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*�
§�A^��Ú)KUå. Koopmans (1951) ò�55yA^�²L+�§�d
�Kantorovich�å¼1975cì��²LÆø. 1950c�é�55y?1�þ�nØïÄ§
¿ZyÑ��1#��{. Khachian (1979) 1�gJÑ
¦)�55y�Äuý¥�{
�õ�ª�m�{§Karmarkar (1984) JÑ
�¡�S:{�#�õ�ª�m�{. y
®/¤�55yõ�ª�{nØ. �55y�ïÄ��íÄ
Ù¦êÆ5y¯K�)�
ê5y!�Å5yÚ��55y��{ïÄ.duO�Å�uÐ§Ñy
Nõ�55y^
�§XMPSX§OPHEIE§UMPIRE§CPLEX§XPRESS§GUROBI�§�±é�B/¦)
A��±þCþ��55y¯K.

��55yïÄõ�¢¼ê3�|�ª½Ø�ª��å^�e�4�¯K§�8I¼
êÚ�å^���k��´��þ���5¼ê. �â¯KA:Úé)��¦§§q�±
©�Ã�å`z!�å`z!à5y!�g5y!�1w`z!�Û`z!AÛ5y!©ª5
yÚDÕ`z�ïÄ��.§´20V50c�m©/¤���Æ�. 1951cKuhnÚTucker
uL�'u�`5^� (�5¡�Karush-Kuhn-Tucher^�½Kuhn-Tucker^�) �Ø©
´��55y�ª�)����I�. 350c���Ñ
�©l5yÚ�g5y�A
«){§§��Ñ´ÄuDantzigJÑ�)�55y�üX/{. 50c�"�60c�"Ñ
y
±[Úî�{!v¼ê�{��Ä�Nõ)��55y¯K�k���{§70c�q
��?�Ú�uÐ§�)O2.�KF¦f{ÚSQP�{. ��55y3ó§!+n!²
L!�ï!�¯��¡���2��A^§��`z�OJø
kå�óä. 20V80c
�±5§3&6�{!S:{!Ã�ê�{!DÕ`z!�O��{�Ãõ����
´
a�¤J. 8cÌ����55y^�ÚÿÁ�¸kCUTEr, IPOPT, LINGO, MOSEK,
NLPQLP, EASY-FIT, CVX�.

1 �55y

IO��55y�±Lã�

min cTx
s. t. Ax = b,

x > 0,
(1.1)

Ù¥A ∈ Rn×m, c, x ∈ Rm, b ∈ Rn. ¯K�Ñ\i�L½Â�Ñ\T¯K¤I�O�Åi
ÎG�Ý.�ÄA, bÚc¥�êâÑ��ê½knê��/§d�z�êâ��Ý´Ù�?
�L«��Ý§L��u¤kêâ�oÚ. XJ�{éu?Û�¹oU3O(f(n,m,L))
�mS��T¯K��`)½ö(@T¯KÃ)§f(n,m,L) �õ�ª¼ê§K¡d�
{�õ�ª�m�{. �55y®k�{�Úêþ�¯K�êâÑ\i�k'. Kachiyan�
ý¥�{3���/eI�O(n4L)Ú¦)�55y¯K§zÚ�i�Ø�LO(L)�ê
â�oK$�§�A��mE,Ý�O(n4L2 lnL ln lnL). Karmarkar�S:{3���/
eI�O(n4L)Ú¦)�55y¯K§zÚE�i�Ø�LO(L)�êâ�oK$�§Ùo
N�mE,ÝU?�O(n3.5L2 lnL ln lnL),¿�ÙÏ~Ly��uÙ3���/e�ýÿ.
Renegar[1]JÑ�´»�l{�IO(n3.5L)Ú§oN�mE,Ý?�ÚU?�O(n3L2 lnL
ln lnL). aq� (�©éó) ´»�l{3¢SA^¥LyÑÚ. SpielmanÚTeng[2]y²

ü�ãKfº:üX/�{�²þ�mE,Ý�õ�ª.
����{U3O(f(n,m))ÚS¦)�55y§Ù¥z�ÚÑ��õO(g(n,m,L))

��êâ�oK$�§�fÚgþ�õ�ª¼ê§@où��{Ò�¡�rõ�ª�m
�{. �u´Ä�3rõ�ª�m�{§=´Ä�3O�Úê�¯KêâÑ\i�Ã'§
��¯K�êÚ�å�êk'�õ�ª�m�{§́ 8c�55yïÄ+��Ä:�
¯K.T¯K�iùß�§P´Ä�uNP�¯K¿�§1998c�Smale[3]��21V18�ÿ
�)û�êÆ¯K. Tardos[4]ÄgJÑ��¦)|Ü�55y�rõ�ª�m�{ (|Ü
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�55y´��55y��åÝ
������U
�'u¯K�êÚ�å�ê�,�
õ�ª¤.½)§VavasisÚYe[5]Äu©����¦�g�§JÑ
Úê��¯K�ê!�
å�ê9�åÝ
k'�õ�ª�m�©éóS:�{. Ye[6]éu�aAÏ�ê��Å
ûü¯Ky²
¦^Dantzig (1947) ���{�d�=¶5K�üX/{äkrõ�ª
O�E,5. Chubanov[7]éuäk0-1)��a�55y¯K�Ñ
rõ�ª�m�{§
§���^���55y¯K�Eõ�ª�{�Ä:.
3¢^�{�¡§8c61�S:{´Mehrotra[8]JÑ�ýÿ���{§¦+3nØ

þé§¤�$�§�3¢SA^¥Ly�~ÑÚ.üX/�{�=¶5Ké�{�ÇK�
é�§Äu[9]Ú[10]JÑ��Í>5K (steepest edge) U
��~�S�Úê§�3zÚ
I��	�O�þ§Ïd3¢SO�¥~~¦^Cq��Í>5K. XÛ�Ok���
{¦)��5���55y¯K���É'5. éõ5g|Ü`z��55y¯K§Ù
Cþ$��Uk�êõ�.éu�aAÏ��5��55y¯K§Muter�[11]JÑ
�«
1��Ó�)¤�O��{.

����55y�'�ß�´Hirschß�§§´1957cHirsch�Dantzig��µ&¥J
Ñ�(�[12]1521�).�P´Rd¥���àõ¡N§δP (x, y)L«P¥ü�º:xÚy�m�
ål§=ë�xÚy�¤k´»¥>ê����. àõ¡NP��»�¤kº:�m�å
lδP (x, y) ����. éun > d > 2, P∆(d, n)�Rd¥¤k�Ðkn�¡ (d− 1��>.)
�àõ¡NP��». Hirschß�Xeµéun > d > 2, þk∆(d, n) 6 n− d. -<¯ç�
´§Santos[13]�Ñ
��43�äk86�¡�àõ¡N�~f§Ù�»´44§ÏdÄ½5)
û
Hirschß�.

2 Ã�å`z

FÝ{!�ÝFÝ{Ú[Úî�{´naÄ��¦)Ã�å`z¯K

min
x∈Rn

f(x) (2.1)

����ê�{. ·��!Ì�£��0�ùna��`z�{±9&6��{!Ã�
ê`z�{�ïÄ?Ð.

2.1 FÝ{

�8I¼ê3xk:�FÝ�gk = ∇f(xk), FÝ{�S��ªXeµ

xk+1 = xk − αk gk, (2.2)

Ù¥§αk > 0´U,«�ª�Ñ�Ú�. Cauchy31847cJÑ���eü{ÏL°(�
|¢À�Ú�§�Âñ�Ýéú§É¯K�^�êK�é�§¿�¬Ñyç¸y�. BB�
{´\<�êÆ¬c¬�BorweinÚ¦�Ó¯Barzilai31988cJÑ��«#.FÝ{[14]§
ÙO��J�Ðu��eü{§y®uÐ��«¦)�5�¯K�¿�åér��{§
3DÕ`z!| �þÅ!ã�?n!Ý
�§!êiÏÕ�Nõ�¡��A^Úí2.
-sk−1 = xk − xk−1, yk−1 = gk − gk−1, BB�{�Ä�g�´¦Ý
D = α−1I3���¦
¿Âe÷v[Úî'Xª§l���Ð�%C8I¼ê3xk:�°ÚÝ
∇2f(xk)��
J. ÏL¦)���g¼ê‖yk−1 −Dsk−1‖2 4�§B�

αBB
k =

sTk−1sk−1

sTk−1yk−1
. (2.3)

éuî�à�g¼ê�4�z¯K§

min
x∈Rn

1

2
xTAx+ bTx, (2.4)
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Ù¥A ∈ Rn×né¡�½§b ∈ Rn, �yBB�{�ÛÂñ[15]§�R-�5Âñ[16]. ,§
duBB�{r���üNLy§ù�R-�5Âñ�nØ(J�ØX��eü{�Q-�
5�Ý�O§éJ�N§�`u��eü{�O��J. �õ�nØ©ÛL²§FÝ{
�k�5�8I¼ê°ÚÝ
�A���'é. ¯¢þ§éu�g4�z¯K§5¿
�gk = Axk + b, �l (2.2) ´�

gk+1 = (I − αkA)gk = · · · =
k∏
j=1

(I − αjA)g1. (2.5)

�â�5�ê¥�Cayley-Halmiton½n§e�{αi : 1 6 i 6 n} = {λ−1i : 1 6 i 6 n},
Ù¥λi(1 6 i 6 n) �A�n�A��§Ké?¿�Ð©g1§þkgk+1 = 0é,k 6 n¤
á. FÝ{�T�gk�ª�5��@��Lai (1983). �dÓ�§éA�Ì©)§=A =∑n
i=1 λiuiu

T
i §Ù¥ui(1 6 i 6 n) �n��p����þ§¿-wki = uTi gk, Kl (2.5) �

wk+1
i =

k∏
j=1

(1− αjλi)w1
i , ∀ k > 1, 1 6 i 6 n. (2.6)

lþª�wÑ§�¦FÝ{äkR-��5Âñ5§é?¿�i ∈ [1, n], 7Lk,�Ã¡f
�{αki}, ¦�ª�uλ−1i . [14]y²
�n = 2�§BB�{é�g¼êäkR-��5Âñ
5. [17]©Û
ù�(Jén = 3�¤á§Ó�é?¿n��/§��m > n

2 +1,KÌ�mÚ

��eüÚ��FÝ{3Ü·�b½e�äkR-��5Âñ5. Fletcher[18]�nã©Ù
�Ñ
'uBB�{éõk��É	.
3í2BB�{^u¦)��Ã�å`z¯K�§~IÚ\,«�üN�|¢. [19]Ú

\�g·A�üN�|¢#N8I¼ê�3,
S�:�?¿�§��¦{¤±5�Ð
�8I¼ê�3AÚ�S��Uõ§Ïd�'[20]¦^�¦MÚ�S��8I¼êk¤U
õ�DÚ�üN�|¢§U
éÐ/�±
BB�{��5. BB�{�R-�5Âñ5U

^u`²§XJT�À��üN�|¢¥�ëê§K�S�:��C):�§BBÁ&Ú
�oU
��|¢�Â§Ïd3z��S�Ú�IO��g8I¼ê�.ù�5�aqu
([) Úî{¥�ü Ú�  U
��A��|¢�Â§3éõ�ê�Á�¥U
*ÿ
��§�±`´BB�{���O�`:. éu�å`z¯K§XJ�18�Ýf�å!¥
�å½öÝf�å2\ü��5�å�/ª�8Ü§ù�:��18�ÝK�N´§�
®²/¤
ê��J�Ð�ÝKBB�{.

8cw5§BB�{��ko��¡�¯KE,��ïÄ. 1���¡Ò´éu�
�n��g8I¼ê§XÛïáBB�{`u��eü{�nØyâ. 1���¡Ò´Û
«BBa.��{O��J�Ð. 8c§®²kNõïÄölA����Ý!lò´��
Ý½ölõ:&E��Ý�íÑL�«a.�BBa.Ú�§����@�BFGS�{´
O��J�Ð�[Úî{ØÓ§é�`�BBa.Ú����¤�£. 1n��¡´äk
üN5��FÝ{ïÄ. �õê`zA^ó�ö  �àuüN��{. ©z[21—23]�
Ñ
�±üN¿���BB�{O��J�|{�FÝ�{§�d�¡Ek��õïÄ.
1o��¡Ò´XÛí2BBa.�{��«Ü·�`z¯K§ù�ÿÚ��À��  
I��éØÓ�|Ü\±�é5/ïÄ.

2.2 ��5�ÝFÝ{

ùa�{¤I�;�!O��Ý¯§glÙJÑ��Ò¤�¦)�5�`z¯K�
aék���{. -d0 = 0, �ÝFÝ{äkS��ª

xk+1 = xk + αk dk, (2.7)

dk = −gk + βk dk−1, (2.8)
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Ù¥αk�Ú�§|ÜXêβk��ÝFÝëê. éu�g¼ê4�z¯K§XJæ�°(�
|¢§ùa�{£ò�dHestenesÚStiefel31952cJÑ�¦)é¡�½�5�§|�(�
5)�ÝFÝ{. d�§�{¤)¤�|¢��ò�p�Ý§läk�gk�ª�5�.
éu��5`z¯K§3�|¢�°(�§ØÓ��ÝFÝëê¤éA��ÝFÝ{Ù
nØ5�Úê�Ly�UéØ�Ó. ±e´À��ÝFÝëêβk��k¶�4�úªµ

βFR
k =

‖gk‖2

‖gk−1‖2
, βDY

k =
‖gk‖2

dTk−1yk−1
, βPRP

k =
gTk yk−1
‖gk−1‖2

, βHS
k =

gTk yk−1
dTk−1yk−1

,

Ù¥‖ · ‖���§yk−1 = gk − gk−1.
b��ÝFÝ{zÚ�)�|¢��þ�eü��§�[Úî{��§�ÝFÝ{

�äk�½�gN!5. ¯¢þ§�φ1 = ‖g1‖2±9φk =
∏k
j=2 β

2
j (k > 2), |^(2.8)�y

é¤kk > 1,

‖dk‖2

φ2k
= −2

k∑
i=1

gTi di
φ2i
−

k∑
i=1

‖gi‖2

φ2i
6 2

k∑
i=1

(gTi di)
2

‖gi‖2φ2i
− 1

2

k∑
i=1

‖gi‖2

φ2i
. (2.9)

lþª�wÑ§�N���Ý�þtk = ‖dk‖2
φ2
k
��N��eü§Ý�ÚªS1 =

∑k
i=1

(gTi di)
2

‖gi‖2φ2
i

�ü���§=tk 6 2S1¶Ïcö�K§ÚªS1qØU��§§o�u½�uÚªS2 =∑k
i=1

‖gi‖2
φ2
i
� 1

4§=S1 > 1
4S2. AO/§XJ∑

k>1

φ−2k = +∞, (2.10)

�Âñ'Xªlim infk→∞ ‖gk‖ 6= 0, =‖gk‖ > γé¤kk > 1Ú,~êγ > 0¤á§K

7kS2 = +∞, lS1 = +∞. âdÚtk 6 2S1�í�
∑
k>1

(gTk dk)
2

‖dk‖2 = +∞, ùÒ�

��Zoutendijk^��gñ. �$^�y{�§e (2.10) ¤á§�{7�ÑÂñ'X
ªlim infk→∞ ‖gk‖ = 0. Dai[24]î�/ïáT��5Âñ(J§¿Þ~`²
§3�½

^�e�7�5. ^� (2.10) �`:3u§��{βk}k'. éuFR�{§́ �φk = ‖gk‖4
‖g1‖4

(k > 2), âdÚþã��Âñ(J§�±é¯ïáFR�{�Âñ(J. éuDY�{§|

^Ù�dúªβDY
k =

gTk dk
gTk−1dk−1

�§φk =
(gTk dk)

2

‖g1‖4 (k > 2). ,	3^�0 < γ 6 ‖gk‖ 6 γ̄

(∀k > 1)e�y(~�[25]173�), é?¿�p ∈ (0, 1), �3�~êδ, ¦�é¤kk > 1, '
Xª−gTi di > δé[1, k]¥��[pk]�i¤á. âd� (2.10)¤á,lïáDY�{�Âñ5.
Dai[24]ÏLÚ\�a#�5�Property (#), *¿
T��5Âñ(J�·^��§¦�
U^u©ÛPRP�{�A�¤k��ÝFÝ{.
cã¤ãb��ÝFÝ{�)�|¢��þ�eü��§=gTk dk < 0 (∀k > 1). ,§

�FÝ{¥KFÝ��o´eü��ØÓ§·�I�é�ÝFÝ{´Ä�)eü���
�AÏ�'5. Dai[26]âdò��5�ÝFÝ�{8�naµ@Ï��ÝFÝ{!äke
ü5���ÝFÝ{±9äk¿©eü5���ÝFÝ{. @Ï��ÝFÝ{�)FR�
{!PRP�{±9HS�{�. ù��ãéu�ÝFÝ{�ïÄ'�|l»�§31991c�
c/�U´���n)�`z�{0[27]. @Ï�{���":Ò´§=¦æ�rWolfe|
¢§§���UÏ��)þ,���}. ùÒr¦
äkeü5���ÝFÝ{�ïÄ.
��;.�ó�´DaiÚYuan[28]31999cJÑ�DY�{§§�I�Wolfe|¢§=��y
zÚ�)eü��§¿��ÛÂñ¶§ÚHS�{,�§�±��O��J²w`uPRP�
{��ÝFÝ�{. |^�ÝFÝ{Ú[Úî{�S3éX§�±�Eäk¿©eü5�
��ÝFÝ{§=�3~êc > 0,¦�gTk dk 6 −c‖gk‖2 (∀k > 1). HagerÚZhang[29]ÏL�
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ÄòÃPÁgN'BFGS�{�|¢��¥�1n�{üí�§��
��U�y¿©e
ü^�¤á��ÝFÝ{§¿�O
CG Descent�{. Yu�[30]'���/í2
[29]�(
J. ChengÚLiu[31, 32]ÁãkÏL−gkÚdk−1|Ü���gk�pR����d⊥k ,,�2ÏL
ò−gk�d⊥k(Ü½Â|¢��§�Ñ
�«�y¿©eü^�¤á��ÝFÝ{�#E
|. Zhang�[33]ÏL3PRP�{�)�|¢��V\��#�yk−1�§��
�«�y¿
©eü^�¤á�n��ÝFÝ{. DaiÚKou[34]ÏLò�«�`ÃPÁgN'BFGS�
{�|¢��ÝK�d�cFÝ��Úc�Ú|¢��Ü¤���6/§��
��X
eäk¿©eü5���ÝFÝ{µ

βDK
k =

yTk−1gk

dTk−1yk−1
−

dTk−1gk

dTk−1yk−1

‖yk−1‖2

dTk−1yk−1
. (2.11)

Äuþãúª§[34]JÑ
�«�üN�Wolfe.|¢Ú#�m©E|§�O
�\k
��CGOPT�{^�. úª (2.11) �C��CG Descent�{æ^.

�
����k����5�ÝFÝ�{§&?#��Ý^�´�«�U�å». Ï
~�ÝFÝ���±�¤aq[Úî���/ª§=dk = −Hkgk. XJ�¦Hké¡�
÷v[Úî'Xª§Hkyk−1 = sk−1, KkdTk yk−1 = −gTkHkyk−1 = −gTk sk−1. Ú\ëC
þrk, ·�Ò��ÄXe��5�Ý^�[35]µdTk yk−1 = −tkgTk sk−1. XJ�¦dkäk/ª
(2.8), KβkäkXe���/ªµ

βDL
k =

gTk yk−1
dTk−1yk−1

− tk
gTk sk−1
dTk−1yk−1

. (2.12)

YabeÚTakano[36]§Li�[37]ÏL�Ä?�[Úî'Xª�Ä
�õ��Ý^�. ��
5`§XÛ3�5�ÝFÝ{�Ä:þ§·�/Ú\,
þ§±¦þ��¤�`z¯K
���55�§ò´�O��k����5�ÝFÝ{��ïÄ��.lù��Ý§Ä
uf�m4�g���ÝFÝ{[38]!õ��ÝFÝ{±9��5ý^��ÝFÝ{Ek
éõ�ïÄ�m. 8cp���ÝFÝ�{E,�6u�é��°(�Wolfea.��|
¢§ù¦�zÚ²þI�O�üg8I¼ê�. XÛ~�zÚS�O�þ�´���Ä
��¯K.

2.3 [Úî{

Davidon (1959)!FletcherÚPowell (1963) JÑ�[Úî{§��/r?
��55
y�ïÄ. Tó��Trefethen@�´20Vê�©Û¥13�²;ó���. 8c@��k
��[Úî{´dBroyden, Fletcher, GoldfarbÚShanno31970cÕáJÑ�BFGS�{.
BFGS�{±9¦)�5�¯K�k�S�BFGS�{§®²�ó��A^êÆ.2�/
¦^. 'u[Úî{Ð�nã��[27, 39, 40].
'u[Úî{�ïÄó�éõ§,õc±5�[��'%ü�Âñ5¯K (X

�[27, 40]µ1��´æ�Wolfe|¢�DFP�{é��à¼ê´ÄÂñº,��´æ�Wolfe|
¢�BFGS�{é�à8I¼ê´ÄÂñºDai[41]ÏL?�Ú�	Powell[42]'uPRP�{
�~f§�Ñ
36�à:�mÌ���~§̀ ²æ�Wolfe|¢�BFGS�{é�à¼ê
�UØÂñ. Powell[43]y²
æ�o�1��4�:��|¢�§BFGS�{é���à
¼ê�ÛÂñ. Mascarenhas[44]�E
äk8�à:�~f§`²æ� (�Û) °(|¢
�BFGS�{é�à¼ê��UØÂñ. Dai[45]�Ñ
��5���`{�äk8�à:
��~§§äkXe5�µ(a)o´æ�ü Ú�§�ü Ú�o÷vWolfe�|¢^�
ÚArmijo�|¢^��¶(b) ¦+8I¼ê�à§z��|¢¼ê�rà¼ê§¿�ü 
Ú�´Ù���4�:,�d�~�·^u�«a.�°(�|¢ (�)o�1��4�
:��|¢)¶(c) 8I¼ê´��38gõ�ª¼ê§ÏdÃ¡gëY��, XJØ�¦
z��|¢¼ê�à¼ê§�~¥�8I¼ê���8gõ�ª.
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éu�à8I¼ê§�
ÆöÁãÏL·�?�BFGS�{¦�Âñ§~XLiÚFu-
kushima[46]. 'uDFP�{�Âñ5§·IÆöPuÚYu[47], Yuan[48]��Qk�\°��
©Û§�8cÿØ�Ùæ�Wolfe�°(|¢�DFP�{é��à¼ê´ÄÂñ. éõÆ
öÚ\?��[Úî'Xª§¿3ØÓ�§Ýþ�±Uõ�5�BFGS�{. ù�¡�1
��ó�´Yuan[49]. 8c®ln«å»í2[Úî{¦)�5�¯K: �´k�S�[
Úî{;�´�Ä8I¼êäkÜ©�©�(�;n´b½8I¼ê�°ÚÝ
äkDÕ
5§=�3,�8ÜF,¦�[∇2f(x)]i,j = 0 (∀(i, j) ∈ F ). éu1n«å»§@ÏdToint±
9FletcherJÑ�DÕ[Úî{�¦[ÚîS�Q÷v[Úî�§§q÷vDÕ5§�~
~¬ê�Ø½. Yamashita[50]JÑ
�«#L�g´. PÝ
¼êψ(·) = tr(·)−ln det(·)§
EPsk−1 = xk − xk−1, yk−1 = gk − gk−1. �lHk−1��#�é[∇2f(xk)]−1�%CHk, Ä
k·�|^Hk−1±9Ç&E (sk−1, yk−1) ���ÊÏ�DFP[ÚîS�

HQN = Hk−1 −
Hk−1yk−1y

T
k−1Hk−1

yTk−1Hk−1yk−1
+
sk−1s

T
k−1

sTk−1yk−1
. (2.13)

,�2ÏL¦)±e'uH�f¯K��Hk:

min ψ(H
− 1

2

k−1HH
− 1

2

k−1)

s. t. Hij = HQN
i,j , (i, j) ∈ F,

(H−1)ij = 0, (i, j) /∈ F,
H��½.

(2.14)

�8ÜF¦�éTa.�Ý
�Cholesky©)Ø¬�5#�W¿�§¯K (2.14) �±�
�N´¦)§¿�duÜ© ����®�§V÷"� ����¦�Ý
1�ª�
��¯K.-<¯ç�´§ù«DÕÚî{��yDÕ5§�t
î�÷v[Úî�§�
�¦§�YamashitaE,U
�ù«�{ïá��5Âñ5. éùa��{�ïÄ§E,
���\.

2.4 &6��{

Ú�|¢�{��§&6��{�´¦)�`z¯K��a��{. ���|¢
�{k(½|¢��,�ÀJ·��Ú�ØÓ§&6��{´k(½&6��»���§
,�3±�cS�:�¥%�&6�¥Ïé�Ð�Á&Ú.XJÁ&ÚE,Ø
÷¿§K
I� �&6��»¿Ïé#�Á&Ú. ù�L§��æ��¬/�/'��/\f÷
ì0.

&6��{�@Ñy�±J��60õcc���5ëê�O�{[51]. 31970c§Pow-
ellr§Ú\Ã�å�`z�{5�y�{��ÛÂñ5. Yuan[52]ïÄ
�1w`z�&
6��{. �c§&6�Eâ®²�2�A^u¦)�å�`z§Nõ���å�`
z�{XByrd�[53]�S:�{! FletcherÚLeyffer[54]�Èf�{ÚGould ÚToint[55]�
Ø¦^v¼ê½Èf�ÅÚ�g5y�{�þÏL¦)&6�f¯K5�)S��Á&
Ú.du¦^
&6��å§¦�&6��{'�|¢�{äk�Ð�°�5§Ì�Ly
3§U
3�{¥��¦^�`z¯K���&E§=¦ù
&EØäk�|¢�{¤
�¦��½5�.
3&6��{¥§&6�f¯K�k�¦)�'�. �ÄÃ�å�`z�&6�

f¯K

min gTk d+ 1
2d

TBkd

s. t. ‖d‖ 6 ∆k,
(2.15)

�þdk´§��Û�`)��=��3�Kêλ§¦�Ý
 (Bk + λI) ´��½�§�

(Bk + λI)dk = −gk, λ(‖dk‖ −∆k) = 0. (2.16)
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�
��¦)¯K (2.15) ½�d/¦) (2.16) �k���{®²JÑ. Yuan[56]L²§
3Bk�½�¹e§¦^�ä�ÝFÝ{¼��¯K(2.15)�Cq�`8I¼ê��½Ø
¬�L�`8I¼ê�� 1

2 .

éu�å�`z,&6�f¯K��.Ú¦)C��\E,. Yuan[57],ChenÚYuan[58]

�ïÄ
e��ª�å&6�f¯K�5�µ

min gTk d+ 1
2d

TBkd

s. t. ‖ck +AT
k d‖ 6 ξ,

‖d‖ 6 ∆k,

(2.17)

��
Nõék¿Â�(J. Ni[59]�JÑÚïÄ
¦)��5�å�`z�I&6��
..
Ø
A^u¦)²;�Ã�åÚ�å�`z¯K±	§&6��{�2�A^u¦

)��5�§[60]!é¡I5y[61]��5�AÏ(���å�`zÚNash²ï¯K[62].
&6��{�¢SA^~f��©z[51]. ���Ú�æ�A^&6��{ïÄ
Ø

·½�¯K¥�ëêÀ�Ú�íã��¯K.
�#ïÄ?ÐÚïÄ�� Cartis�[63]JÑ
��¦)Ã�å�`z�¦^��5Ú

�����IO�&6��{. T�{zgS�¦)��ng�Kzf¯K

min
d∈Rn

fk + gTk d+
1

2
dTBkd+

1

3
σk‖d‖3, (2.18)

Ù¥σk´��g·A��Kzëê. d (2.18) ��

‖dk‖ 6 3 max

‖Bk‖σk
,

√
‖gk‖
σk

 . (2.19)

FanÚYuan[64]ïÆ3&6�f¯K (2.15) ¥À�

∆k = µk‖gk‖, (2.20)

Ù¥µk�?�aqu²;&6��»�?��{. �
�IO�&6��{�@�Ñy
3¦)��5���¦¯KÚ��5�§¥[65−68]. ùa�{Ñ�k&6��{¤äk
�Ð��ÛÂñ5�±9���¹e�E,5(J. ��'��´§§�Ñk-<÷¿
�ê�Ly. �ù
�{%ØU�²;�&6��{@�5é§�?1�ÛÂñ5©Û.
��5Ú���Eâ�*Ð5¦)EÜ�1w�`zÚÃ�åõ8I�`z¯K[69].

Cartis�Ø
3[70]¥�Ñ
Ã�å�`z&6��{���¹e�E,5(J	§3[71]
¥�ïÄ
��5�å�`z&6��{���¹e�E,5. k'��5Ú����
{�ÛÜÂñ5�U´e��ïÄ��.

2.5 Ã�ê`z�{

éõ�`z�{I�|^8I¼ê��ê&E§,¢SA^�éõ¯K¼ê�d
¢S)�!Ôn¢�½O�Å�[�Ñ§Ù�ê&EA�Ø�U��. éuÃ�ê`z
¯K§�6�ê&E�`z�{ØU��A^§I��OÃ�ê`z�{ (derivative-free
optimization methods)§½ö¡����{ (direct methods). êÆï��°[zÚO�Å
�[�2�A^§éuÃ�ê`z�{�¦)�Ý±9)��þJÑ
�p��¦. �
Úå�[�5¿§ùp0�AudetÚOrban[72]|^Ã�ê`z�{N!�{ëê�~f.
�,ãO�Å§S¹k�|ëêp ∈ RK , Ù¥K´ëê�ê. �ëêp�½�§·�Ò�
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¢yTãO�Å§S§¿*	�Ù5ULy. b�ù�5U�±�þz�f ,@ofÒ�¤

p���¼ê. u´�
��z§S�5U§·�I�¦)XeëêN!`z¯Kµ

max {f(p) : p ∈ RK¿÷v�U�,
�å^�}.

duf´ÏL¢SÿÁ��§éJkw«L�ª§ÙFÝ�J���Ñ§ùÒ´��;.
�Ã�ê`z¯K. AudetÚOrban[72]|^ù�å»ïÄ
�ko�ëê�&6��{§
��
'²;ëêÀ��Ð�ëêÀ��{.

±Nelder-MeadüX/�{ÚPowell�Ý��{��L�²;Ã�ê�{§3ó�.
��2�¦^§áÚ
NõÍ¶Æö�5¿. cÙ´NelderÚMead31965cJÑ�üX
/�{[73]§g��*§{ü´1§���2013c12�24F®²�Ú^17 000õg. §ln+
1�Ð©:�¤�üX/m©S�§ÏLò���¼ê�:éÙ{n�:�¤��ã�
%��U��� (reflection)!*Ü (expansion)!	Â  (outside contraction)!SÂ 
(inside contraction) ½ö�Nà  (shrinkage)§l����#�üX/. ù��{Ä
uSpendley�[74]�üX/�{§�UÏL*ÜÚÂ �Ú¦üX/�/G�Ð/ÎÜ8
I¼ê�A�µ�8I¼ê�Cz'�²��§üX/U
C�¶���d�ì��§ü
X/U
UC|¢��¶�¯�):�§üX/U
Â . Woods�Æ¬Ø©[75]�Ñ

���à¼ê�~f§¦�Nelder-MeadüX/�{�zÚS�þ�Â Ú§l¦üX
/¤kº:�à:ÑØ´��:. Wright[76]�©ÛL²§=¦éu/�ûÐ�¼ê§T
�{�¬Ê¢Øc. McKinnon[77]�Ñ
�x��î�à¼ê�~f§̀ ²üX/�{�
UÂñu���½:. Lagarias�[78]é�aäkk.Y²8Ú�½°ÚÝ
���¼
êïá
vk*ÜÚ�üX/�{�Âñ5. éõê�*	L²§��C�`)�§�©
�üX/�{¿ØÑy*ÜÚ§�"�î�êÆy². d	§�©�üX/�{3¢S¯
K¥�2�A^§¦�éõÆöF"U
é=ù�{ü��g¼ê4�z¯K

min x21 + x22

y²ÙÂñ5§�ù�¯Kÿ�)û. �©üX/�{�UØÂñ§ÄÙ�Ï, �´Ï
�üX/�AÛ/G3S�L§¥�U¬òz§�´zÚS�"y¿©eü. ddÑu§
kØ��ïÄö�Ä
?��üX/�{§¦§U
�ÛÂñ�½:, Ù¥�)·I
Æö@Ï�ó�Yu[79]Úu<Æö�ó�Tseng[80]. XÛ3üX/�{¥(Ü�üNüÑ
¦�Q�y�{ÂñqUJp�{5U´����&¢���. 'u�õ��ª|¢�
{ÚÄu�|¢��{§Öö�ë�Powell�nã©Ù[81]±9¶¡ÀÚÜ3%�Æ¬Ø
©[82, 83]§3dØ2��Kã.

,�«ØO�8I¼ê�ê�`z�{§́ 3��`z�{¥��ê^8I¼ê�
�c�©½¥%�©�O§�^�©Cq�ê�O�¥I�^�Nõ�8I¼ê��O
�§ù
8I¼ê��O��^u%C§w��~L¤. Powell[84]@�§Nelder-MeadüX
/�{¿vk¿©|^��º:�¼ê�&E§�´3O���¼ê�:�\±
|^§
�Ð�±|^ùn + 1�º:Úù
º:�¼ê�?1��������5��¼ê.
�,§�5��¼ê���:é�U3Ã¡���§ÏdPowell[84](Ü&6�{é�å`
z¯Kïá
Äu�5���Ã�ê`z�{. [85]�Ä
Äu�g����{§�du
��:8�UØ·½Ñy¾���¹. Conn�[86]Äu[87]��{g�ÏL�g���
O
DFO�{§Powell[88]Ó�±�g���Ä:�E
UOBYQA�{. ù
�{Ï�
3?1�g����Ð/�y��:8�·½5§Ïd§�cÙ�ö�O�Ly�~Ñ
Ú. 8c��@�[89, 90], Äu���&6��{3S�¥7��Ú\,«AÛÚUõ�
�:8�·½5§�±Uõ���.§lU?�{�O�Ly. ScheinbergÚToint[91]l
nØþy²
Äuõ�ª���.�&6��{äkS3�g·N!Å�§¦���
:8�·½5U3S�¥gÄ��Uõ§�Ó���Ñ§��y�{�ÛÂñ§AÛÚ
ØU���K. Äu���.�Ã�ê`z�{§8c®²��
´a�¤J§¿k;
Í[92]. ����Ñ�´§ù
#�Ã�ê�{8céuÃ�å`z¯KÚ.�å`z¯
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K[93, 82]��¤õ§XÛí2������55yE,I�éõ�ïÄ.Ü3%[83]|^ 
�©�§nØ¥²;�Sobolev�ênØ�ã
�a���ê���.§¿?ïÄ
*
Ð�é¡Broyden?�§�Ñ
{ü�*�ëêÀ��ª§��
`uPowell[94]�O��
{.
�±ù�`§þ¡¤ã�Ã�ê`z�{3O��  ÷vu,�½:§¦+ê�

Á�L²§�  ¦���8I¼ê��Ð�½:§~XPowell�UOBYQA�{. �

�U�{§~X�[ò»�{[95, 96]!¢D�{[97, 98]!BR|¢[99]! ²�ä�{[100]!
âf+�{[101]��{, �3¦�Û�`)§�Ï~I�é��¦)L§. éu�êp
(Highly dimensional)!¼ê�O��~[B (computationally Expensive)!ÏLç�f¦
� (Black-box)�HEB¼ê§ShanÚWang[102]�
���Ð�o(. ·�3ùpX0�
��O�Ly�Ð�SRS (Stochastic Response Surface)�{[103]Ú��äkéÐnØ5�
�EGO (Efficient Global Optimization) �{[104, 105]. SRS�{Äk�â��.¶���
{3a,��«�Dþ�)eZ�Ð©:§¿O�ù
:�¼ê�.b�31kÚ§SRS�
{ÏL[Üm�êâ:{(xi, f(xi)) : i = 1, · · · ,m}��
,��A¡¼ê (~X»Ä�
�¼ê) Sm(x)§�X�{Uì,«©Ù (~Xþ!©Ù½��©Ù) 3«�Dþ�Å�
)p�:z1, · · · , zp, ,��âù
:Ú{x1, · · · , xm}�ål±9�A¡¼ê�Sm(zj)(j =
1, · · · , p)���lTp�:¥]À����xm+1,¿O�¢S¼ê�f(xm+1). ù�Ò�¤
��S�Ú. SRS�{zÚS��O�þ¿Ø�§3�½�^�eU
y²±VÇ1Âñ.
ê�(Jw«,�8I¼ê��O�gêØUéõ��¹e,U��'Powell�UOBYQA
�{�Ð�). 8cT�{®²¤õí2��å`zÚ·Ü�ê5y. ��J��´§>
f�E�Æ��½Ô[106]�C�E
���`zHEB¼ê�ÚO`z©Û��A¡�µ
e. EGO�{Äu±e�ÅL§�{µ

y(xi) = µ+ ε(xi) (i = 1, · · · ,m),

Ù¥µ´�ÅL§�Ï"§m´*	êâ��ê§z�êâ:�Ø�ε(xi) Ñl��©Ù§
�ü�êâ:�Ø�¼ê�m����¿Ø�"§´�ü�êâ:�,«åld(xi, xj)
k'§=

Corr[ε(xi), ε(xj)] = exp[−d(xi, xj)].

�Ò´`§�xiÚxj�ål���§���ò�Cu1¶��§XJål��§���ò�
Cu". 3é¼êd(xi, xj) �,«b½�§�±�âm�êâ*	���z�:xþ�ý
ÿ�y(x)±9þ�Ø�s2(x). ?�Ú/§·��±âd¦�z�:x�'u8c�Ð�¼
ê�:�Ï"UõEI(x). EGO�{u´]ÀÏ"Uõ���:��e�Ú�*ÿ�:,
=

xm+1 = arg max{EI(x) : x ∈ D}.

3·��b½e§Bull[105]�Ñ
EGO�{��`�Ý©Û. Jones, SchonlauÚWelch[104]�
Ñ
EGO�{���Cq¢y§�8c5wT�{zÚ�O�þE,é�§ÄÙ�ÏÌ
�´±þ¦)xm+1�f¯K��´���à¼ê��Û�`z¯K§'�Ju¦). X
Û�E�{¦�QkEGO�{ûÐ�ê�Ly§qäkEGO�{`{�nØ5�´��
5k,��¯K.

3 �å`z

�å�`z´3�å�18Ω ⊂ Rnþ4�z8I¼êf(x)µ

min f(x)
s. t. x ∈ Ω.
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��/§Ω�±L«��|�ªÚ (½) Ø�ª�)8µΩ = {x ∈ Rn : ci(x) = 0, i =
1, · · · ,m; cm+j(x) 6 0, j = 1, · · · , p}§��
«Ou�55yÚà5y§~~b½f , ci(i =
1, · · · ,m) Úcm+j(j = 1, · · · , p) ¥��k��´��5�à¼ê.

3.1 ÅÚ�g5y�{

ÅÚ�g5y�{´8c@�¦)�à�å�`z¯K�k���{§§�Q�¡
��å[Úî{ÚHan-Powell-Wilson�{. 3zgS�§§I�¦)���g5yf¯
K

min gTk d+ 1
2d

TBkd
s. t. ci(xk) +∇ci(xk)Td = 0, i = 1, · · · ,m,

cm+j(xk) +∇cm+j(xk)Td 6 0, j = 1, · · · , p,

Ù¥Bk´.�KF¼ê�°ÚÝ
½ö§���[ÚîÝ
Cq. nØþ§�{��Û
Âñ5�I�Bk´k.�§¿�3È4�åFÝ�"�m�½. ÛÜ��3)x∗NC÷
v

lim
k→∞

‖Pk(Bk −W ∗)dk‖
‖dk‖

= 0

(Ù¥Pk´xk:?�È4�åFÝÝKÝ
§dk´1kgS��|¢��§W ∗´x∗?�.
�KF¼ê�°ÚÝ
)§�{��¼�¯���5Âñ�Ç.
v¼ê3uÐ�å�`z�{L§¥���üX�©���Ú. Nõ²;��å

�`z�{§XO2.�KF�{§Ò´ÏL��¦�X�v¼ê� (Cq)�`)5%C
�¯K�). ÅÚ�g5y�{´±v¼ê���Ã¼ê§3ÀJÚ��¦�v¼ê¿©
eü§l¢y�{��ÛÂñ. �3¢SO�L§¥§duÐ©vëêÀ�Ø·�§�
±��ÅÚ�g5y�{éØ�). dFletcherÚLeyffer[54]ÄM�Èf�{�´��Ñù
��}JÑ�. ��§Fletcher�[107]!Ulbrich�[108]!WächterÚBiegler[109]!Ribeiro�[110]§
±9IS�`z;[�©Õ�Ç!�½I�Ç�ìè��UJÑÚuÐ
�«¦)��
5�å�`z¯K�k��Èf�{9Ù�'��ÛÂñ5nØ§�
Èf�{��y
²äkÛÜ¯�Âñ5�. Ú'¸��æ�!�¡��æ�ïÄ
¦^O2.�KF¼
ê���Ã¼ê�ÅÚ�g5y�{.

GouldÚToint[55]32009cJÑÚuÐ
��¦)�ª�å�`z�Ø¦^v¼ê½
ÈfEâ�&6�ÅÚ�g5y�{9Ù�ÛÂñ5nØ§¿�w
�þê�(J.ê�
ÿÁL²T�{é¦)IOÿÁ¯K8CUTE¥�¯K�~k�. LiuÚYuan[111]32011c
JÑÚuÐ
��¦)�ª�å�`z�Ø¦^v¼ê½ÈfEâ�¦^�|¢�ÅÚ
�g5y�{9Ù�ÛÚÛÜÂñ5nØ. �Ä�ª�å�`z

min f(x)
s. t. c(x) = 0,

Ù¥c(x) = (ci(x), i = 1, · · · ,m). b�dk´�cS�:xk?�|¢��§-v(x) = ‖c(x)‖,
·�ÀJÚ�αk ∈ (0, 1]÷v

f(xk + αkdk)− f(xk) 6 min{σαkgTk dk,−ξ1v(xk + αkdk)}, (3.1)

v(xk + αkdk) 6 τkv
max
k XJ vmax

k 6= 0; (3.2)

½ö

v(xk + αkdk)− v(xk) 6 min{σαk(‖c(xk) +∇c(xk)Tdk‖ − ‖c(xk)‖),−ξ2α2
k‖dk‖2}, (3.3)
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Ù¥0 < ξ1 < ξ2 < 1§τk ∈ [0.95, 1). À�vmax
0 = 0§¿3αk−1÷v (3.1) Ú (3.2) �αk÷v

(3.3) �?�vmax
k+1 = v(xk)§ù���8�´¦�U;�Ï� (3.2) ��Ú�C���.

N´5¿�§þãÚ�OK#N�å��Ýþ�üNeü§�éu8I¼ê�3�
�S�L§¥´Äeüvk²(��¦. ù�¦^�üN�|¢�ÅÚ�g5y�{´
ØÓ�[112]. �§¦^Ú�OK (3.1)—(3.3)§¦�·��±3�{��ÛÂñ5©Û¥
£Ø�¦S�:S�{xk}k.�ÊH5b�. éu²;�¦^v¼ê��Ã¼ê�ÅÚ
�g5y�{�Âñ5©Û�£Øù�b�´�~(J�[113].

(Ü¦)tµ��1�g5yf¯K

min gTk d+ 1
2d

TBkd
s. t. ∇cTk d = ∇cTk qk,

Ù¥qk´�å���¦¯K

min ‖ck +∇cTk d‖
s. t. ‖d‖ 6 ξ‖∇ckck‖ (ξ > 1)

���Cq)§�±y²§�{äke�rÂñ5�µXJ‖∇ckck‖ > η‖ck‖ (Ù¥η > 0´
��~ê)§@o�½�3S�:�{xk}���à:§§´��Karush-Kuhn-Tucker(KKT)
:; ÄK§�3{xk}���à:§§½´��Ø÷v�5Ã'�å5���1�Fritz-
John(FJ):§½´min ‖c(x)‖���½: (�¡��å�`z���Ø�1½:).

þã�ÛÂñ5(J��¿Â��3u§§L²
�{´ÄÂñ���KKT:§
Ì��ûu�
(J�å�FÝ��5Ã'5§±9^r¤U�É��åJacobiÝ
�
�ÛÉ�η���. T�{�S:�{(Ü�í25¦)�kØ�ª�å�`z¯K. Ù
¦�'�ïÄ�kUlbrichÚUlbrich[114]. Cc5IS�½I�ÇÚ�¥©�Ç��JÑ

�
#�QØ¦^v¼ê�Ø¦^Èf�¦)�å�`z¯K��{.

3.2 S:�{

S:�{´ØÅÚ�g5y�{�	�,�«¦)Ø�ª�å�`z��{. l,
«¿Âþ`§§�´(ÜS:Eâ�ÅÚ�g5y�{. S:�{�@u20V60c
�JÑ�¦)�å�`z�éêæN�{. du3�`)NC�U���^�¯K§T
�{vkÚåv
�À. ù«�¹��20V80c�§KarmarkarJÑ�55y�S:
�{¿y²T�{äkõ�ª�mE,5±�âu)UC. El-Bakry�[115]Äu�`5^
�JÑ
¦)�à�å�`z�S:�{¿ïá
�{��ÛÂñ5§Byrd�[53]JÑ¿
uÐ
¦)��55y�&6�S:�{§LiuÚSun[116]JÑÚuÐ
Äu�|¢�¦
)Ø�ª�å�`z��©éóS:�{. 8c�ïÄL²§3ê�LyþS:�{�
ÅÚ�g5y�{äk�'5.

�å�K5�¹È4�åFÝ��5Ã'5!È4�å¼êà5ÚØ�ª�åî�
�15�5�. �å�`zÄ�nØ´3�å�K5b�eïá�. �å�K5K�.
�KF¦f��35Úk.5§Ïd3�{�OÚÂñ5©Û¥åXÞv���^.

Andreani�[117]�Ä
f�å�K5^�e�O2.�KF�{§Andreani�[118]J
Ñ
f�å�K5^�e��{ª�^�¿�Ä
�A��{ÚÂñ5. �Ävk�å
�K5b�e��{kÏumu#�!�ä°�5��å�`z�{§?�Ú@��{
�¢�Ú�K53�å�`z�{¥��^.

LiuÚSun[119]JÑ
��¦)�àØ�ª�å�`z��©éóS:�{§¿3vk
�å�K5b�e�Ñ
�{��ÛÂñ5©Û. LiuÚYuan[116]3[119]�Ä:þ§?�
Ú�Ñ
��¦)�à�ªÚØ�ª�å�`z��©éóS:�{�Ú��µe§¿
3vk�å�K5b�e�Ñ
�{��ÛÚÛÜÂñ5©Û.



1Ï �5���55y�{�nØ 81

�ÄØ�ª�å�`z

min f(x)

s. t. c(x) 6 0,
(3.4)

Ù¥c(x) = (ci(x), i = 1, · · · ,m). ÏLÚ?�Ktµ�þy = (yi, i = 1, · · · ,m) ∈ Rm§¿
(Ü¦^éê-æNtµ�{§��e�éê-æN¯Kµ

min f(x)− µ
∑m
i=1 log yi

s. t. ci(x) + yi = 0, i = 1, · · · ,m.
(3.5)

5¿�§�©¯K (3.4) �KKT^��

g∗ +
∑m
i=1 λ

∗
i∇c∗i = 0; (3.6)

λ∗i c
∗
i = 0, c∗i 6 0, λ∗i > 0, i = 1, · · · ,m. (3.7)

éê-æN¯K (3.5) �KKT^��

g∗ +
∑m
i=1 λ

∗
i∇c∗i = 0; (3.8)

y∗i λ
∗
i = µ, c∗i + y∗i = 0, y∗i > 0, λ∗i > 0, i = 1, · · · ,m. (3.9)

'� (3.7) Ú (3.9)§�±wÑ§�µ´¿©���ê�§éê-æN¯K (3.5) �KKT:�
±w¤�©¯K (3.4) �CqKKT:.
�
�y�¦¤kS�:´S:±9"��å�K5Ø¬K��{�Ly§[116,

119]3|¢����)ÚÚ�À��¡æ�
�
��ª�å�`zØÓ§�S:E
âk'���. ·�¦)�g5yf¯K

min gTk ∆x− µ
∑m
i=1 y

−1
ki ∆yi + 1

2∆xTBk∆x+ 1
2

∑m
i=1 y

−1
ki λki∆y

2
i

s. t. ∇cTki∆x+ ∆yi = ∇cTkiqk + vki, i = 1, · · · ,m,

Ù¥ (qk, vk) ∈ Rn+m´�å���¦¯K

min ‖ck + yk +∇cTk∆x+ ∆y‖
s. t. ‖(∆x, Y −1k ∆y)‖ 6 ξ‖(∇ck(ck + yk), Yk(ck + yk))‖ (ξ > 1)

���Cq)§Ù¥Yk = diag(yki, i = 1, · · · ,m). ��55y�S:�{ØÓ§3��5
�å�`z�S:�{¥§·�éu�©CþÚéóCþ©O¦^ØÓ�Ú�OK. �
©Ú��À�Ø
��y�Ã¼ê�¿©eü±	§���yyk+1 > 0 (=#�S�:E
,´��S:) Úck+1 + yk+1 > 0. éóÚ��À�´�y#�éóCþ÷v

y(k+1)iλ(k+1)i ∈ [β1µk, β2µk], i = 1, · · · ,m,

Ù¥β2 > 1 > β1 > 0.
3·�b�e§©[116]®²y²§�{äke�rÂñ5�µXJ

‖(∇ck(ck + yk), Yk(ck + yk))‖ > η‖ck + yk‖

(Ù¥η > 0´��~ê)§@oS�:�{(xk, yk)}�?Ûà:Ñ´��éê-æN¯K (3.5)
�KKT:¶ÄK§�3S�{xk}���à:§§½´�©¯K (3.4) ���Ø÷vÈ4�
å�5Ã'�å5���1�FJ:§½´min ‖max(c(x), 0)‖���½: (=��Ø�
1½:).
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�#ïÄ?ÐÚïÄ�� Byrd�[120]JÑ¿ïÄ
��U
¯�Âñ��`z¯K
Ø�1½:�ÅÚ�g5y�{9Ù��5Âñ5nØ. ©z[120]�Ä¦)Ø�ª�
å�`z¯K

min f(x)
s. t. ci(x) > 0, i = 1, · · · ,m.

zgS�§¦)ü�½õ�Xe/ª��1��g5yf¯K (1��f¯K-ρk = 0)µ

min ρkg
T
k d+ 1

2d
TW (xk, λk; ρk)d+

∑m
i=1 si

s. t. ck +∇cTk d+ s > 0, s > 0,

Ù¥ρk > 0´�cvëê§W (xk, λk; ρk) = ρk∇2f(xk)−
∑m
i=1∇2ci(xk)´°ÚÝ
. ¦)

f¯K��ê�ûudρk�À����f¯K�)´ÄU
Ó�¦��å��ÝþÚ�
Ã¼ê¼�¿©eü.

�5Ú��5�½5y��þ´�a�5�äkAÏ(����5�å�`z¯K.
�å�`z�{´¦)ù
¯K�Ì��Aa�{��. ,ù�¡�ïÄ==´��
m©§3�{ÚnØ�¡E,k�þ�ó���.,	§�
A^¥��5���5�å
�`z�¯��{E,I�(Ü�
äN�`zEâ5?n§X�hÚ�æ��C¤�
�&E�ÏÕ¥���5�å�`z¯K.

3.3 �O��¦f{

�O��¦f{ (alternating direction method of multipliers)´O2.�KF{ (aug-
mented Lagrangian method)�í2§�@dGlowinskiÚMarrocco[121]JÑ (½�[122, 123])§
8c®²¤�¼ê�Cþäkü¬½ü¬±þ/ª`z¯K�ÄO�{. �ÄXe¼ê
�CþäkK¬/ª�`z¯Kµ

min f(x) = f1(x1) + f2(x2) + · · ·+ fK(xK)
s. t. Ax = A1x1 +A2x2 + · · ·+AKxK = b,

xi ∈ Xi, i = 1, 2, · · · ,K,
(3.10)

Ù¥, z�fi�4à�Ø71w�¼ê§x = (xT1 , · · · , xTK)T´Cþx���y©§X =∏K
i=1Xi ´x��18§A = (A1, A2, · · · , AK) ∈ Rm×n ´Ý
A���y© (�Cþx�y
©���), b ∈ Rm´���þ. Ú\O2.�KF¼ê

Lβ(x;λ) = f(x) + λT(b−Ax) +
β

2
‖b−Ax||2,

Ù¥λ ∈ Rm�.�KF¦f§β > 0�vëê. �O��¦f{�S�äkXe/ªµ

xk+1
i = arg min

xi∈Xi

Lβ(xk+1
1 , · · · , xk+1

i−1 , xi, x
k
i+1, · · · , xkK ;λk), i = 1, 2, · · · ,K,

λk+1 = λk + β(b−Axk+1) = λk + β
(
b−

∑K
j=1Ajx

k+1
j

)
.

(3.11)

éuK = 1��/§�O��¦f{£ò�IO�O2.�KF¦f{. 3�½�b
�e§�±y²ù«a.�éóFÝeü�{¤�)�:�Ùà:�½´�¯K��`
)[124]. LuoÚTseng[125, 126]�Ñ
éóØ�.�©Û§¿ïá
R-�5Âñ�Ý.
²;��O��¦f{ïÄ�´K = 2��/. 3�O2.�KF¦f{aq�^

�e§�±y²�{��ÛÂñ5. lO��Ç��Ý�Ä§�{�6uëêβ�À�±
9f¯K�¦). H®�ÆÛ])�ÇJÑ
β �S�Cz��O��{[127]§±9f¯
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K�°(¦)��{[128]. �O��¦f{�±w��«AÏ�Douglas-Rachford©��
{¶éuü�4�üN�f�Ú¦":�¯K§[129, 130]ïá
Douglas-Rachford©��
{��ÛÂñ5. ?�Ú/§3�½�b�e§©z[131—133]ïá
O(1/k)ÚO(1/k2)�
E,5(J. ù��¡�õ�Âñ(JI�b½f1Úf2Ù¥��´rà¼ê½Ø�.^
�. 3db½±9é�åÝ
���
^�e§©z[134—136]�Ñ
�õ��5Âñ(
J. ²;�O��{É�pÝÀ�8ÏuÙØ��±3Ø DaþkéÐ�A^§3
Ý
��z!K�?n!ÚOÆ¥����
�O�¯K¥��k^É�/. {IRice�
Æ�Ü×Ú<¹7!�lE¬�Æ�¡²[137]!H®�Æd¹[138]Ú{I�Æ��¬{
I\²�Æâë�©��Osher[139]3í2�O��¦f{�Ñ
���z. 'u²;
�O��¦f{�nã��[140, 141].
éu�
E,�`z¯K§��¦)  ��f¯K�~(J§ù�ÏLÚ\#�

Cþ�±¦8I��å¼êéuCþäk©¬�/ª. �é{`§A^¥��.g,/
½ö²L<�/Ú\Cþ�§¤� (3.10) ¥K > 3��/. éd¯K§²;�O��{�
��í2´ÄÂñ��´<�'%����¯K.é¤k¼êÑrà��¹§[142]�Ñ

ÙÂñ5. �C§éuK = 3 �à¯K§�çu�[143]�Ñ
�O��¦f�{ØÂñ
��~§£�
Nõ<�Ï'%��O��¦f{´ÄÂñ�¯K.Ó�§¦���Ñ

T�{Âñ���¿©^� (A1, A2, A3n�Ý
¥?¿ü���). �|^�O��¦f
{��Ç§Ó��y�{Âñ§H®�Æ�Û])!H®���Æ�¸�;!�lE¬�
Æ��¡²�[128, 133, 142, 144]§ÏLC©Ø�ª��ÝJÑ
�
?���O���{§
@
�{3é8I¼ê�à5Ú�©5��¦e§?¿¬�O�Âñ5ÚE,ÝÑ´k
�y�. {I²Z���ÆHongÚLuo[145]JÑ
Xe�?���O���{µ

xk+1
i = arg min

xi∈Xi

Lβ(xk+1
1 , · · · , xk+1

i−1 , xi, x
k
i+1, · · · , xkK ;λk), i = 1, 2, · · · ,K,

λk+1 = λk + τβ(b−Axk+1) = λk + τβ
(
b−

∑K
j=1Ajx

k+1
j

)
.

(3.12)

3ÛÜØ�.^�±9Ú�τ¿©��b�e§�Ñ�O��¦f{��ÛÂñ5Ú�5
Âñ(J. H®�Æ�d¹!¥��O�êÆ¤�4ÐÚ{IRice�Æ�Ü×§ÏLr
�O��¦f{w�´2Â�Gauss-SeidelS��Uzawa�{ÍÜ�¦)Q:�§§3©
Û¥¿ØI�b½8I¼ê�à5��©l5§�8c�U��ÛÜÂñ5�. 'uõ
¬�O��¦f{��#ó���[146, 147].

4 �Û`z

�Û`z´��55y����©|§Ì�ïÄ¦)�à`z¯K��Û�`½
Cq�Û�`). du�à`z¯K�U�3õ�ØÓ�ÛÜ�`:§Äu�ê&E
�KKT�`5^�Ø2·^u�x�à¯K��Û�`5§l§²;�ÛÜ`z�{
ØU�yÂñ��Û�`). �Û`z�XÚ�ïÄ©u20V70c�§DixonÚSzegö?
6�'u�Û`z�Önã
�Û`z��C?Ð§��5�Û`z��\ïÄå�

r?�^. TuyÚHorst´@Ï�Û`zïÄ�k°ö§¦�3]5yÚDC5y�XÚï
Ä¤J¦�Û`zm©/¤��ý��Æ�. dPardalos390c�ÐMá�5Journal of
Global Optimization63�Û`z�uÐ¥å�
���^§�Û`z����55y
���©|m©É�2��'5§�5�õ�ïÄöm©l¯T+��ïÄ§AO´é�

äkAÏ(���à`z¯K�ïÄ��
Nõâ»5�¤J§X�à�g5y!�à
õ�ª5y!Å¬�å¯K�à%C§±93¢SA^¥���NõAÏ/ª��à`
z¯K�ïÄÑkéõ���ïÄ¤J. Äu©{-½.��Û`zÏ^^�BARON�
uÐÚÙ3`zï�XÚGAMSÚAIMMS¥�i\A^¦Æâ.Úó�.�±�B/¦
)�½5���à¯K��Û).
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�Û`z¯K�(J3u¯K��à5¦KKT^���Øv±�y�Û�`5§l
Ã{|^ÛÜ`z�{Ïé�Û�`:. �Û�{I�¼êÚ¯K��Û5�§�·
��êÆnØéJ½Ã{�x��õ�¼ê��Û5�§ù´�Û`z¯K���(J
¤3. 8c§�Û`z¯K�ïÄ���N©�éäk��A5�à`z¯K�ïÄÚ
éäkAÏ(���à`z¯K�ïÄ. Äu¿©«�Úàtµ�©{-½.�{´¦)
�Û`z¯K�Ä��{µe. ��@�§XØ|^¯K�AÏ�Û5�§©{-½.�
{3Ün�mSU¦)�¯K5�Ø�§�k¿©|^¯K�AÏ(�Ú&E§âk�
U�Ok���Û`z�{½¯��Cq�{.
]¼ê3õ¡Nþ¦���¯K¡�]5y§du]¼ê3õ¡Nþ����73

º:��§·��±|^º:qÞ½Ü©qÞ��{üÑ5�O�{. ù�¯K@320
V50c�dHoang Tuym©ïÄ¿JÑ
Í¶�]��{§�²¡�{!	%C�{Ú
S%C�{�©O�JÑ. DC¼ê´��±�¤ü�à¼ê���¼ê§DC5yÌ�ï
Ä¹DC ¼ê��à`z¯K��Û�`). 8c3�5�åDC`z¯KÚ�à5y�
AÏ/ª�DC5yïÄþk�½�?Ð§�A��{kÄuüX/¿©�©{-½.�
{�§�Ñ�U¦)é�5��¯K. XJ¯KvkAÏ�5�Ú(��|^ (~Xç�
¼ê)§�Å�{Ø���«ÀJ§ù�¡�ïÄkÄu�«Ý:üÑ��ÅÝ:�{§
È©Y²8�{�¢y��6u�ÅÝ:. Cc5|^�[�ýEâJÑ��Û`z�
{äk�Ð��ÅÂñ5�§éÄuÁ��ó��OkéÐ�A^cµ. �,§Äu 
²�äÚ¢D�{g���Å (�U) �Û`z�{3ó§¥�k�
A^. �à�g5
y´/ªþ�{ü��Û`z¯K§äk2��A^�µ§�´8c�ïÄ��õ�ä
kAÏ(���à`z¯K.AaAÏ��à�g5y´µ�f�å�à�g5y!IO
�g5y (IOüX/þ4�z�à�g¼ê)!�g��¯KÚ�à�g�å�g5y.
�à�g5y�ïÄ:´�Ek��àtµ§|^àtµ·��±?�ÚuÐk��
©{-½.�{ÚCq�{. �à�g5y��½5ytµ½��I5ytµ´Cc5�
��2É'5�ïÄ�K§du�½5yÚ��I5yäkõ�ª�m�{§·��±
k�/��¯K�e.¿�±|^�Åz�{���1).
±e´�Û`z��
c÷¯Kµ(1) à%CÚàtµ�{. |^à`z+�uÐ�

¤Ù�{?1tµÚ%C´�Û`z��«g,�´k���{üÑ. �5%C!à�
g%C!��I5y%CÚ�½5y%CÑ´�^�%C�{. XÛuÐ�k��à%
C�{´����ïÄ��K. (2) �à�g5y. ù�U´3é��ã�m���:
ïÄ��§Ù�Ï´�g¯Kk´L��Û5�§·��±|^Ý
©)&E!A��5
�Ú�g5y���Ý
I�'X5ïá�à�g5y��Û�`5^�½5�§?
�O�k��°(ÚCq�{. (3) Äu�[�ýEâ��Û`z�{. éuvkAÏ&
EÚ(���Û`z¯K§Äu�[�ýEâ��{g��U´kF"�§AO´é$
�¯K§äkÆSA5��[�ý�Å�{  {ü¢^§�Uy²�ÅÂñ5. (4) A
Ï(���Û`z¯K.äkAÏ(�§cÙ´k�½�Û5��±|^�¯Kò´��
kF"�ïÄ��§X©ª5y!õ�ª5y!�g��¯K!�©l5y�. ,	§|
^y�êÆ'u¼ê�Û5���#¤J§X�êAÛÚõ�ª�ênØ�§�´��
��5¿�ïÄ��.

5 o(�Ð"

�©Ì�0�
�55y!Ã�å`zÚ�å`zn��¡��#�{�nØ±9
�
c÷Ú9:¯K. éu��(J��å`z¯K§  �±ÏL·�C�z��(
���å`z¯K§l�±^�O��¦f{?1¦). �Û`z´��éuA^`
z+��~��ïÄ��. éu��¢S`z¯K§~X�h)�Oy¥�·6`z
NÝ¯K§=ùØU���Û�`)§��Ð�ÛÜ)¤�5�²L|d�´�~ã�
�. Ïd�©�Áã0�
ùü��¡��
�#ïÄ?ÐÚ¯K.
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l�N5w§�5���55y�uÐ¥y±eA:µ(1)éu�5�`z¯K§X
J�JpÂñ�Ý§Uõê��{§XÛ±�Ð��ª|^��Ç&E�~�¶(2)g
·AEâÚ�üNüÑ3�{�O¥�5�õ/�¦^¶(3)3yk�{�Ä:þ§Áã
?�Ú(Üéuª�{��ÅüÑ^u¦)�5�!E,`z¯K��Û)¶(4)�O�
{§3��Ün��mS¦���Ø7�©°(���÷¿�)¶(5)�âäN¯K�¢
SA:ÐmnØÚ�{ïÄ.
DÕ`z´�3,«�5½��5�å^�e§¦��ûü�þ¦Ù�"����

ê��4�¶$�Ý
`z´�3,«�5½��5�å^�e§¦��ûüÝ
¦Ù
���4�. §�´�`z+�¥Lk]Ô5�9:ïÄ�K§áu$ÊÆ!ÚOÆ!+
n�Æ!O�Å�Æ!&E�Æ�Æ�����KÜ§äk��Æâ¿ÂÚ2��A
^�µ. du�5�`z¯K�)  äk,«DÕ5�§Cc5DÕ`z�uÐ�~
×�§·�®kNõÆö3ù��¡��
éÐ�¤J§¿kNõnã©Ù§�)�1²
�[148]!©2©�[149]ÚN�r[150]. ù�¡�uÐÓ��Ä
�1w`zÚ�à`z�
��uÐ.
f�m�{�´�5���5�å�`z¯Kê�Eâ�,���uÐ��§'

uù�¡���nã��[151]. éuIS`zïÄö5`§XÛïÄÚ�O�Ð��

Ï^`z�{�^�§½ö(Ü�
¢S¯K�Ü�Ü��Óïá�
1�+��Ø%
�'��`z�{�^��´��é��¯K. du�öïÄ+��Û�5±9�m
k�§é�
ïÄ��ÚïÄ(J¿�U��¡V)Ú0�§ùp¹��[�º���.

�� �~a�¸�;Ú�� �Ç3�O��¦f{Ú�Û`z�>�¥©OJ
ø��å�Ï§Ó�a�ü "v<Jø��BïÆÚ¿�.
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