,

where Aj is a Q-by-Q matrix that indicates the location of the entry φj in the matrix uu�.
Then, we have

〈uu�,X〉 =
P∑

j=1

φj〈Aj ,X〉 = φ�A(X).

Recalling (2.7), we get the semidefinite programming (SDP) constraint

(2.9) w = A(X) and X � 0.

The unit-mass constraint (2.3) can be reformulated as∫
S2

f(v) dv =

∫
S2

P∑
j=1

wjφj(v) dv =
P∑

j=1

wj

∫
S2

φj(v) dv = 1.

We define

(2.10) s :=

⎛⎜⎜⎝
...∫

S2
φj(v) dv
...

⎞⎟⎟⎠ ∈ R
P

and rewrite the unit-mass constraint as

(2.11) w�s = 1.
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The involved integrals in the vector s could be calculated exactly using the MATLAB symbolic
integration.

The SD equation (2.1) could be processed similarly,

S(g)/S0 =

∫
S2

P∑
j=1

wjφj(v)R(g,v) dv =

P∑
j=1

wj

∫
S2

φj(v)R(g,v) dv.

Suppose HARDI measures N gradient orientations g(i) and generates corresponding signals
S(i) for i = 1, . . . , N . Then, we define the signal-attenuation vector

(2.12) f :=

⎛⎜⎜⎝
...

S(i)/S0
...

⎞⎟⎟⎠ ∈ R
N

and the deconvolution matrix

(2.13) Φ :=

⎛⎜⎜⎝
...

· · ·
∫
S2
φj(v)R(g

(i),v) dv · · ·
...

⎞⎟⎟⎠ ∈ R
N×P .

Due to the elaborate selection of gradient orientations, the deconvolution matrix Φ has a full
column rank if P ≤ N . Then the SD fitting could be rewritten as

(2.14) f = Φw + ε,

where ε is an unavoidable noise.
For the response function corresponding to a single fiber, we employ the bipolar Watson

function [59]

(2.15) R(g,v) = lim
δ→+∞

exp[−δ(g�v)2].

It is a refined Gaussian response corresponding to DW-MRI signal attenuation of a signal
fiber, as long as δ is large enough. Here, we fix the parameter δ = 600 for the purpose of
obtaining a well-conditioned deconvolution matrix Φ. To compute the entries of Φ, we use
the Lebedev quadrature [38]. The Lebedev quadrature on a unit sphere S

2 is similar to the
Gaussian quadrature in an interval [−1, 1]. They all compute a weighted sum of function
values at specified points within the domain of integration. Hence, they all have a higher
precision in practice.

Taking all the components (2.9)–(2.14) together, we obtain a basic convex SDP model

(2.16)

⎧⎪⎨⎪⎩
min 1

2‖f −Φw‖2 + μReg(X)

s.t. w = A(X), X � 0,

w�s = 1,

where Reg(X) is a convex regularization term and μ is its regular parameter.
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2.2. A new heuristic regularization. Since the other terms are well understood, we now
focus on the regularization term Reg(X).

As an Rth order homogeneous polynomial, FOD corresponds to a unique Rth order sym-
metric tensor

(2.17) T = [ti1i2···iR ] ∈ R
3R ,

where symmetry means that the value of ti1i2···iR is unchanged under any permutation of its
indices. In fact, if we define π(p, q) as the index set of all the permutations of p↔ 1, q ↔ 2,
and (R−p−q)↔ 3, then FOD function f(v) can be represented as the following homogeneous
polynomial:

3∑
i1=1

3∑
i2=1

· · ·
3∑

iR=1

ti1i2···iRvi1vi2 · · · viR(2.18)

=

R∑
p=0

R−p∑
q=0

∑
(i1,i2,...,iR)∈π(p,q)

ti1i2···iR︸ ︷︷ ︸
wj

vp1v
q
2v

R−p−q
3︸ ︷︷ ︸

φj(v)

=
P∑

j=1

wjφj(v)

= f(v).

Qi [46] called (λ,v) a Z-eigenpair of a given symmetric tensor T if they satisfy

(2.19)

{
T vR−1 = λv,

v�v = 1,

where the vector T vR−1 is defined as

(2.20)
(
T vR−1

)
i
:=

3∑
i2=1

· · ·
3∑

iR=1

tii2···iRvi2 · · · viR ∀ i = 1, 2, 3.

If (λ,v) satisfies (2.19), then λ and v are called a Z-eigenvalue and its corresponding Z-
eigenvector of the tensor T , respectively. Recently, Cui, Dai, and Nie [15] proposed an inter-
esting numerical approach which can compute all the real Z-eigenvalues of a given symmetric
tensor.

In the context of a real-world DW-MRI signal analysis, Qi, Yu, and Xu [49] showed that
the Z-eigenvectors corresponding to the principal Z-eigenvalues of the tensor T agree with the
orientations of multiple fibers that cross or kiss in a voxel. In neuroanatomy, the number of
nerve fibers within white matter voxels such as the brain and spinal cord is small. Therefore,
an ideal regularizer is the number of the principal Z-eigenvalues of the tensor T . However,
how many Z-eigenvalues a supersymmetric tensor have is still an open problem. Qi [46] gave
one of its upper bound 3(R − 1)2 − 1.
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Our idea comes from a particular function

(2.21) m(λ,u) := 〈X− λE,uu�〉+ λ,

where X is the matrix estimated from the basic convex SDP model (2.16) and E is a Q-by-Q
diagonal matrix such that

(2.22) 〈E,u(v)u(v)�〉 = (v�v)R/2.

In fact, the diagonal matrix E is positive definite since its diagonal entries are the correspond-
ing coefficients of u2

j(v) for j = 1, . . . , Q in the polynomial (v�v)R/2 and all the coefficients
are positive by the multinomial theorem. We remark that the merit function (2.21) is similar
to the one used in Qi [46] except that (2.21) has an additional λ.

Before introducing the novel regularization, we show a relationship between a stationary
point of the merit function (2.21) and a Z-eigenpair of the interesting tensor T .

Lemma 2.1. Suppose the supersymmetric tensor T is corresponding to the homogeneous
polynomial f(v) = 〈u(v)u(v)�,X〉. Then, the tuple (λ,v) is a stationary point of the merit
function m(λ,u(v)) in variables λ and v if and only if (λ,v) is a Z-eigenpair of the tensor
T .

Proof. The tuple (λ,v) is a stationary point of m(λ,u(v)) in variables λ and v if it satisfies
the following optimality condition:

(2.23)

{
∇λm(λ,u(v)) = 0,

∇vm(λ,u(v)) = 0.

Hence, it suffices to prove the equivalence between systems (2.23) and (2.19).
Obviously, we have

∇λm(λ,u(v)) = 1− 〈E,u(v)u(v)�〉 = 1− (v�v)R/2.

Hence, ∇λm(λ,u(v)) = 0 is equivalent to the requirement v�v = 1.
According to (2.18) and (2.20), we obtain

f(v) =
3∑

i1=1

vi1

⎛⎝ 3∑
i2=1

· · ·
3∑

iR=1

ti1i2···iRvi2 · · · viR

⎞⎠ =
3∑

i1=1

vi1(T vR−1)i1 = v�(T vR−1).

Hence, ∇f(v) = RT vR−1. Then, using this equality, we get

∇vm(λ,u(v)) = ∇v

(
f(v)− λ(v�v)R/2

)
= RT vR−1 − λR(v�v)(R−2)/2v

= R(T vR−1 − λv).

Therefore, ∇vm(λ,u(v)) = 0 equals T vR−1 = λv.
Though there are several theoretical results on the Z-eigenvalues of a tensor and the little

numerical methods for computing them, it is still hard to apply it in our study. We hence turn
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to the stationary points of the merit function (2.21) in variables λ and u, which is related to
the following generalized eigenproblem:

(2.24) Xu = λEu, u �= 0.

If this equation holds, we call λ and u an eigenvalue and its corresponding eigenvector of the
generalized eigenproblem (2.24), respectively.

Lemma 2.2. The tuple (λ,u) with u �= 0 is a stationary point of the merit function m(λ,u)
in variables λ and u if and only if λ is the eigenvalue of the generalized eigenproblem (2.24)
with eigenvectors ū satisfying

(2.25) u =
ū√

ū�Eū
.

Proof. Suppose (λ,u) is a stationary point of m(λ,u) in variables λ and u. Then, we have

(2.26) ∇λm(λ,u) = 1− 〈E,uu�〉 = 1− u�Eu = 0.

Hence, u �= 0 since E is positive definite. Moreover, we get

(2.27) ∇um(λ,u) = Xu− λEu = 0.

Consequently, λ is an eigenvalue of the generalized eigenproblem (2.24) and any nonzero vector
paralleling to u is its corresponding eigenvector.

On the other hand, we assume that λ and ū satisfy (2.24). Since E is positive definite
and ū �= 0, we can compute u as in (2.25). Then, equalities (2.26) and (2.27) are obviously
valid.

A natural problem is whether an eigenvalue of the generalized eigenproblem (2.24) equals
to a Z-eigenvalue of the supersymmetric tensor T in some case. The following lemma gives a
positive answer.

Lemma 2.3. Suppose λ and ū are an eigenvalue and its corresponding eigenvector of the
generalized eigenproblem (2.24) and there is a vector v ∈ S

2 such that u(v) is parallel to ū.
Then, (λ,v) is a Z-eigenpair of the supersymmetric tensor T .

Proof. From Lemmas 2.1 and 2.2, it is enough to show that

(2.28) ∇vm(λ,u(v)) = 0.

By the optimality condition, we have

∇vm(λ,u(v)) = Ju
�(Xu(v)− λEu(v)),

where Ju is the Jacobian of u(v). Because of the assumptions of this lemma, we have

Xu(v)− λEu(v) = 0.

Hence, the equality (2.28) holds.
Now, we devote ourselves to constructing the novel heuristic regularization using the

eigenvalues of the generalized eigenproblem (2.24). From the theory of compressive sensing
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[21, 9, 10], minimizing the �1 norm of all the eigenvalues of the generalized eigenproblem (2.24)
is satisfactory. Since the matrix E is positive definite, we have

Xu = λEu ⇐⇒ E−1Xu = λu.

Moreover, E−1X is PSD since X � 0. Therefore, the �1 norm of all the eigenvalues of E−1X
is its trace

(2.29) trace(E−1X) = 〈E−1,X〉.

We remark here that this heuristic regularization differs from the nuclear norm used in [12].

Based on the basic model (2.16), we give the novel convex SDP model formally:

(2.30)

⎧⎪⎨⎪⎩
min 1

2‖f −Φw‖2 + μ〈E−1,X〉
s.t. w = A(X), X � 0,

w�s = 1.

The global solution of this model exists.

3. A new Peaceman–Rachford splitting method. In this section, we devote ourselves to
a new PRSM which could solve the novel convex SDP efficiently. The new algorithm comprises
two steps in each iteration. In the first prediction step, we employ the PRSM to generate a
search direction. Here, an overdetermined relaxation factor is admitted in the second updating
of the multiplier. The second step is a correction step. We compute a suitable step size to
promote the convergence of the new algorithm.

For convenience of our analysis, we consider the following general separable convex opti-
mization problem:

(3.1)

⎧⎪⎨⎪⎩
min θ1(x) + θ2(y)

s.t. Ax+By − c = 0,

x ∈ X , y ∈ Y,

where X ⊆ R
m and Y ⊆ R

n are nonempty closed convex sets, A ∈ R
�×m, B ∈ R

�×n, c ∈ R
�,

and θ1(x) and θ2(y) are convex and continuously differentiable functions.3 Hence, the set of
optimal solutions of (3.1), which we assumed is nonempty, is convex and closed.

The convex optimization (3.1) has an equivalent variational inequality (VI) reformulation
[29]: find (x∗,y∗,λ∗) ∈ X × Y × R

� such that⎧⎪⎨⎪⎩
(x− x∗)�[∇θ1(x∗)−A�λ∗] ≥ 0 ∀ x ∈ X ,
(y − y∗)�[∇θ2(y∗)−B�λ∗] ≥ 0 ∀ y ∈ Y,
(λ− λ∗)�[Ax∗ +By∗ − c] ≥ 0 ∀ λ ∈ R

�.

3The functions θ1(x) and θ2(y) could be proper convex and lower semicontinuous if we slightly modify our
proofs. However, it is more readable in the current setting.
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Define w := (x�,y�,λ�)�, Ω := X × Y × R
�, and the map

(3.2) F (w) :=

⎛⎝ ∇θ1(x)−A�λ
∇θ2(y)−B�λ
Ax+By − c

⎞⎠ ,

the above VI can be formulated in the following compact form: find w∗ ∈ Ω, such that

(3.3) (w −w∗)�F (w∗) ≥ 0, ∀ w ∈ Ω.

Since θ1 and θ2 are convex, the map F (·) is monotone. We remark that VI (3.3) is critical for
our following analysis.

3.1. The predication step. The augment Lagrangian function of the separable convex
optimization (3.1) is

(3.4)
L(x,y,λ) = θ1(x) + θ2(y)− λ�(Ax+By − c) +

β

2
‖Ax+By − c‖2,

(x,y,λ) ∈ X × Y × R
�,

where β is a positive penalty parameter.
The PRSM is expressed as follows.

Prediction step. In iteration k, we set α ∈ (0, 1) and γ ∈ [1,∞). And (yk,λk) is the
current iterate. We perform the following four steps successively:

x̃k = argmin
{
L(x,yk,λk) : x ∈ X

}
,(3.5)

λk+ 1
2 = λk − αβ(Ax̃k +Byk − c),(3.6)

ỹk = argmin{L(x̃k,y,λk+ 1
2 ) : y ∈ Y},(3.7)

λ̃k = λk+ 1
2 − γβ(Ax̃k +Bỹk − c).(3.8)

We comment that the original PRSM sets α = γ = 1. If α = 0 and γ = 1, it is the
Douglas–Rachford splitting method. Recently, He et al. [28] introduced an underdetermined
relaxation factor α = γ ∈ (0, 1) to construct a strictly contractive algorithm. Remarkably, we
admit an overdetermined relaxation factor γ ∈ [1,∞), which could accelerate the convergence
of the new algorithm.

We now show some useful properties on the prediction step. To this purpose, we first
define two important matrices:

(3.9) M :=

(
α+γ−αγ

α+γ βB�B − α
α+γB

�

− α
α+γB

1
α+γβ

−1I�

)
and

(3.10) Q :=

(
(α+γ)2−αγ(α+γ+1)

(α+γ)2
βB�B −α(α+γ+1)+γ

2(α+γ)2
B�

−α(α+γ+1)+γ
2(α+γ)2

B 1
(α+γ)2

β−1I�

)
.



FIBER ORIENTATION DISTRIBUTION ESTIMATION 585

In the following lemma, we show that M and Q are PSD.

Lemma 3.1. Suppose α ∈ [0, 1), γ ∈ [1,∞). Then the matrix M is PSD. Additionally, M
is positive definite if the matrix B has a full column rank.

Proof. By some calculations, we have

M =

( √
βB� 0
0 1√

β
I�

)(
α+γ−αγ

α+γ I� − α
α+γ I�

− α
α+γ I�

1
α+γ I�

)( √
βB 0
0 1√

β
I�

)

and

(3.11)

(
α+γ−αγ

α+γ I� − α
α+γ I�

− α
α+γ I�

1
α+γ I�

)
=

1

α+ γ

(
α+ γ − αγ −α
−α 1

)
⊗ I�,

where ⊗ denotes the matrix Kronecker product [30]. The matrix Kronecker product enjoys a
useful property: for any matrices X and Y, the product of their eigenvalues λ(X)λ(Y) is the
eigenvalue of X⊗Y. Hence, to show the positive definiteness of the matrix (3.11), we need
only show that the 2-by-2 matrix (

α+ γ − αγ −α
−α 1

)
is positive definite. Obviously,

α+ γ − αγ − α2 = (1− α)(α+ γ) > 0.

Therefore, the matrix (3.11) is positive definite and M is PSD.

The second statement is straightforward.

Lemma 3.2. Suppose α ∈ [0, 1) and γ ∈ [1,∞). Then the matrix

2(α+ γ)Q− (α+ 1)M

is PSD.

Moreover, the matrix Q is PSD.

Proof. By some calculations, we have

2(α+ γ)Q − (α+ 1)M =
1

α+ γ

(
ΞβB�B γ(1− α)B�

γ(1− α)B (1− α)β−1I�

)
,

where Ξ := (α+ γ−αγ)(2γ +α− 1)− 2αγ. Similar to the proof in Lemma 3.1, we show that

[(α + γ − αγ)(2γ + α− 1)− 2αγ](1 − α)− [γ(1− α)]2

= (1− α)[2(1 − α)γ2 − (1− α)2γ + 2αγ + α(α − 1)− 2αγ − (1− α)γ2]
= (1− α)[(1 − α)γ2 − (1− α)2γ + α(α− 1)]

= (1− α)2[γ2 − (1− α)γ − α]
= (1− α)2(γ − 1)(γ + α).
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Since γ ≥ 1, this lemma is valid.
For the convenience of our analysis, we introduce a new variable

(3.12) z := (y�,λ�)�

and define

(3.13) ‖z‖W :=
√
z�Wz

if the involved matrix W is PSD.
Theorem 3.3. Suppose that z̃k is generated by the predication step from zk and the matrix

M is defined as (3.9). Then, if ‖z̃k − zk‖M = 0, w̃k is a solution of the VI (3.3).
Proof. See the appendix for the proof.
For the prediction step, we have the following main result.
Theorem 3.4. Suppose w∗ is a solution of VI (3.3) and parameters α ∈ [0, 1) and γ ∈

[1,∞). Then, we have

(3.14) (z∗ − zk)�M(z̃k − zk) ≥ ‖z̃k − zk‖2Q ≥ 0.

Proof. See the appendix for the proof.
This theorem shows that z̃k−zk is a decreasing direction for the merit function ‖·−z∗‖2M.

This phenomenon is critical for the following correction step.

3.2. Correction step. We define the correction step as the following form [61]:

zk+1 = zk + ρ(z̃k − zk),

where ρ is a step size that will be determined soon. By some calculations, we have

‖zk − z∗‖2M − ‖zk+1 − z∗‖2M = ‖zk − z∗‖2M − ‖zk − z∗ + ρ(z̃k − zk)‖2M
= 2ρ(z∗ − zk)�M(z̃k − zk)− ρ2‖z̃k − zk‖2M
≥ 2ρ‖z̃k − zk‖2Q − ρ2‖z̃k − zk‖2M,(3.15)

where the last inequality holds for Theorem 3.4. To obtain a maximal decrease in the merit
function ‖ · −z∗‖2M, we compute the maximizer of its lower approximation (3.15)

(3.16) ρk :=
‖z̃k − zk‖2Q
‖z̃k − zk‖2M

.

In practice, to accelerate the convergence of iterates, we use an additional extrapolation in
the correction step.

Correction step. Set ς ∈ [1, 2). We compute a step size ρk by (3.16) and generate the
new iterate:

(3.17) zk+1 := zk + ςρk(z̃
k − zk).
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According to Lemma 3.2, we get the lower bound of the step size ρk.
Lemma 3.5. Suppose α ∈ (0, 1) and γ ∈ [1,∞). Then

(3.18) ρk ≥
α+ 1

2(α+ γ)
.

Then, we can establish an interesting decreasing theorem.
Theorem 3.6. Suppose w∗ is a solution of VI (3.3) and parameters α ∈ (0, 1), γ ∈ [1,∞),

and ς ∈ [1, 2). Then, we get

(3.19) ‖zk − z∗‖2M − ‖zk+1 − z∗‖2M ≥
ς(2 − ς)(α+ 1)2

4(α + γ)2
‖z̃k − zk‖2M.

Proof. From (3.15), (3.16), and Lemma 3.5, we have

‖zk − z∗‖2M − ‖zk+1 − z∗‖2M ≥ 2ςρk‖z̃k − zk‖2Q − ς2ρ2k‖z̃k − zk‖2M
= ς(2− ς)ρ2k‖z̃k − zk‖2M

≥ ς(2− ς) (α+ 1)2

4(α + γ)2
‖z̃k − zk‖2M.

This theorem is proved.
Finally, we show the main convergence theorem.
Theorem 3.7. Suppose w∗ is a solution of VI (3.3) and parameters α ∈ (0, 1), γ ∈ [1,∞),

and ς ∈ [1, 2). Then, we have the following assertions:
(i) The sequence {‖zk − z∗‖M} is monotonically nonincreasing.
(ii) limk→∞ ‖z̃k − zk‖M = 0.
(iii) If matrices A and B have full column ranks, the complete sequence {w̃k} converges to

a solution of VI (3.3).
Proof. From Theorem 3.6, statements (i) and (ii) are straightforward.
If B has a full column rank, the matrix M is positive definite by Lemma 3.1. Then, from

statement (i), we have {zk} is bounded. The sequence {z̃k} is also bounded for statement
(ii). From (3.6) and (3.8), we have

(3.20) (α+ γ)β(Ax̃k +Bỹk − c) = αβB(ỹk − yk)− (λ̃k − λk).

Since A has a full column rank, (3.20) and the boundedness of {zk} and {z̃k} indicate that
{x̃k} is bounded. Hence, {(x̃k, z̃k)} has one accumulation point (x∞�,z∞�)� at least. Sup-
pose {(x̃ki , z̃ki)} is a subsequence that converges to (x∞�,z∞�)�. Then, {zki} also converges
to z∞ due to condition (ii). Taking limit along this subsequence, we have from (3.20) that

Ax∞ +By∞ = c,

and from the optimality conditions of (3.5) and (3.7) that

(x− x∞)�[∇θ1(x∞)−A�λ∞] ≥ 0 ∀ x ∈ X

and
(y − y∞)�[∇θ2(y∞)−B�λ∞] ≥ 0 ∀ y ∈ Y,
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respectively, indicating that (x∞�,z∞�)� is a solution of VI (3.3).
Note that

lim
i→∞
‖zki − z∞‖M = 0,

and by statement (i), we have

‖zp − z∞‖M ≤ ‖zki − z∞‖M
for all integers p > ki. Therefore, we obtain

lim
k→∞

‖zk − z∞‖M = 0,

meaning {zk} converges; so does {z̃k}. Finally, by (3.20) {x̃k} converges to x∞.

4. Implementing issues. To solve the novel convex SDP model (2.30) efficiently, we turn
to solve its dual problem

(4.1)

⎧⎨⎩min
1

2
(ξ + σs+Φ�f)�(Φ�Φ)−1(ξ + σs+Φ�f)− σ − 1

2
‖f‖2

s.t. A∗ξ −Y + μE−1 = 0, Y � 0,

where ξ ∈ R
P , σ ∈ R, and Y ∈ S

Q
+ are multipliers corresponding to constraints of (2.30)

w = A(X), w�s = 1, and X � 0, respectively. Since there exists a positive definite matrix
X = 1

4πE satisfying all the constraint of (2.30), i.e., the Slater’s condition holds, the strong
duality is valid [7]. Hence, the primal-dual solution of (4.1) is also a solution of its primal
problem (2.30).

From Lemma 2.1 of [12], AA∗ is a positive definite diagonal matrix. Hence, A∗ has a full
column rank. Furthermore, the dual problem (4.1) satisfies all the assumptions in Theorem
3.7. Therefore, the sequence generated by the new Peaceman–Rachford splitting algorithm
converges to a global solution of problems (4.1) and (2.30).

Now, we implement the new PRSM to solve the dual problem (4.1). The augmented
Lagrangian function of (4.1) is

(4.2)
L(ξ, σ,Y,X) :=

1

2
(ξ + σs+Φ�f)�(Φ�Φ)−1(ξ + σs+Φ�f)− σ − 1

2
‖f‖2

− 〈X,A∗ξ −Y + μE−1〉+ β

2
‖A∗ξ −Y + μE−1‖2F ,

where the variable Y ∈ S
Q
+, β is a positive penalty parameter, and X is the multiplier of the

equality constraint of the dual problem (4.1) and it is also a variable of the primal problem
(2.30).

Set parameters α ∈ [0, 1), γ ∈ [1,∞), ς ∈ [1, 2), and k ← 1. Given an initial point
(Y0,X0) ∈ S

Q
+ × S

Q, we alternately perform the following steps.
(1) Update ξ and σ. We minimize

(ξ̃k, σ̃k) = argmin
{
L(ξ, σ,Yk,Xk)

}
= argmin

{1

2
(ξ + σs+Φ�f)�(Φ�Φ)−1(ξ + σs+Φ�f)− σ

+
β

2
‖A∗ξ −Yk + μE−1 − β−1Xk‖2F

}
.
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Its optimality condition is

(4.3) (Φ�Φ)−1(ξ̃k + σ̃ks+Φ�f) + βA(A∗ξ̃k −Yk + μE−1 − β−1Xk) = 0,

(4.4) s�(Φ�Φ)−1(ξ̃k + σ̃ks+Φ�f)− 1 = 0.

By (4.4), we have

(4.5) σ̃k =
1− s�(Φ�Φ)−1(ξ̃k +Φ�f)

s�(Φ�Φ)−1s
.

Then, we substitute (4.5) into (4.3) and get

(4.6)

ξ̃k = −
[
(Φ�Φ)−1

(
IP −

ss�(Φ�Φ)−1

s�(Φ�Φ)−1s

)
+ βAA∗

]−1

·
[
(Φ�Φ)−1

(
Φ�f +

1− s�(Φ�Φ)−1Φ�f
s�(Φ�Φ)−1s

s

)
− βA(Yk − μE−1 + β−1Xk)

]
.

We note that σ̃k is unused in the following steps. So we do not calculate it.
(2) The first update of X:

(4.7) Xk+ 1
2 = Xk − αβ(A∗ξ̃k −Yk + μE−1).

(3) Update Y. We compute

Ỹk = argmin
{
L(ξ̃k, σ̃k,Y,Xk+ 1

2 ) : Y ∈ S
Q
+

}
= argmin

{
β

2
‖Y −A∗ξ̃k − μE−1 + β−1Xk+ 1

2 ‖2F : Y ∈ S
Q
+

}
= P(A∗ξ̃k + μE−1 − β−1Xk+ 1

2 ),(4.8)

where P(·) is the projection onto the PSD matrix cone S
Q
+.

(4) The second update of X:

(4.9) X̃k = Xk+ 1
2 − γβ(A∗ξ̃k − Ỹk + μE−1).

(5) Compute ϕ = β‖Ỹk −Yk‖2F , χ = −〈 Ỹk −Yk, X̃k −Xk〉, and ψ = β−1‖X̃k −Xk‖2F .
Then, the step size is

(4.10) ρk =
[(α+ γ)2 − αγ(α + γ + 1)]ϕ − [α(α+ γ + 1)− γ]χ+ ψ

(α+ γ)[(α+ γ − αγ)ϕ− 2αχ+ ψ]
.

(6) Generate the new iterates:

Yk+1 = Yk + ςρk(Ỹ
k −Yk),(4.11)

Xk+1 = Xk + ςρk(X̃
k −Xk).(4.12)
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(7) Set k ← k + 1.
According to Theorem 3.3, we terminate the algorithm if ‖Ỹk −Yk‖F and ‖X̃k −Xk‖F

are sufficiently small. The resulting coefficients of FOD are w = A(P(X̃k)).
How to determine the regular parameter μ? This is a challenging problem for the reg-

ularization model (2.30). In the tissue environment of human white matter, the number of
nerve fibers is small. Heuristically, the PSD matrix X, which is the coefficient matrix of FOD
f(v) = u�Xu, should be of low rank. Based on this viewpoint, we choose the regular param-
eter μ iteratively such that the generated matrix X has rank three at most. In the context of
the classical augmented Lagrangian method [41], when variables ξ̃k and Ỹk are updated, the
new multiplier X should be

Xk+ 1
2 − β(A∗ξ̃k − Ỹk + μE−1)

= β
[
P(A∗ξ̃k + μE−1 − β−1Xk+ 1

2 )− (A∗ξ̃k + μE−1 − β−1Xk+ 1
2 )
]

= βP
(
−(A∗ξ̃k + μE−1 − β−1Xk+ 1

2 )
)
.

Since E−1 is a positive definite diagonal matrix, we have

−(A∗ξ̃k + μE−1 − β−1Xk+ 1
2 ) = E− 1

2 (E
1
2 (β−1Xk+ 1

2 −A∗ξ̃k)E
1
2 − μIQ)E− 1

2 .

Suppose the matrix E
1
2 (β−1Xk+ 1

2 −A∗ξ̃k)E
1
2 has eigenvalues λ1 ≥ λ2 ≥ · · · ≥ λQ. Then, we

take

(4.13) μk+1 := max(λ4, 0)

for the (k + 1)th iteration.

5. Numerical experiments. To illustrate the power of the novel convex SDP model and
the efficiency of the new PRSM for estimating a statistically meaningful FOD, we perform
the following experiments.

5.1. Synthetic simulations. A multitensor model [18] is employed here to generate the
synthetic data. In one voxel, we assume there are K crossed fibers with volume factions
νk > 0 and

∑K
k=1 νk = 1. Each fiber corresponds to a diffusion tensor Dk, whose principle

eigenvector is the orientation of a predesigned fiber. All the diffusion tensors share common
eigenvalues (1.7, 0.2, 0.2)×10−3mm2/s. Then, the truth signals of this voxel are the weighted
sum of signals generated by these diffusion tensors

(5.1) S(i) = S0

K∑
k=1

νk exp(−bg(i)�Dkg
(i)),

where S0 = 1 is a zero-gradient signal, b = 3000s/mm2 is a diffusion-weighted b-value, and 81
gradient orientations g(i), which are generated by a second order tessellation of the icosahe-
dron, are located on a unit semisphere.

In the context of DW-MRI, measured signals usually have complex-valued noise. Hence,
we corrupt the truth signals of one voxel by the Rician noise [18]:

S
(i)
noisy =

√
(S(i) + nr)2 + n2i ,
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bSD NNC CSDP

A typical
example

Standard
deviation

Figure 1. We illustrate the FODs of a typical example estimated by three different models: bSD, NNC, and
novel CSDP. The standard deviations of 100 tests are also shown.

where nr ∼ N (0, σ2) and ni ∼ N (0, σ2) are independent Gaussian white noise that simulate
the real part and the imaginary part of the Rician noise, respectively. We define the signal-
to-noise ratio SNR := S0/σ to describe the level of Rician noise.

Power of constraints. In the convex SDP model (2.30), there are two constraints: non-
negativity and unit-mass. We now give a typical example to illustrate the necessity of these
two constraints. For this purpose, we examine the following three models.

• (bSD) The basic SD model without any constraints:

min 1
2‖f −Φw‖2.

• (NNC) Based on the bSD, we consider an additional nonnegative constraint:{
min 1

2‖f −Φw‖2 + μ〈E−1,X〉
s.t. w = A(X), X � 0.

• (CSDP) The new CSDP model (2.30).

The first row of Figure 1 shows the detailed improvement of contour profiles of estimated
FODs when nonnegativity and unit-mass constraints are imposed. A typical example uses two
fibers with a crossed angle 80◦ and the signal-to-noise ratio SNR = 20. For the convenience of
comparisons, we normalize each FOD by its maximum. A spot of negative values are detected
when we examine the FOD estimated by bSD. Hence, we should impose the nonnegative
constraint. Moreover, when we enforce the unit-mass constraint, the contour profile of FOD
is slender. This feature is favorable for us to abstract the detailed fiber orientations.

The last row of Figure 1 shows the standard deviations of estimated FODs. The mean
values of estimated FODs are omitted since they are almost the same. Here, we perform
100 random tests and keep SNR = 20. Compared with bSD, nonnegativity and unit-mass
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constraints could efficiently reduce the magnitude of error of estimated FODs. Furthermore,
since the standard deviation corresponding to the novel model has almost the same contour
profile to the estimated FOD, we observe a directional error which surprises us.

b (s/mm2) b (s/mm2)
1500 2000 3000 1500 2000 3000

R = 4

R = 6

R = 8

R = 10

two crossed fibers three crossed fibers

Figure 2. An overview of contour profiles of FODs estimated by CSDP with different b-values, various
orders, and multiple crossed fibers.

Model parameters. We show the contour profiles of mean FODs estimated by CSDP
in various settings in Figure 2, where 100 tests are performed with SNR = 20 in each
case. For two and three fiber-crossing, we consider different diffusion-weighted b-values
b = 1500, 2000, 3000s/mm2 and various orders of the homogeneous polynomial R = 4, 6, 8, 10.
The fibers with crossed angles 80◦ and 60◦ in the left and right subfigures of Figure 2, respec-
tively.

When we see the first row of the left subfigure that illustrate a crossing of two fibers,
the estimated FODs become better as the equipped diffusion-weighted b-value increases. The
second row of the right subfigure shows a similar phenomenon for a crossing with three fibers.
Hence, a higher b-value is recommended when we gather DW-MRI signals. However, the
signals equipped with a higher b-value always contains higher noise. A feasible approach is
to employ a higher order homogeneous polynomial to approximate FOD. When the order R
is greater than or equal to 8, the corresponding homogeneous polynomial could capture the
profile of the crossing with two and three fibers. The best quality estimation is observed when
we set R = 10. Hence, to deal with a complicated multifiber crossing problem, we should
explore higher order homogeneous polynomials. Hence, we set b = 3000s/mm2 and R = 10
in the following experiments.
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(a)
True FOD

(b) QBI-ODF (c) CT-FOD

(d) dRLA-FOD (e) CSDP-FOD

Figure 3. Reconstructions of a synthetic data set (a) where fibers in each voxel are known. We compare
results obtained from four sorts of methods: (b) QBI-ODF from [1, 8, 55], (c) CT-FOD from [59], and (d)
dRLA-FOD from [17], (e) our method CSDP-FOD.

Synthetic data. Now, we compare the novel CSDP method with three existing approaches
for synthetic data sets. As shown in Figure 3(a), the first synthetic data set contains four kinds
of voxels: a single fiber in the northwest area, a horizontal fiber meeting a vertical fiber in the
northeast area, two fibers crossing with 60◦ in the southwest area, and three fibers crossing
(two of them has a crossing angle 80◦ and they are perpendicular to the third one) in the
southeast area. In each voxel, we generate synthetic signals in 81 gradients with SNR = 20.

The counter profiles of these fibers are reconstructed by four sorts of approaches.

• QBI-ODF is produced by an improved Q-ball imaging [1, 8, 55], which generates a
sharper diffusion-based orientation distribution function (ODF) than the original Q-
ball imaging. The MATLAB code is downloaded from http://neuroimagen.es/webs/
hardi tools/.

http://neuroimagen.es/webs/hardi_tools/
http://neuroimagen.es/webs/hardi_tools/
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• CT-FOD is estimated by a basic SD approach [59] which generates FOD in a finite
set of unit vectors. Its MATLAB code is downloaded from http://cn.mathworks.com/
matlabcentral/fileexchange/26997-fandtasia-toolbox.

• dRLA-FOD is produced by an improved SD approach [17] which reduces isotropic
background effects and estimates FOD in a finite set of orientations. The MATLAB
code is also downloaded from http://neuroimagen.es/webs/hardi tools/.

• CSDP-FOD is estimated by the novel CSDP model established in section 2 and gen-
erates a continuous FOD function.

Figure 3(b)–(e) illustrate estimated QBI-ODF, CT-FOD, dRLA-FOD, and CSDP-FOD
respectively. Since QBI does not enforce a nonnegative constraint, the resulting QBI-ODFs
suffer from negative values in some orientations; see Figure 3(b). Three kinds of SD methods
impose nonnegative constraints explicitly. Hence no negative values are detected. Let us
examine the cases of two fibers crossing with a 60◦ angle in the southwest area of Figure
3(c). The estimated CT-FODs seem a little obtuse because only nonnegative constraints are
considered. When the isotropic background are eliminated, dRLA-FOD looks rather sharp,
as shown in Figure 3(d). However, it is a challenging problem to determine the magnitude
of isotropic background. Hence, we turn to explore a unit-mass constraint in CSDP. Owing
to the continuity of the estimated CSDP-FOD, it seems smoother than dRLA-FOD and still
keeps slender.

Second, we consider a phantom data from the HARDI reconstruction challenge,4 where
DW-MRI signals are collected in 64 gradient orientations with the diffusion-weighted b-value
b = 3000s/mm2 and the signal-to-noise ratio SNR = 20. In CSDP-FOD, we set the order
R = 8, since the case of R = 10 requires 66(> 64) gradient orientations. As an example, we
test an interesting region marked by a yellow box in the 30th transverse slice of the phantom
data, whose FA map is shown in Figure 4(a). We compare the above four sorts of methods
and illustrate resulting contour profiles of FODs in the interesting region in Figure 4(b)-
(e). Compared with results illustrated in Figure 3, QBI-ODF, CT-FOD, and dRLA-FOD
perform better this time. This may be due to the well condition of the phantom data. The
performance of CSDP-FOD seems to be in the medium place of CT-FOD and dRLA-FOD.
So, to represent a sharp and continuous FOD using homogeneous polynomials, the order is
an important parameter.

5.2. Human brain study. We turn to study a real-world human brain HARDI data. Each
voxel is of size 1.875 × 1.875 × 2mm3, the diffusion-weighted b-value is b = 3000s/mm2, and
200 gradient orientations is equipped.

We first select a coronal slice of a healthy human brain, whose fractional anisotropy (FA)
map is reported in Figure 5(a). The interesting region is marked by a yellow box. We illustrate
detailed contour profiles of estimated QBI-ODF, CT-FOD, dRLA-FOD, and CSDP-FOD for
this area in Figure 5(b)–(e), respectively. In the east, there is an important nerve fiber bundle
named the corpus callosum (CC), which connects the left and right cerebral hemispheres and
facilitates interhemispheric communication. Owing to the impact of noise, there are some
noise taken place in the center of each voxel of QBI-ODF and CT-FOD. dRLA-FOD is good
and CSDP-FOD seems better. Next, we examine a voxel with three fibers crossing, which is

4See http://hardi.epfl.ch/static/events/2013 ISBI/.

http://cn.mathworks.com/matlabcentral/fileexchange/26997-fandtasia-toolbox
http://cn.mathworks.com/matlabcentral/fileexchange/26997-fandtasia-toolbox
http://neuroimagen.es/webs/hardi_tools/
http://hardi.epfl.ch/static/events/2013_ISBI/
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(a) FA map

(b) QBI-ODF (c) CT-FOD

(d) dRLA-FOD (e) CSDP-FOD

Figure 4. Reconstructions of a phantom data from the HARDI reconstruction challenge. An interesting
region is marked by the yellow box shown in FA map (a). We compare results obtained from four sorts of
methods: (b) QBI-ODF from [1, 8, 55], (c) CT-FOD from [59], and (d) dRLA-FOD from [17], (e) our method
CSDP-FOD.

marked by a red circle. The enlarged counter of QBI-ODF, CT-FOD, dRLA-FOD, and CSDP-
FOD in this voxel are illustrated in the southeast of Figure 5(b)–(e), respectively. Compared
with QBI-ODF, CT-FOD, and dRLA-FOD, CSDP-FOD reports a sharper profile.

Second, we consider a transverse slice of a healthy human brain, whose FA map is shown
in Figure 6(a). For the interesting region marked by the yellow box, we illustrate counter
profiles of QBI-ODF, CT-FOD, dRLA-FOD, and CSDP-FOD in Figure 6(b)–(e), respectively.
Obviously, we obtain similar observation. CSDP-FOD seems more clear and satisfactory.
These results indicate that, compared with some existing methods for reconstructing in vivo
tissue fibers, the new method CSDP is competitive.

5.3. Numerical performance of the new PRSM algorithm. To show the efficiency of the
new Peaceman–Rachford splitting method (newPRSM), we compare it with its relatives: the
Douglas–Rachford splitting method, which has a more famous name, the alternating direction
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(a) FA map

(b) QBI-ODF (c) CT-FOD

(d) dRLA-FOD (e) CSDP-FOD

Figure 5. The reconstruction of CC crossing corticospinal tracts for the interesting region shown in FA
map (a). We compare results obtained from four sorts of methods: (b) CSA-QBI from [1, 8, 55], (c) CT-FOD
from [59], (d) dRLA-FOD from [17], and (e) our method CSDP-FOD.

Table 1
The mean iterative numbers and the mean CPU times of algorithms ADMM, scPRSM, and newPRSM for

one voxel.

ADMM scPRSM newPRSM

Iterative 1879.8 1502.8 983.4
numbers 100% 77% 51%

CPU time .3573 .2976 .2123
(second) 100% 81% 62%

method with multiplier (ADMM), and the strictly contractive Peaceman–Rachford splitting
method (scPRSM) [28] which was proposed recently. We remark that all of the above three
algorithms have almost the same computational cost in each iteration.

For the synthetic data used in Figure 1, ADMM, scPRSM, and newPRSM start from the
same initial point and we find that they return the same solution in each case. Now, we report
the mean iterative numbers and the mean CPU times for each algorithms in Table 1. We say
that these two modified Peaceman–Rachford splitting algorithms are faster than the Douglas-
Rachford splitting method. When compared with ADMM, newPRSM saves about fifty percent
iterative numbers and about forty percent CPU times, which obviously outperforms scPRSM.
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(a) FA map

(b) QBI-ODF (c) CT-FOD

(d) dRLA-FOD (e) CSDP-FOD

Figure 6. The reconstruction of the centrum semiovale for the interesting region shown in FA map (a).
We compare results obtained from four methods: (b) QBI-ODF from [1, 8, 55], (c) CT-FOD from [59], (d)
dRLA-FOD from [17], and (e) our method CSDP-FOD.

The reason for this efficiency is that newPRSM has a large overdetermined relaxation factor
and an additional correction step.

We close this section with Figure 7 which shows the optimal measurement ‖X̃k −Xk‖F +
‖Ỹk −Yk‖F versus the iterative number of the above three algorithms applied in a typical
example. Obviously, the newPRSM is the best algorithm for the statistically meaningful fiber
orientation distribution estimation.

6. Conclusion. In this paper, using the methods of the SOS polynomial approximation
and the convex SDP, we established a novel SD method. The estimated FOD has a clear
statistical meaning. Preliminary numerical results on synthetic and real-world DW-MRI data
showed that the new method is competitive since it gives clear reconstructions of nerve fibers
in the human brain white matter.

For the separable convex optimization, we proposed a new Peaceman–Rachford splitting
method in a prediction-correction framework. Preliminary numerical experiments showed
that the new algorithm is efficient for estimating statistically meaningful fiber orientation
distributions.

From our experiments we can see that although the corresponding homogeneous polyno-
mial could capture the profile of the crossing with two and three fibers when the order R is
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Figure 7. A typical example illustrate the optimal measurement versus the iterative number.

greater than or equal to 8, the larger order R = 10 gets better results. However, larger order
means greater number of gradients used, and in applications longer imaging time. For certain
patients (e.g., dementia), requiring a longer imaging time is just not possible. Hence, it is one
of our future research topics to determine how to eliminate the dependence of the order of
polynomial from our model and algorithm.

Appendix A. Some proofs of Section 3.1.
Proof for Theorem 3.3. We analyze optimality conditions of subproblems in the predication

step.
� For the x-subproblem, we have

x̃k = argmin
{
L(x,yk,λk) : x ∈ X

}
= argmin

{
θ1(x) +

β

2
‖Ax+Byk − c− β−1λk‖2 : x ∈ X

}
.

So x̃k satisfies the following VI:

(A.1) (x′ − x̃k)�
[
∇θ1(x̃k) + βA�(Ax̃k +Byk − c− β−1λk)

]
≥ 0 ∀ x′ ∈ X .

Then, we add (3.6) and (3.8) and get

−(λ̃k − λk) = αβ(Ax̃k +Byk − c) + γβ(Ax̃k +Bỹk − c)

= (α+ γ)β(Ax̃k +Byk − c) + γβB(ỹk − yk).

Hence,

β(Ax̃k +Byk − c) + (λ̃k − λk) = − γ

α+ γ
βB(ỹk − yk) +

α+ γ − 1

α+ γ
(λ̃k − λk).
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Substituting this equality into (A.1), we obtain

(x′ − x̃k)�
[
∇θ1(x̃k)−A�λ̃k − γ

α+ γ
βA�B(ỹk − yk) +

α+ γ − 1

α+ γ
A�(λ̃k − λk)

]
≥ 0,

∀ x′ ∈ X .(A.2)

� Similarly, for the y-subproblem, we have

ỹk = argmin{L(x̃k,y,λk+ 1
2 ) : y ∈ Y}

= argmin
{
θ2(y) +

β

2
‖Ax̃k +By − c− β−1λk+ 1

2‖2 : y ∈ Y
}
.

Hence, ỹk satisfies

(y′ − ỹk)�
[
∇θ2(ỹk) + βB�(Ax̃k +Bỹk − c− β−1λk+ 1

2 )
]
≥ 0 ∀ y′ ∈ Y.

Using (3.6) and (3.8) again

−(λ̃k − λk) = αβ(Ax̃k +Byk − c) + γβ(Ax̃k +Bỹk − c)

= (α+ γ)β(Ax̃k +Bỹk − c)− αβB(ỹk − yk).

We have

(A.3) β(Ax̃k +Bỹk − c) =
α

α+ γ
βB(ỹk − yk)− 1

α+ γ
(λ̃k − λk).

Then, we recall (3.8) and get

β(Ax̃k +Bỹk − c) + (λ̃k − λk+ 1
2 ) = (1− γ)β(Ax̃k +Bỹk − c)

=
(1− γ)α
α+ γ

βB(ỹk − yk)− 1− γ
α+ γ

(λ̃k − λk).

We obtain the following VI when we substitute the above equality into (A.3):

(y′ − ỹk)�
[
∇θ2(ỹk)−B�λ̃k +

(1− γ)α
α+ γ

βB�B(ỹk − yk)− 1− γ
α+ γ

B�(λ̃k − λk)

]
≥ 0,

∀ y′ ∈ Y.(A.4)

� Finally, from (A.3), we have

(λ′ − λ̃k)�
[
(Ax̃k +Bỹk − c)− α

α+ γ
B(ỹk − yk) +

1

α+ γ
β−1(λ̃k − λk)

]
≥ 0,

∀ λ′ ∈ R
�.(A.5)

Combining (A.2), (A.4), (A.5), and using the compact notation, we obtain

(A.6) (w′ − w̃k)�[F (w̃k) +M0(w̃
k −wk)] ≥ 0 ∀ w′ ∈ Ω,
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where

M0 :=

⎛⎜⎝ 0 − γ
α+γβA

�B α+γ−1
α+γ A�

0 (1−γ)α
α+γ βB�B − 1−γ

α+γB
�

0 − α
α+γB

1
α+γβ

−1I�

⎞⎟⎠ .

According to the proof of Lemma 3.1, we have

‖B(ỹk − yk)‖ = 0 and ‖λ̃k − λk‖ = 0

because of the assumption ‖z̃k − zk‖M = 0. Recalling (A.6), we get M0(w̃
k −wk) = 0. That

is to say, w̃k solves VI (3.3).
Proof for Theorem 3.4. Since w∗ ∈ Ω and w̃k satisfies (A.6), we have

(w∗ − w̃k)�[F (w̃k) +M0(w̃
k −wk)] ≥ 0.

It could be rewritten as

(w∗ − w̃k)�M0(w̃
k −wk) ≥ (w̃k −w∗)�F (w̃k).

Because the map F (w) is monotone and w∗ is a solution of VI (3.3), we get

(w̃k −w∗)�F (w̃k) ≥ (w̃k −w∗)�F (w∗) ≥ 0.

Combining the above two inequalities yield that

(A.7) (w∗ − w̃k)�M0(w̃
k −wk) ≥ 0.

Next, we decompose M0 as M0 = N1 +N2 + M̂, where

N1 :=

⎛⎝ 0 − γ
α+γβA

�B 0

0 − γ
α+γβB

�B 0

0 0 0

⎞⎠ , N2 :=

⎛⎜⎝ 0 0 α+γ−1
α+γ A�

0 0 α+γ−1
α+γ B�

0 0 0

⎞⎟⎠ ,

and

M̂ :=

⎛⎝ 0 0 0

0 α+γ−αγ
α+γ βB�B − α

α+γB
�

0 − α
α+γB

1
α+γβ

−1I�

⎞⎠ .

Then, from (A.7), we have

(A.8) (w∗−wk)�M̂(w̃k−wk) ≥ (w̃k−wk)�M̂(w̃k−wk)−(w∗−w̃k)�(N1+N2)(w̃
k−wk).

By some calculations and recalling (A.3), we have

−(w∗ − w̃k)�N1(w̃
k −wk)

=
γ

α+ γ
β(Ax∗ +By∗ −Ax̃k −Bỹk)�B(ỹk − yk)

= − γ

α+ γ
β(Ax̃k +Bỹk − c)�B(ỹk − yk)

= − αγ

(α+ γ)2
β(ỹk − yk)�B�B(ỹk − yk) +

γ

(α+ γ)2
(λ̃k − λk)�B(ỹk − yk)
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and

− (w∗ − w̃k)�N2(w̃
k −wk)

=
α+ γ − 1

α+ γ
(Ax̃k +Bỹk −Ax∗ −By∗)�(λ̃k − λk)

=
α+ γ − 1

α+ γ
(Ax̃k +Bỹk − c)�(λ̃k − λk)

=
α(α + γ − 1)

(α+ γ)2
(ỹk − yk)�B�(λ̃k − λk)− α+ γ − 1

(α+ γ)2
β−1(λ̃k − λk)�(λ̃k − λk).

Hence,

− (w∗ − w̃k)�(N1 +N2)(w̃
k −wk)

= − αγ

(α+ γ)2
β(ỹk − yk)�B�B(ỹk − yk)− α+ γ − 1

(α+ γ)2
β−1(λ̃k − λk)�(λ̃k − λk)

+
γ + α(α+ γ − 1)

(α+ γ)2
(ỹk − yk)�B�(λ̃k − λk)

= (w̃k −wk)�N̂(w̃k −wk),

where

N̂ :=

⎛⎜⎝ 0 0 0

0 − αγ
(α+γ)2βB

�B γ+α(α+γ−1)
2(α+γ)2 B�

0 γ+α(α+γ−1)
2(α+γ)2 B −α+γ−1

(α+γ)2 β
−1I�

⎞⎟⎠ .

Therefore, the inequality (A.8) is equivalent to

(A.9) (w∗ −wk)�M̂(w̃k −wk) ≥ (w̃k −wk)�(M̂+ N̂)(w̃k −wk).

Recalling the definitions (3.9) and (3.10), we could rewrite the inequality (A.9) as

(A.10) (z∗ − zk)�M(z̃k − zk) ≥ (z̃k − zk)�Q(z̃k − zk).

Since the matrix Q is PSD by Lemma 3.2, we immediately have (z̃k − zk)�Q(z̃k − zk) =
‖z̃k − zk‖2Q ≥ 0. The proof is complete.

Acknowledgments. The authors are grateful to associate editor René Vidal and the three
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