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Abstract

Recently, important contributions on convergence studies of conjugate gradient
methods have been made by Gilbert and Nocedal [6]. They introduce a “sufficient
descent condition” to establish global convergence results, whereas this condition is
not needed in the convergence analyses of Newton and quasi-Newton methods, [6]
hints that the sufficient descent condition, which was enforced by their two-stage line
search algorithm, may be crucial for ensuring the global convergence of conjugate
gradient methods. This paper shows that the sufficient descent condition is actually
not needed in the convergence analyses of conjugate gradient methods. Consequently,
convergence results on the Fletcher-Reeves-type and Polak-Ribiere-type methods are
established in the absence of the sufficient descent condition.

To show the differences between the convergence properties of Fletcher-Reeves-
type and Polak-Ribiere-type methods, two examples are constructed, showing that
neither the boundedness of the level set nor the restriction 8 > 0 can be relaxed for
the Polak-Ribiere-type methods.
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1 Introduction

We consider the global convergence of conjugate gradient methods for the unconstrained
nonlinear optimization problem

min f(x), (1.1)

where f : R® — R! is continuously differentiable and its gradient is denoted by g. We
consider only the case where the methods are implemented without regular restarts. The
iterative formula is given by

Tr1 = Tk + Apdy, (1.2)

where Ay is a step-length, and dj is the search direction defined by

_ —9k; for k = 17
0 = { g+ By, for k=2, (1.3)

where [ is a scalar, and g denotes g(zy).
The best-known formulas for (), are the following Fletcher-Reeves (FR), Polak-Ribiere
(PR), and Hestenes-Stiefel (HS) formulas

BER = gl Ilgs1]% (1.4)
Bt = gk (g — ge—1)/llge-1l1%, (1.5)
85 = gf (gk — gk—1) /i1 (98 — gk1), (1.6)
where || - || denotes the ly—norm. The Fletcher-Reeves [5] method with an exact line search

was proved to be globally convergent on general functions by Zoutendijk [19]. However,
the Polak-Ribiere [14] and Hestenes-Stiefel [11] methods with the exact line search are
not globally convergent, see Powell [15]’s counterexample. Conjugate gradient methods
(1.2)-(1.3) with exact line searches satisfy the equality:

—gi di = |lgr 1%, (1.7)
which directly implies the sufficient descent condition :
~gkdi > c|lgel” (1.8)

for some positive constant ¢ > 0. This condition has often been used in the literature to
analyze the global convergence of conjugate gradient methods with inexact line searches.
For instance, Al-Baali [1], Touati-Ahmed and Storey [16], Hu and Storey [12], Gilbert
and Nocedal [6] analyzed the global convergence of algorithms related to the Fletcher-
Reeves method with the strong Wolfe line search. Their convergence analyses used the
sufficient descent condition, which is implied by the strong Wolfe line search and Fletcher-
Reeves-type G formulas. For algorithms related to the Polak-Ribiere methods, Gilbert and
Nocedal [6] investigated wide choices of G, that resulted in globally convergent methods. In
particular, they first gave the global convergence result for the Polak-Ribiere-type methods
B = max{0, B}:R} with inexact line searches. In order for the sufficient descent condition
to hold, they modified the strong Wolfe line search to the two-stage line search: the first



stage is to find a point using the strong Wolfe line search, and the second stage is when, at
that point the sufficient descent condition does not hold, more line search iterations will
proceed until a new point satisfying the sufficient descent condition is found. They hinted
that the sufficient descent condition may be crucial for conjugate gradient methods.

It is noted that the sufficient descent condition is not needed in the convergence anal-
yses of Newton and quasi-Newton methods. This motivates us to investigate whether the
sufficient descent condition is necessary, as it seemed to be, for the global convergence of
conjugate gradient methods. In [10], Liu, Han and Yin have proved the global convergence
properties of the Fletcher-Reeves method under weaker conditions than those of [1]. In
[4], Dai and Yuan have proved that the Fletcher-Reeves method using the strong Wolfe
line search is globally convergent as long as each search direction is downhill. In the next
section, we will provide some basic results of general conjugate gradient methods with the
descent condition, instead of the sufficient descent condition. In Section 3, we will estab-
lish the convergence results for the Fletcher-Reeves-type and Polak-Ribiere-type methods
without assuming the sufficient descent condition. To show the differences between the
convergence of Fletcher-Reeves-type methods and Polak-Ribiere-type methods, two non-
convergence examples are constructed in Section 4 for the Polak-Ribiere-type methods,
showing that neither the boundedness of the level set nor the restriction gy > 0 can be
relaxed in some sense. A brief discussion is give in the last section.

2 Results for general conjugate gradient methods

Throughout this section, we assume that every search direction dj satisfies the descent
condition

gtdy, <0, (2.1)

for all £ > 1.
We make the following basic assumptions on the objective function.

Assumption 2.1 (i) f is bounded below on the level set L = {z| f(x) < f(x1)},
where x1 18 the starting point; (ii) In some neighborhood N of L, f is continuously differ-
entiable, and its gradient is Lipschitz continuous; namely, there exists a constant L > 0
such that

lg(x) =gl < Lllz —yll, forall z,y eN. (2.2)

It should be noted that the boundedness of the level set is not assumed in the above
sssumption, however, this condition is likely to be satisfied by noncoercive functions. See
Auslender [2] for a collection of references in which some important noncoercive optimiza-
tion problems arise.

The step-length \; in (1.2) is computed by carrying out a line search. The Wolfe line
search [17] consists of finding a positive step-length A\j such that

f(@p + Aedy) < flzr) + pArgi d, (2.3)

9l + Medi) dy > agf dy, (2.4)



where 0 < p < 0 < 1. In order to prove global convergence for the FR method, [1], [6]
and [12] used the strong Wolfe line search, which requires Ay to satisfy (2.3) and

l9(ak + Axd) " di| < —ogj dy. (2.5)

The following important result was obtained by Zoutendijk [19] and Wolfe [17, 18].

Lemma 2.2 Suppose that Assumption 2.1 holds. Consider any iteration method of the
form (1.2)—(1.3), where dy, satisfies (2.1) and A is obtained by the Wolfe line search. Then

; HdkH2 +00. (2.6)

The following theorem is a general and positive result for conjugate gradient methods
with the strong Wolfe line search.

Theorem 2.3 Suppose that Assumption 2.1 holds. Consider any method of the form
(1.2)-(1.8) with dy, satisfying (2.1) and with the strong Wolfe line search (2.3) and (2.5).
Then either

lim inf {|ge[| = 0, (2.7)
or
o0 4
ll gl
< +00. (2.8)
2:: l|d]|?

Proof. (1.3) indicates that for all £ > 2,

di. + gi = Brdy—1. (2.9)
Squaring both sides of (2.9), we obtain

dkl* = —llgx 1> — 29 di. + B¢l dr—[I*. (2.10)
It follows from this relation and (2.1) that

Ik l* > B lldie-1lI* = llgell>. (2.11)
Definition (1.3) implies the following relation

g i, — Brgi dr—1 = =\ gl (2.12)
which, with the line search condition (2.5), shows that

|94 di| + 16k lgk—1dk—1] > l|gxl|*. (2.13)

The above inequality and the Cauchy-Schwartz inequality yield

(9% di)* + B (k—1dk—1)" = exllgell*, (2.14)



where ¢; = (14 02)7! is a positive constant. Therefore, it follows from (2.11) and (2.14)
that

(ﬂgzﬁf (gﬁd;dTH;)Z - Hdng l(ggdkf + %(95—1%1)2]
> m [(ggdk)Z + B (gh-1dk—1)" — %H%HZ]
e [clngkw - %ngkﬂ . (2.15)
If (2.7) is not true, relations (2.15) and (2.6) imply that the following inequality
GFd) | Gadir? | el 216

|12 k>~ 2 [ldi]?
holds for all sufficiently large k. Now inequality (2.8) follows from (2.16) and (2.6). |

The following result is a direct corollary of the above theorem.

Corollary 2.4 Suppose that Assumption 2.1 holds. Consider any method of the form
(1.2)-(1.8) with dy, satisfying (2.1) and with the strong Wolfe line search (2.3) and (2.5).
If

8

el
— 400, 217
NTAL (217)

k

for any t € [0,4], the method converges in the sense that (2.7) is true.
Proof. If (2.7) is not true, it follows from Theorem 2.3 that

llgkl*
[eAls

hE

< +oo0. (2.18)

k=1

Because ||gk|| is bounded away from zero, and t € [0,4], it is easy to see that (2.18)
contradicts (2.17). This shows that the Corollary is true. |

If a conjugate gradient method fails to converge, one can easily see from the above
Corollary that the length of the search direction will converge to infinity. Results similar
to Corollary 2.4 can also be established using the Zoutendijk condition and the sufficient
descent condition (1.8). It should be noted that we have not assumed the sufficient descent
condition. Hence our results are powerful tools for our analyses in the next section, where
we will concentrate on proving the global convergence of some conjugate gradient methods
without assuming the sufficient descent condition (1.8). Another point worth mentioning
is that we do not assume the boundedness of the level set.



3 Global convergence

In this section, we establish some global convergence results for the Fletcher-Reeves-type

and Polak-Ribiere-type methods. The general outline of the proofs is that, assuming that

2
the convergence relation (2.7) does not hold, we can derive that > o, Hfl: ||||2 = 400 or

pya W = 400, which with Corollary 2.4 in turn implies that (2.7) holds, giving a
contradiction.

First, we consider the Fletcher-Reeves-type methods of the form (1.2)-(1.3), where [
is any scalar satisfying

o|B| <o (3.1)

for all k£ > 2, where o is the parameter defined in (2.4) and & € (0,1/2] is a constant. In
order to prove its global convergence, Hu and Storey [12] had to restrict the parameter
o to be strictly less than 1/2 for deriving the sufficient descent condition. The following
result shows that such a restriction can be relaxed while preserving the global convergence.

Theorem 3.1 Suppose that Assumption 2.1 holds. Consider any method of the form
(1.2)-(1.3) with the strong Wolfe line search (2.3) and (2.5), where By, satisfies (3.1) with
g€ (0,1/2], and

kE k 3; 2
(2
lgkll? > 11 <—FR> < ok, (3.2)
j=2i=j ﬁz
for some constant ca > 0. Then

liminf ||gx|| = 0. (3.3)
k—o0

Proof. From (1.3), (1.4), (2.5) and (3.1), we deduce that

—gidr 1 — B, —gidi-1 _ L [P —gkdy—1
lgx|I? gk 1? BER ) Ngk—1ll?
< 14 Be =00 1k
B BER Nge-l?
—al' d
< 1o L
g1l
S ......
2 —gTd 1— g+ 1
< Ygi gkt [ SO0 o < . 3.4
< Lot <||glu2 o “1-s B4
Similarly, we have that
_ Td 1— ~k—1
ek > g7 >, (3.5)
gk l—-a



because & < 1/2. Thus, dj, is a descent direction.
On the other hand, it follows from (2.10) that

ldil* < —2g5; dy, + B7 lldye—1[|*. (3.6)

Using (3.6) recursively and observing that d; = —g;, we get that

ko ok
—2g; dip — 2 STI 5129]'Tfldj71

d]* <
i=2i=
4 ? ngldjfl
I SR zn( FR) ( ) (37)
2 U5 ) Vgl

If the theorem is not true, (3.2) holds and there exists a positive constant 7 such that

lgll >, VE. (3.8)
Thus, it follows from the above inequality, (3.4) and (3.7) that

Hgk\ ZH (BFR>2] , (3.9)

(| |I? < 2
lgrl> — 1 -0

Jj=21=j

The above relation and (3.2) imply that

— HdkH2
This, with Corollary 2.4, implies that liminfy, ||gx|| = 0. This completes our proof. |

The above theorem extends Hu and Storey [12]’s result to the case when ¢ = 1/2. If
o € (0,1/2), we can see from (3.5) that the sufficient descent condition (1.8) holds. If
o = 1/2, however, we only have that

—gldy
Nl g |I?

1
> 1 (3.11)

which does not imply the sufficient descent condition.
Now we consider methods that are related to the Polak-Ribiere and Hestenes-Stiefel
algorithms. We need the following assumption.

Assumption 3.2 The level set L ={z| f(z) < f(x1)} is bounded.

Under Assumptions 2.1 and 3.2, there exists a positive constant 4 such that

llg(x)|| <7, forallxelL. (3.12)

Denote si_1 = xp — x—1 and ug = di/||dk||. In [6], Gilbert and Nocedal introduced
the following property:



PROPERTY (x). Consider a method of the form (1.2)-(1.3), and suppose that (3.12) and
(8.8) hold. Then we say that the method has Property (%) if there exist constants b > 1
and A > 0 such that for all k:

Bk| <0, (3.13)

and

1

<o (3.14)

[sr—1ll < A= 16| <

Let N* denote the set of positive integers. For A > 0 and positive integer A denote
Kpa={ie N1 k<i<k+A—1, [si_1] > A}

Let |3 | denote the number of elements of K 7. and let |-] and [-] denote, respectively,
the floor and ceiling operators. The following Lemmas are drawn from [6].

Lemma 3.3 ([6]) Suppose that Assumptions 2.1 and 3.2 hold. Consider any method of
the form (1.2)-(1.3) with a descent direction dy. If at the k-th step B > 0, then di # 0
and

loag — gy | < 2190 (3.15)
e
Lemma 3.4 ([6]) Suppose that Assumptions 2.1 and 3.2 hold. Consider the method of

(1.2)-(1.8) with any line search satisfying (2.1). Assume that the method has Property (*)
and that

. 1
2:: HdeIQ < 400 (3.16)

Assume also that (3.8) holds. Then there exists X > 0 such that, for any A € N* and any
index ko, there is a greater index k > ko such that
A

KA Al > =
LN 5

The conditions used in Lemma 3.4 are not the same as those used in [6]. In particular,
the sufficient descent condition (1.8) used in [6] is here replaced by the descent condition
(2.1). Under this weaker condition, we can also establish a similar global convergence
result as that in [6].

The next theorem is a global convergence result of conjugate gradient methods with
the Property (). It is applicable, for example, to the Polak-Ribiere-type method

B = max{0, B{}. (3.17)

The proof of the theorem is similar to that in [6].



Theorem 3.5 Suppose that Assumptions 2.1 and 3.2 hold. Consider the method (1.2)-
(1.3) with the following three properties: (i) Br > 0; (ii) the strong Wolfe line search
conditions (2.3) and (2.5) and the descent condition (2.1) hold for all k; (iii) Property (x)
holds. Then the method converges in the sense that (3.3) holds.

Proof. We proceed by contradiction, assuming that the theorem is not true. Then
there exists a positive constant v such that (3.8) holds. Since [ > 0 and dj, is a descent
direction, it follows from Lemma 3.3 that

g — w1 < o llgkll (3.18)
l|d ||

for all k > 2. The above inequality, (3.8) and Theorem 2.3 imply that

- llgr]l*
g: g, — w1 ||” < Z d H2 . (3.19)
=1

i

For any two indices I, k, with | > k, we can write

I
a = g1 = llsicalluic
i=k

! !
= > lsi-allug—1 + > [lsi1ll (ui-1 — ug—1).
i=k i=k

This relation and the fact that ||ux_1]| = 1 give

! !
Yo llsicall < llww =zl + D lsicallllui-r = ukall (3:20)

Since fj decreases with k, we have that {z;} C £, which together with Assumption 3.2
implies that there exists a positive constant B such that ||zx|| < B for all £ > 1. Hence

! !
Yo llsicill < 2B+ llsi-allllui-r — ukll (3:21)
ik i—k

By Corollary 2.4, we can assume that (3.16) holds. Thus the conditions of Lemma 3.4 are
satisfied. Let A > 0 be given by Lemma 3.4 and define A := [8B/A]. By (3.19), we can
find an index kg > 1 such that

1
> i —wica|* < - (3.22)

i>ko
With this A and kg, Lemma 3.4 gives an index k > kg such that

A
Kpal > 5 (3.23)



Next, for any index i € [k, k + A — 1], by the Cauchy-Schwartz inequality and (3.22),

7
i —we—all <> JJuj —uj_q|
=k

. 1/2
< (i—k+1)Y? (Z lluj — UleZ)

j=k
1\ 1

< A2 <—> S .24

= 4A 2 (3.24)

Using this relation and (3.23) in (3.21), with [ = kK + A — 1, we get that

1 k+A—-1 A AA
2B > 5 > lsiall > §|K2,A| > (3.25)
ik

Thus A < 8B/\, which contradicts the definition of A. Therefore, the theorem is true. |l

4 Non-convergence examples

In the previous section, we have proved two convergence theorems, namely, Theorems 3.1
and 3.5, for the Fletcher-Reeves-type and Polak-Ribiére-type methods. Neither of the
theorems needs the line search to satisfy the sufficient descent condition (1.8). In this
section, we will present two non-convergence examples for the Polak-Ribiere methods.

It can be seen from Theorem 3.1 that the boundedness of the level set is not required
in analyzing the Fletcher-Reeves-type methods. Therefore the convergence results for the
Fletcher-Reeves-type methods also apply to noncoercive objective functions. In contrast,
we are able to construct an example, as included in the following theorem, to show that
the boundedness of the level set is necessary for the convergence of Polak-Ribiere methods
even if line searches are exact. It is easy to see that the theorem is also true for the
Polak-Ribiere-type method (3.17).

Theorem 4.1 Consider the Polak-Ribiére method (1.2), (1.3) and (1.5) with A\, chosen
to be any local minimizer of ®i(\) = f(zr + Adi), A > 0. Then there exists a starting
point x1 and a function f(x) satisfying Assumption 2.1 such that, the iterations generated
by the method satisfy for all k > 1,

Bl =0 (4.1)
and
gl = 1. (4.2)
Proof. We define
— 5 for k=0
0 = { 0, fork=1 (4.3)
= (=3 m, fork>2,

10



and consider the gradients and the search directions given by

_(_1\k sin 0]671

gk = (1) (_COS 9“) (4.4)
and

dj, = csc — [ O (4.5)

k= 2k \ sin@y, )’ ’
where
T 1
csC — =

2k singe
It follows that (4.2) holds for all £ > 1. In addition, (4.4) and (4.5) clearly satisfy the
equality

g£+1dk =0. (4.6)
Because
T
0k — 01| = ok (4.7)
holds for all k£ > 1, it follows from (1.5), (4.2) and (4.4) that
T T
ﬂf:ﬁ =1- ggﬂgk =1+ cos(Op —0x_1) =1+ cos oF = 2 cos? SR (4.8)

Thus (4.1) also holds for all £ > 1. Further, direct calculations show that

— k1 + BEE Ay

_ (k1 [ —sinbg 9 7 (cosb
=(-1) ( cos 0, >+2COS pyam) csc oF (sinﬁk)
ese - i ™ — sin 6 + cos us Cf)S Ok
2k+1 (=2)F*1 \ cos by 9k+1 \ sin 0,

w080k + (=1 o)
= csc .
2]€+1 Sln(gk + (_1)k+1kL+l)
. ™ COS 9k+1 o
CSC ot (sin Os s ) = djy1. (4.9)
This together with d; = —g; imply that if the gradients are given by (4.4), then the

Polak-Ribiere method will produce the search directions as in (4.5).
Now, we let A\, = 1/||dg|| and define

1/ cos b
Th= ) (Sin9?> (4.10)
i=0 v
and
k—1 -
fk:_ZSiDE' (4.11)
i=0

11



Then (1.2) holds and since ||dy|| = csc £ and gf d, = —1, (2.3) and (2.5) holds. Because

™
lim 6 = — 4.12
oo BTG (4.12)
and
[Tk1 — 2kl =1, (4.13)

we can see that {z} has no cluster points and hence that it is easy to construct a function
f satisfying Assumption 2.1 such that for all k£ > 1,

flzr) = fro  9(zr) = gk (4.14)

and Ay is a local minimizer of ®;()). Therefore for the starting point z; = (0, —1)7 and
the function f, the iterations generated by the Polak-Ribiere method satisfy (4.1) and
(4.2) for all £ > 1. |

As opposed to Theorem 3.1, Theorem 3.5 does not allow any negative values of (.
However, as pointed out in Gilbert and Nocedal [6], the Polak-Ribiére method can produce
negative values of B,f R even for strong convex objective functions. Therefore it is inter-
esting to investigate in what range the restriction 8 > 0 in Theorem 3.5 can be relaxed.
After further studies on the n = 2,m = 8 example of Powell [15], we obtain the following
result.

Theorem 4.2 For any given positive constant €, consider the method (1.2)-(1.3) with
Br = max{G;", —¢} (4.15)

and with A\ chosen to be any local minimizer of ®r(\) = f(xp + Adi), A > 0. There exists
a starting point x1 and a function f(x) satisfying Assumptions 2.1 and 3.2 such that, the
sequence of the gradient norms {||gx||} generated by the method is bounded away from zero.

Proof. For any positive constant ¢ € (0, 1), let the steps of the method have the form

1 -1 . .
S8ji = Q; <b¢2j) , o S8jdti = Uy <b¢2j+1> , J2>200=1,2,3,4 (4.16)
(3 (3
where the numbers {a;;i = 1,2,3,4} are all positive, and consider the values

6 — 20 — 202
b= 2, 62:#, by = —6, by = —2.

To satisfy the line search condition
ghy1de =0, (4.17)

we assume that the gradients have the form

b 25—1 _bi— 27 )
ggj+1 = C1 ( 4¢1 ) 5 g8j+i =G ( 11¢ vi=2,3,4;

b2t b g
98j+5:cl< 4<115 ); 98j+4+i:ci( ' l(f )»2:2’374’

12

(4.18)



where {¢;;1 =1,2,3,4} are constants. To ensure the conjugacy condition

st (Ger1 — gr) =0 (4.19)
for all £ > 1, we choose each ¢; as follows.
{q — 36(1 - 6)(5— ¢), ey = —3(1+)(2 + ¢?), (w20
c3=(1+0)(2—-0)2+5¢), c1=2(5—-0)(1—¢*). '

Because n = 2, relations (4.17) and (4.19) ensure that each dj, is produced by the Polak-
Ribiere method. In addition, direct calculations show that ggsk < 0 holds for all £ > 1,
namely, each dj is a descent direction.

Due to symmetry, we can reduce the objective function at every iteration if the follow-
ing relations holds

f(xgjr1) > f(rgjr2) > fwgjys) > f(agjra) > f(w8j45)- (4.21)

Now, when the first component of x is equal to the first component of zp, where k is
any positive integer, then the values in (4.18) allow the second component of g(z) to be

constant, provided that the first components of the points {zgj;;i = 1,2,...,8} are all
different. Thus, the equation
f@g) = 7 = (wr)2(9k)2 (4.22)

is satisfied, where f* is the limit of f;. Given the limit point #; = lim;_ 2g;+1, We can
compute xg;4; in the following way.

oo 8
Tgjpl = B1— 3 Y Sghti = <h¢2j/?¢ _ 1)> ; (4.23)

k=j i=1
and
Tgj+itl = Tgjti T+ Sgj+is 1 =1,2,...,7, (4.24)

where h = a1by + asbs + aszbs + asby. It follows that expression (4.21) is equivalent to the
inequalities
—c1(a1by + agby + azbs + asby)
> —c2(a1b1¢ + azbz + azbs + asby)
> —c3(a1b1¢ + azbagp + azbz + asby)
> —cy(a1b1d + azbad + azbzd + asby)
> —c1p(a1by + agby + aszbs + agby). (4.25)

These inequalities are consistent because, if
a1 = 10, ag = 35¢, ag = 38, a4 = ¢, (4.26)

and if ¢ is small, then the dominant terms of the five lines of (4.25) are 3009, 270¢, 240¢,
220¢ and 300¢ respectively. Now, as in Powell [15], we can construct a function satisfying
Assumptions 2.1 and 3.2 such that the gradient conditions (4.18) hold.

13



By direct estimations, we can obtain that the dominant terms of {ﬂf}i;i =1,2,3,4}

are
3 4 10 9

27 B 90 1
respectively, when ¢ is small and when j is large. Therefore for any positive number € > 0,
we have that 80 > —¢ for all large j, provided that ¢ € (0,1) is sufficiently small. This
completes our proof. |

In [3], the above theorem is proved by using a 3-dimensional example, in which line
searches choose the first local minimum in every iteration.

5 Discussions

In this paper we have presented some global convergence results for nonlinear conjugate
gradient methods, where the step-length is computed by the strong Wolfe conditions under
the assumption that all the search directions are descent directions. The sufficient descent
condition (1.8) has not been used in our convergence proofs and we have established
convergence results for Fletcher-Reeves-type and Polak-Ribiere-type methods.

We have also provided two examples for which Polak-Ribiére-type methods fail to
converge. From these examples, we can see that the Fletcher-Reeves-type methods have
better convergence properties than the Polak-Ribiere-type methods, even though the latter
perform better in practice. We believe that the results given in this paper will lead to
a deeper understanding of the behavior of nonlinear conjugate gradient methods with
inexact line searches.

This paper is a combination of two research reports, [7] and [3], where the readers can
find a more extensive discussion on the subject of this paper; see also [8], [9] and [10]. The
analyses of [7] were based on the paper [10]. Some recent advancements can be found in
the papers [8] and [9)].
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