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Abstract The two-sided rank-one (TR1) update method was introduced by Griewank and Walther (2002) for

solving nonlinear equations. It generates dense approximations of the Jacobian and thus is not applicable to

large-scale sparse problems. To overcome this difficulty, we propose sparse extensions of the TR1 update and

give some convergence analysis. The numerical experiments show that some of our extensions are superior to

the TR1 update method. Some convergence analysis is also presented.
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1 Introduction

Extensive analysis, both computational and theoretical, has verified that quasi-Newton method is highly
successful for the solution of nonlinear equations and the minimization of nonlinear functions. However, as
expertise in solving these problems has grown, the problem size, determined by the number of variables,
has also grown, leading to storage problems on digital computers. Fortunately, a large-scale problem
usually has known sparsity. It then remains to study how to extend some known quasi-Newton methods
by making use of the sparsity.

For the problem of solving a system of n nonlinear equations in n real variables

F (x) = 0, (1)

Griewank and Walther [4] proposed the two-sided rank-one (TR1) update. It is the generalization of
Broyden’s symmetric rank-one (SR1) update [1]. The q-superlinear convergence of the method is proved
in [7]. The TR1 method is to obtain dk by solving Bkdk = −F (xk) and to update xk+1 = xk + αkdk, in
which αk is computed by some line search. The approximation Bk to the Jacobian is updated at each
step in accordance with

Bk+1 = Bk +
(F ′(xk+1) −Bk)skσ

T
k (F ′(xk+1) −Bk)

σT
k (F ′(xk+1) −Bk)sk

, (2)
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where sk equals xk+1 − xk, and F ′(xk+1) is the Jacobian at the point xk+1. The parameter σk can be
chosen to be (F ′(xk+1) − Bk)sk, F (xk+1) or (F (xk+1) − F (xk))/αk − Bksk for a sequence αk ⊂ (0, 1]
with limi→∞ αk = 1 (see [7,8]). The factor αk is the step length at the k-th iteration. In (2), it does not
need to compute F ′(xk+1). The forward and reverse modes of automatic differentiation (AD) provide
the possibility to compute F ′(x)u and vTF ′(x) exactly within machine accuracy for given vectors x, u
and v. The updating formula (2) fulfills the direct tangent condition

Bk+1sk = F ′(xk+1)sk (3)

and the adjoint tangent condition
σT

k Bk+1 = σT
k F

′(xk+1). (4)

This is the reason why it is called as the two-sided rank-one update.
As we can see, the second term in the right-hand side of (2) is the outer product of the column

vector (F ′(xk+1) − Bk)sk and the row vector σT
k (F ′(xk+1) − Bk). Since the components of the vectors

are generally not zeros, we see from (2) that the TR1 update generates a dense approximation of the
Jacobian. However, in many large nonlinear systems, particularly those difference equations arising from
nonlinear differential equations, most elements of the Jacobian are known to be zeros. For example, if
Bk has a band structure, we wish it can be updated with the same sparsity. Then it needs much less
storage and dk needs fewer computations. Therefore the sparse extension of (2) will be interesting. This
motivates the study of this paper.

This paper is organized as follows. Section 2 describes some sparse extensions of the TR1 update.
Convergence analysis for a special case is given in Section 3. In Section 4, we present some numerical
results. Finally, we give some remarks in Section 5.

2 Sparse extensions of two-sided rank-one update

We consider problem (1) whose Jacobian is sparse. We adopt the same notations as in [11] to describe
the sparsity of the Jacobian. Denote

Vi := {v ∈ Rn : eTj v = 0, ∀j, such that eTi F
′(x)ej = 0 for all x},

where ei is the unit vector whose i-th element is one and the others are zeros. It is easy to see that Vi

is the set of vectors that have the same sparsity as the i-th row of F ′(x). For any vector s ∈ Rn, the
orthogonal projection operator SVi onto the subspace Vi is defined by

SVi(s) :=

{
sj , if vj �= 0,

0, if vj = 0.

Denote the sparsity of the Jacobian as

SP (F ′) := {M ∈ Rn×n : MTei ∈ Vi, 1 � i � n}.

Our problem is
min

B∈Rn×n
‖B −Bk‖F

s.t. Bsk = F ′(xk+1)sk,

σT
k B = σT

k F
′(xk+1),

B ∈ SP (F ′).

(5)

There are some difficulties in solving (5) because of the existence of the two linear constraints. For this
reason, we consider (5) with only one linear constraint at the first stage. To do so, we list the following
lemma given by Walter [11]. Lemma 2.1 is one basis to obtain the sparse extensions of the TR1 update.
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Lemma 2.1. Let c ∈ R and v ∈ Vi\{0}. Then the unique solution to

min
x∈Rn

‖x‖2

s.t. vTx = c
(6)

is x = cv/
∑

i∈I v
2
i , where I ∈ {i : 1 � i � n, vi �= 0}.

By Lemma 2.1, we can obtain one sparse extension of the TR1 update, in which only the first linear
constraint of (5) is considered.

Theorem 2.2. Given Bk ∈ SP (F ′), the unique solution to

min
B∈Rn×n

‖B −Bk‖F

s.t. Bsk = F ′(xk+1)sk,

B ∈ SP (F ′)

(7)

is

Bk+1 = Bk +
n∑

i=1

eie
T
i

(F ′(xk+1) −Bk)skS
Vi(sTk )

SVi(sTk )SVi(sk)
. (8)

Proof. According to the definition of F -norm, we have

‖B −Bk‖2
F =

n∑
i=1

‖eTi (B −Bk)‖2
2.

Hence the problem (7) can be derived into n subproblems,

min
B∈Rn×n

‖eTi (B −Bk)‖2

s.t. eTi Bsk = eTi F
′(xk+1)sk,

eTi B ∈ Vi

for i = 1, 2, . . . , n, and each subproblem is of the form (6). Applying Lemma 2.1 to get the solution of
each subproblem and summing them together, we know the solution of (7) is exactly (8).

Each term of the series in (8) is a matrix with only one nonzero row. The matrix Bk+1 can be updated
from Bk row by row. Each row has the same sparsity as that of the Jacobian. Consequently, Bk+1

inherits the sparsity structure of the whole Jacobian.
Similarly to Theorem 2.2, we can obtain the corresponding sparse variant of the TR1 method if only

the second linear constraint of (5) is concerned.

Theorem 2.3. Given Bk ∈ SP (F ′), the unique solution to

min
B∈Rn×n

‖B −Bk‖F

s.t. σT
k B = σT

k F
′(xk+1),

B ∈ SP (F ′)

is

Bk+1 = Bk +
n∑

i=1

SV̄i(σk)σT
k (F ′(xk+1) −Bk)

SV̄i(σT
k )SV̄i(σk)

eie
T
i , (9)

where V̄i := {v ∈ Rn : eTj v = 0, ∀j, such that eTj F
′(x)ei = 0, for all x} describes the sparsity of the i-th

column of the Jacobian.

Proof. It suffices to rewrite the problem with respect to BT
k+1 and BT

k . Then we can deduce (9)
similarly to the proof of Theorem 2.2.
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In formula (9), each term of the series is a matrix with only one nonzero column. The matrix Bk+1 can
be updated from Bk column by column and each column has the same sparsity as that of the Jacobian.
As a result, Bk+1 inherits the sparsity structure of the whole Jacobian.

Further, based on the above analysis of the formulas (8) and (9), we can propose two other sparse
modifications of the TR1 update (2). The first sparse formula is to update Bk row by row as (8),

Bk+1 = Bk +
n∑

i=1

eie
T
i

(F ′(xk+1) −Bk)skS
Vi(σ̃T

k )
SVi(σ̃T

k )sk
, (10)

where σ̃T
k = σT

k (F ′(xk+1) −Bk). The second sparse formula is to update Bk column by column as (9),

Bk+1 = Bk +
n∑

i=1

SV̄i(s̃k)σT
k (F ′(xk+1) −Bk)
σT

k S
V̄i(s̃k)

eie
T
i , (11)

where s̃k = (F ′(xk+1) −Bk)sk.
Thus we have obtained four sparse formulas. We can see that (8) and (10) satisfy the direct tangent

condition (3) and update Bk row by row. The formulas (9) and (11) satisfy the adjoint tangent condition
(4) and update Bk column by column. They all generate sparse approximations and therefore are appli-
cable to the solution of the large-scale sparse nonlinear equations as in [9,12]. Furthermore, the formulas
(10) and (11) have the least change property for the special choice of σk, which enables us to give the
convergence analysis that will be done in the next section.

Numerically, the four sparse formulas are easy to compute. When the denominator is zero, we will not
update the corresponding row or column. However, none of them is the solution of (5), because they only
satisfy (3) or (4). Hence, we are interested in some sparse update that satisfies (3) and (4) simultaneously.

Our idea is to solve (5) via Lagrangian function. Denoting E = Bk+1 − Bk, a = (F ′(xk+1) − Bk)sk,
b = (F ′(xk+1) −Bk)Tσk, s = sk and σ = σk, we rewrite (5) as follows,

min
E∈Rn×n

‖E‖F

s.t.
n∑

j=1

EijS
Vi(s)j = ai,

n∑
j=1

EjiS
V̄i(σ)j = bi, for i = 1, 2, . . . , n,

(12)

where SVi and SV̄i are defined before. The Lagrangian function associated with (12) is given by

L(E, λ, λ̄) =
1
2
‖E‖2

F −
n∑

i=1

λi

( n∑
j=1

EijS
Vi(s)j − ai

)
−

n∑
i=1

λ̄i

( n∑
j=1

EjiS
V̄i(σ)j − bi

)
.

Differentiation with respect to Eij shows that the multipliers λ and λ̄ must satisfy the equation

∂L(E, λ, λ̄)
∂Eij

= Eij − λiS
Vi(s)j − λ̄jS

V̄j (σ)i = 0 (13)

for i = 1, 2, . . . , n and j = 1, 2, . . . , n. Substituting (13) into the linear constraints of (12) yields⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

n∑
j=1

(λiS
Vi(s)j + λ̄jS

V̄j (σ)i)SVi(s)j = ai,

n∑
j=1

(λjS
Vj (s)i + λ̄iS

V̄i(σ)j)TSV̄i(σ)j = bi,

(14)

for i = 1, 2, . . . , n. This is a linear system of λ and λ̄ and can be written as(
A1 A2

A3 A4

)(
λ

λ̄

)
=

(
a

b

)
, (15)
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whereA1 = diag[SV1(s)Ts, . . . , SVn(s)Ts], A2 = (SV̄j (σ)iS
Vi(s)j)n×n, A3 = AT

2 , A4 = diag[SV̄1(σ)Tσ, . . . ,
SV̄n(σ)Tσ]. Therefore, to solve (5), we can first compute the solutions λ and λ̄ of (15). Substituting them
into (13), we can get

E =
n∑

i=1

(λieiS
Vi(s)T + λ̄iS

V̄i(σ)eTi ). (16)

Then Bk+1 = Bk + E is obtained. Unfortunately, the coefficient matrix of (15) is rank deficient and its
rank is less than or equal to 2n− 1. To circumvent this difficulty, we solve a sparse linear least squares
problem at each step which differs from the symmetric case in [10, 12]. In real computations, we solve
the least squares problem by the Bi-CG method (see [3, 5]).

3 Convergence analysis

In this section, we give some convergence analysis of the sparse TR1 updates (11). For this purpose, we
consider the choice σk = (F ′(xk+1) − Bk)sk. As in [4], the formula (2) reduces to the adjoint tangent
rank-one update

Bk+1 = Bk +
σkσ

T
k (F ′(xk+1) −Bk)

σT
k σk

. (17)

The formula (17) satisfies (4) and the following least change condition

‖Bk+1 −Bk‖F �
∥∥∥∥σkσ

T
k

σT
k σk

∥∥∥∥
2

‖B −Bk‖F = ‖B −Bk‖F .

for any B satisfying σT
k B = σT

k F
′(xk+1). In this case, (11) satisfies the least change condition. Based on

the convergence analysis of least change secant methods presented by Dennis and Walker in [2], we can
get similar conclusions of our updating formula (11). The main difference is that to obtain Bk+1 we make
use of the adjoint tangent condition instead of the secant condition. We firstly analyze the properties of
Bk+1 and get the bounded deterioration inequality.
Bk+1 is required to lie in the intersection of the two affine subspaces SP (F ′) and L(uk, σk) = {M ∈

Rn×n : MTσk = uk}, where uk = F ′(xk+1)Tσk. Denote A = SP (F ′) and L = L(uk, σk). The new sparse
approximation Bk+1 is the unique solution of

min
B∈M(A,L)

‖B −Bk‖F ,

as described in [2]. M(A1,A2) is the set of elements of A1 for which the distance to A2 in F -norm is
minimal for any affine subspaces A1, A2 ⊆ Rn×n. We also note that L can be written as

L =
{
P⊥
N

(
ukσ

T
k

σT
k σk

)
+M : M ∈ N

}
,

where N = N (σk) = {M ∈ Rn×n : MTσk = 0} is the subspace of annihilators of σk. Unless indicated
otherwise, the projection which maps onto a given affine subspace is denoted by “P”, with the subspace
or affine subspace indicated as a subscript. The projection orthogonal to this projection is indicated by
“P⊥”. Similarly, one can write A = {BN +M : M ∈ S}, where the “normal” BN ∈ S⊥.

The following theorems can be proven like the corresponding theorems in [2]. So we pass most of the
proofs over. In Theorem 3.1, we list some properties of the elements of M(A,L) like Theorem 2.3 in [2].

Theorem 3.1. Given that vectors σk,uk ∈ Rn with σk �= 0, an affine subspace A ⊆ Rn×n. Set
PM(A,L)B = B+ for B ∈ Rn×n. Then M(A,L) is an affine subspace of Rn×n with parallel subspace
S ∩ N ; in particular

M(A,L) =
{

(I − PSPN )−1BN + (I − PSPN )−1PSP⊥
N

(
ukσ

T
k

σT
k σk

)
+M : M ∈ S ∩ N

}
.
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If G,Ḡ ∈ M(A,L), then P⊥
NG = P⊥

N Ḡ, i.e., Gsk = Ḡsk. Furthermore, if G ∈ M(A,L), then PSP⊥
NG =

PSP⊥
N (ukσT

k

σT
k σk

) and, if B ∈ Rn×n, then B+ = PS∩NB + PSP⊥
NG. If G ∈ M(A,L), then

‖B+ −M‖F � ‖PS∩N (B −M)‖F + ‖P⊥
S∩N (G−M)‖F .

Proof. According to the definitions of A and L, we can easily get the similar conclusions as in [2].

Based on Theorem 3.1, we give the convergence analysis of the method considered here in the case of
B∗ = F ′(x∗).

Theorem 3.2. Let F be differentiable in an open convex neighborhood Ω of a point x∗ ∈ Rn for
which F (x∗) = 0, and F ′(x∗) be nonsingular, let γ � 0, and p ∈ (0, 1], be such that, for x ∈ Ω,
‖F ′(x)−F ′(x∗)‖F � γ‖x−x∗‖p

2, and let B∗ = F ′(x∗), so there exists an r∗ for which ‖I−B−1
∗ F ′(x∗)‖F �

r∗ < 1. Also assume that the choice rule χ for F ′(xk)Tσk has the property with A that there exists an
α � 0 such that for any x, x+ ∈ Ω and any F ′(xk)Tσk ∈ χ(x, x+), one has

‖P⊥
S∩N (s)(G−B∗)‖F � αψ(x, x+)p

for ∀ GT ∈ M(A,L), where ψ(x, x+) = max{‖x − x∗‖2, ‖x+ − x∗‖2}. Under these hypotheses, if
r ∈ (r∗, 1), then there are positive constants εr, δr such that for x0 ∈ Rn and B0 ∈ Rn×n satisfying
‖x0 − x∗‖2 < εr and ‖B0 − B∗‖F < δr, any sequence {xk} defined by {xk+1 = xk − B−1

k F (xk), Bk ∈
{Bk−1, (Bk−1)+}} satisfies ‖xk+1 − x∗‖2 � r‖xk − x∗‖2 for k = 0, 1, 2, . . . , where (Bk−1)+ is the least-
change adjoint secant update of Bk−1. Furthermore, ‖B−1

k ‖F and ‖Bk‖F are uniformly bounded.

We now address the superlinear convergence of the method. It is worth pointing out that Theorem 3.3
applies to any sequence {xk} generated by the method and not just a sequence started from a sufficiently
good x0 and B0 as required by Theorem 3.2.

Theorem 3.3. Suppose that the hypotheses of Theorem 3.2 hold and that for some x0 ∈ Rn and
B0 ∈ Rn×n, xk is a sequence defined by

xk+1 = xk −B−1
k F (xk), uk ∈ χ(xk, xk+1), Bk+1 = (Bk)+,

which converges q-linearly to x∗, where (Bk)+ is the least-change adjoint tangent update of Bk. Set
ek = xk − x∗ for k = 0, 1, 2, . . . Then

lim
k→∞

‖ek+1‖2

‖ek‖2
= 0.

4 Framework of algorithm and numerical experiments

In this section, based on the sparse extensions of the two-sided rank-one updates, we give the framework
of the algorithm for solving nonlinear systems.

Algorithm 4.1. Step 1 Initialize the starting point x0, the approximate matrix B0 of the Jacobian
and set k = 0, ε > 0; Compute the error err = ‖F (x0)‖2;

Step 2 Test the stop criterion. If err < ε is not satisfied, go to Step 3;
Step 3 Solve Bkpk = −F (xk) to get sk;
Step 4 Implement some line search strategies to get the step length tk;
Step 5 Compute xk+1 = xk + tkpk and the error err = ‖F (xk+1)‖2;
Step 6 Obtain a new sparse approximation Bk+1 of the Jacobian; Set k := k + 1 and go to Step 2.

Different choices for Bk+1 in Step 6 result in different algorithms. If Bk+1 is generated by (2), (10),
(11) and (8), we call the corresponding algorithm by TR1, Alg.4.1a, Alg.4.1b, Alg.4.1d, respectively.
Alg.4.1c corresponds to the choice of Bk+1 based on (15) and (16). As for the choice of σk, we choose
σk = (F ′(xk+1) −Bk)sk. Hence, the formula (9) is equal to (11).

In each experiment, we employ the following termination criterion:

‖F (xk)‖2 � 10−10
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Table 1 Results for Problem 1

n method N1 Nm m R

TR1 2.180596e + 001 4.658708e − 010 16 0.666894

Alg.4.1a 2.180596e + 001 3.769557e − 010 12 0.896857

30 Alg.4.1b 2.180596e + 001 4.977453e − 010 11 0.967415

Alg.4.1c 2.180596e + 001 7.107384e − 010 12 0.873905

Alg.4.1d 2.180596e + 001 4.853470e − 010 12 0.887710

TR1 6.150610e + 001 6.728408e − 010 16 0.685063

Alg.4.1a 6.150610e + 001 5.506191e − 010 11 1.004370

300 Alg.4.1b 6.150610e + 001 4.867070e − 010 11 1.009241

Alg.4.1c 6.150610e + 001 6.048830e − 010 12 0.917271

Alg.4.1d 6.150610e + 001 4.853156e − 010 12 0.925241

TR1 1.919844e + 002 6.784660e − 010 16 0.715734

Alg.4.1a 1.919844e + 002 5.506191e − 010 11 1.049310

3000 Alg.4.1b 1.919844e + 002 4.867070e − 010 11 1.054182

Alg.4.1c 1.919844e + 002 6.385849e − 010 12 0.956504

Alg.4.1d 1.919844e + 002 4.853156e − 010 12 0.966437

and the backtracking line search strategy to obtain the step length tk. As in [1, 9], Broyden’s mean
convergence rate R = 1

m log10(
N1
Nm

) is computed in each case, where m, N1 and Nm are the total num-
ber of function evaluations, the initial and final Euclidean norms of F (x), respectively. The numerical
experiments are done by using Matlab v7.0 on Core(TM)2 PC with Windows-XP.

The testing problems are as follows:

Problem 1. Broyden tridiagonal function [1]:

F1(x) = −(3 + αx1)x1 + 2x2 − β,

Fi(x) = xi−1 − (3 + αxi)xi + 2xi+1 − β, i = 2, 3, . . . , n− 1,

Fn(x) = xn−1 − (3 + αxn)xn − β.

(18)

The parameters were chosen to be α = −0.5 and β = 1.

Problem 2. Trigonometric-exponential system [6]:

F1(x) = 3x2
1 + 2x2 − 5 + sin(x1 − x2) sin(x1 + x2),

Fi(x) = 3x2
i + 2xi+1 − 5 + sin(xi − xi+1) sin(xi + xi+1) + 4xi

−xi−1 exp(xi − 1) − xi − 3, i = 2, 3, . . . , n− 1,

Fn(x) = 4xn − xn−1 exp(xn−1 − xn) − 3.

(19)

For each problem, we choose three values for the dimension: n = 30, 300, 3000. The initial points are
chosen to be −3 × ones(n, 1) and −2 × ones(n, 1), respectively. The initial Jacobian approximation B0

can be computed by the automatic differentiation code AD in Matlab.
The numerical results show that the sparse TR1 updates become increasingly desirable as n increases.

The four sparse algorithms have better performance than the TR1 algorithm. Furthermore, Alg.4.1a and
Alg.4.1b are better than Alg.4.1c, although the sparse formula of Alg.4.1c is required to satisfy both of
(3) and (4). In Alg.4.1c, we just choose an approximate solution to (5), because we have to solve the
sparse linear least squares problem derived from (15). Hence, it satisfies neither (3) nor (4) in practical
computations. The numerical results indicate that Alg.4.1d also has better performance than the TR1
algorithm, but is not better than the formulas (10) and (11).
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Table 2 Results for Problem 2

n Method N1 Nm m R

TR1 1.555635e + 001 7.589990e − 010 10 1.031167

Alg.4.1a 1.555635e + 001 1.016641e − 010 9 1.242749

30 Alg.4.1b 1.555635e + 001 1.718375e − 010 9 1.217421

Alg.4.1c 1.555635e + 001 5.666206e − 010 9 1.159846

Alg.4.1d 1.555635e + 001 6.128601e − 010 9 1.156061

TR1 3.635932e + 001 1.958495e − 010 11 1.024427

Alg.4.1a 3.635932e + 001 1.016641e − 010 9 1.283716

300 Alg.4.1b 3.635932e + 001 1.718375e − 010 9 1.258389

Alg.4.1c 3.635932e + 001 5.666206e − 010 9 1.200814

Alg.4.1d 3.635932e + 001 6.128601e − 010 9 1.197028

TR1 1.101000e + 002 5.316855e − 010 10 1.131613

Alg.4.1a 1.101000e + 002 1.016641e − 010 9 1.337180

3000 Alg.4.1b 1.101000e + 002 1.718375e − 010 9 1.311852

Alg.4.1c 1.101000e + 002 5.666206e − 010 9 1.254277

Alg.4.1d 1.101000e + 002 6.128601e − 010 9 1.250492

5 Conclusions and discussion

In this paper, we proposed four sparse quasi-Newton formulas of the TR1 update to solve sparse nonlinear
equations. We also give an implicit method based on (15) and (16) to obtain the sparse formula of the
TR1 update. For some special cases, we made the corresponding convergence analysis. The numerical
experiments show that the sparse TR1 updates are superior to the TR1 update when the problem
has sparse Jacobian. Hence, the sparse TR1 quasi-Newton updates are applicable to large-scale sparse
nonlinear equations, although the update based on (15) and (16) needs to solve the sparse linear equations
at each step.

At the end of this section, we give more discussion about the problem (5) from the other two different
viewpoints. The first one is that we just try to get a feasible solution of the constraints of (5), which
means to solve the following system, ⎧⎪⎪⎨

⎪⎪⎩
Bk+1sk = F ′(xk+1)sk,

σT
k Bk+1 = σT

k F
′(xk+1),

Bk+1 ∈ SP (F ′).

(20)

We can rewrite (20) to a system of linear equations with respect to the nonzero elements of Bk+1. The
size of the coefficient matrix is 2n×m where m is the number of nonzeros in Bk+1. If m > 2n, its rank
is less than or equal to 2n − 1. We should solve the corresponding linear least squares problem at each
step.

The second one is to find such a good combination of the sparse formulas (10) and (11) that it can
satisfy both (3) and (4). If the combined formula is

Bk+1 = Bk +
n∑

i=1

cieie
T
i

(F ′(xk+1) −Bk)skS
Vi(σ̃T

k )
SVi(σ̃T

k )sk
+

n∑
i=1

di
SVi(s̃k)σT

k (F ′(xk+1) −Bk)
σT

k S
V̄i(s̃k)

eie
T
i , (21)

we should compute the coefficients ci and di for i = 1, 2, . . . , n such that (3) and (4) are satisfied. This
problem also equals to a linear system as (15), but the coefficient matrix is

A1 = diag(a), A2 =
[
s1b1S

V̄1(a)
σTSV̄1(a)

, . . . ,
snbnS

V̄n(a)
σTSV̄n(a)

]
, A3 =

[
σ1a1S

V1(b)
sTSV1(b)

, . . . ,
σ1a1S

V1(b)
sTSV1(b)

]
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and
A4 = diag(b),

where a, b, s and σ are defined in Section 2. The coefficient matrix is rank deficient, whose rank is less
than or equal to 2n− 1. Hence, we also need to solve a corresponding least squares problem at each step.

For the two methods, we also did some numerical experiments. But the performance is not better than
that of the updating method based on (15) and (16). Why are the three implicit methods not so good?
There are two possible reasons to explain this. The first one is that the solution of the corresponding
linear equations is not chosen to be more beneficial to decrease the value of ‖F (x)‖2. The second one is
that we do not know what kind of choice of σk is better.

As for the choices of σk, we proposed two choices. The first choice is σk = F (xk+1)−F (xk). Intuitively,
it means to update the rows of the quasi-Newton matrix whose corresponding element function values
are with large change. The second choice σk = F ′(xk+1)sk is some approximation to the first one. But
the performance of the two choices are not satisfactory.
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