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Abstract

In a cellular wireless system, users located at cell edges often suffer significant out-of-cell inter-
ference. Assuming each base station is equipped with multiple antennas, we can model this scenario
as a multiple-input single-output (MISO) interference channel. In this paper we consider a coordinated
beamforming approach whereby multiple base stations jointly optimize their downlink beamforming
vectors in order to simultaneously improve the data rates of a given group of cell edge users. Assuming
perfect channel knowledge, we formulate this problem as the maximization of a system utility (which
balances user fairness and average user rates), subject to individual power constraints at each base station.
We show that, for the single carrier case and when the number of antennas at each base station is at least
two, the optimal coordinated beamforming problem is NP-hard for both the harmonic mean utility and
the proportional fairness utility. For general utilities, we propose a cyclic coordinate descent algorithm,
which enables each transmitter to update its beamformer locally with limited information exchange,
and establish its global convergence to a stationary point. We illustrate its effectiveness in computer

simulations by using the space matched beamformer as the benchmark.
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I. INTRODUCTION

In a conventional wireless cellular system, base stations from different cells communicate with their
respective remote terminals independently. Signal processing is performed on an intra-cell basis, while the
out-of-cell interference is treated as background noise. This architecture often causes undesirable service
outages to users situated near cell edges where the out-of-cell interference can be severe. Since the
conventional intra-cell signal processing can not effectively mitigate the impact of inter-cell interference,
we are led to consider coordinated base station beamforming across multiple cells in order to improve
the services to edge users. In this paper, we focus on the downlink scenario where the base stations are
equipped with multiple antennas and model it as a MISO interference channel. We consider joint optimal
beamforming across multiple base stations to simultaneously improve the data rates of a given group of
cell edge users. Assuming that the channel state information (CSI) is known, we formulate this problem
as the maximization of a system utility (which balances user fairness and average user rates), subject to
individual power constraints at each base station. We show that, for the single carrier case and when the
number of antennas at each base station is at least two, the optimal coordinated beamforming problem is
NP-hard for both the harmonic mean utility and the proportional fairness utility. This NP-hardness result
is in contrast to the single antenna case for which the same optimization problem is convex for both the
harmonic mean and proportional fairness utility functions [1]. For the min-rate utility, this problem is
known to also be solvable in polynomial time [1], [2].

In addition to the complexity analysis, we propose a practical iterative cyclic coordinate descent
algorithm for the multi-cell coordinated beamforming problem by exploiting the separability of power
constraints. We prove the global convergence of this cyclic coordinate descent algorithm (to a stationary

point). Numerical experiments are also presented to illustrate the effectiveness of the proposed algorithm.

A. Related Work

Downlink beamforming has been studied extensively in the single cell setup [3], [4]. For the multi-
cell interference channel, the reference [5] considered coordinated beamforming for the minimization of
total weighted transmit power across the base stations subject to individual signal-to-interference-plus-
noise-ratio (SINR) constraints at the remote users. It turns out this problem can be transformed into a

convex second order conic programming (SOCP) and efficiently solved. However, the maximization of
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weighted sum rates for a multi-cell interference channel under individual power constraints is NP-hard
even for the single antenna and the single carrier case [1]. In fact, more is known about the single
antenna interference channel case. For instance, if the system utility is changed into either the geometric
mean rate (i.e., proportional fairness), the harmonic mean rate, or the min-rate, the corresponding utility
maximization problem (for the single tone case) can be converted to a convex optimization problem
and solved efficiently with global optimality [1], [6]. However, when the number of tones is more than
two, all of the aforementioned power control problems are NP-hard. The focus of this paper is to study
the multi-antenna case (MISO interference channel), analyze the complexity of the corresponding utility
maximization problems, and propose a practical algorithm to solve them.

In addition to the aforementioned utility based formulations, various base station cooperation techniques
have been proposed to mitigate inter-cell interferences, including multi-point coordinated transmission, or
network multi-input multi-output (MIMO) transmission [7]-[16]. For example, distributed or decentralized
approaches are proposed for coordinated transmitter beamforming design in MISO interference channel
in [7], [10], [13], [14], [16], [17], some of which are based on dual uplink channels.

The references [11], [12] show that coordination enables the cellular network to enjoy a greater spectral
efficiency. Most of these cooperative techniques require each base station to have not only full/partial CSI
but also the knowledge of actual independent data streams to all remote terminals. With the complete
sharing of data streams and CSI, the multi-cell scenario is effectively reduced to a single cell interference
management problem with either total [18] or per-group-of-antenna power constraints [19], [20]. Among
the major drawbacks of these techniques (in comparison to the utility based approaches) are their stringent
requirement on base station coordination, the large demand on the communication bandwidth of backhaul
links, as well as the heavy computational load associated with the increasing number of cells [21], [22].
The references [8], [15], [23], [24] provided characterizations of the achievable rate region and proved
the existence of a unique Nash equilibrium which is inefficient in the sense that the achievable rates are
bounded by a constant, regardless of the available transmit power. See [23], [25] for more recent results
of the MISO channel.

Notation: We adopt the following notations in this paper. We use lower case boldface to denote column
vectors. For any vector h, we denote its transpose and Hermitian transpose by h” and h', respectively.
Also, we use (x,y) to represent a two-dimensional row vector and || - || to represent the Euclidean norm.

Finally, for a multi-variable function f(x), we let V f(x) and V2f(x) denote its gradient and Hessian.
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II. PROBLEM FORMULATION

Consider a cellular system in which there are K base stations each equipped with L transmit antennas.
The K base stations wish to transmit respectively to K mobile receivers each having only a single
antenna. Each base station can direct a beam to its intended receiver in such a way that the resulting
interference to the other mobile units is small. Consider the single carrier case, and let hj, € CL denote
L-dimensional complex channel vector between base station j and receiver k. Let v;, € C denote the
beamforming vector used by base station k, while sj is a complex scalar denoting the information signal
for user k with E|si|? = 1. The transmit vector of the j-th base station is v;s;. Then the signal received
by user k can be described as

K
yk:Zh}kvjsj—i—zk, 1<k<K, (D)
j=1
where 2z, is the additive white Gaussian noise (AWGN) with variance 0,% /2 per real dimension. Treating
interference as noise, we can write the SINR of each user as
|thVk\2
T+ ik |h}kvj|27

Adopting a utility, we can formulate the optimal coordinated downlink beamforming problem as

SINR;, = <k<K. 2)

max H(ry,7r2,...,TK)

hT 2
S.t. T = log (1 + 2 | kak| T 2> 9 (3)
ot Zj;ék |hjij|

Vil < Pp, 1<k <K,

where Py denotes the power budget of base station k and H (-) denotes the system utility which may be

any of the following
K

1
o Weighted sum-rate utility: H; = EZ wgTk, with weight wy > 0.
k=1
K 1/K | K
e Proportional fairness utility: Hy = (kl_[l rk> & I kzllog TL.

K
o Harmonic mean utility: Hs = K/ (Z r;1> .
k=1
e Min-rate utility: Hy = min 7.
1<k<K
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According to [23], [24], problem (3) can be written in a more general form as

max H(T‘l,?”g, ...,TK)

“

hi, V,h
st. 71 =log <1+ L ),

O 3w W Vi

Trace(Vy) < Py, Vi =0, 1 <k <K,
where Vi, is the transmit covariance matrix at transmitter k. The results in [23], [24] state that problem
(4) has a rank-one optimal solution for each V. This implies that problem (3) and problem (4) are
equivalent. We focus on formulation (3) in this paper.

The above beamforming problem (3) can be nonconvex in general due to the nonlinear equality
constraints. The tuple of optimal transmit rates (ry, 72, ...,7x) corresponding to problem (3) (with any
choice of the four mentioned system utilities) lie on the boundary of the achievable rate region. See
[8], [9], [15], [23], [24] for various efforts to characterize the achievable rate region of the interference
channel.

In practice, the choice of utilities depends on a suitable compromise between system performance (total
rates achievable) and user fairness. The sum-rate utility H; focuses entirely on system performance, while
the min-rate utility H, places the highest emphasis on user fairness. The other two choices Hy and Hj

represent an appropriate tradeoff between the two extremes.

ITI. COMPLEXITY ANALYSIS

In this section, we investigate the complexity status of the optimal coordinated downlink beamforming
problem (3) for various choices of system utilities. We provide a complete analysis on when the problem
is NP-hard and also identify subclasses of the (general NP-hard) problem that are solvable in polynomial
time.

Generally speaking, convex optimization problems are relatively easy to solve, provided that there
is a fast way to evaluate the objective function and its subgradient and to determine the feasibility
of a candidate solution. More precisely, for any convex optimization problem and any e¢ > 0, the so-
called ellipsoid algorithm [26] can be used to find an e-optimal solution (i.e., a feasible solution whose
objective value is within € from being globally optimal) with a complexity that is polynomial in the
problem dimension and log(1/¢). In contrast, nonconvex optimization problems are generally difficult to
solve as they require exponential effort. However, not all nonconvex problems are hard since the lack

of convexity may be due to inappropriate formulation. In fact, there are many nonconvex optimization
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problems which admit a convex reformulation. Thus, convexity is a useful but unreliable test of the
computational tractability of an optimization problem. A more robust tool is the computational complexity

theory which we briefly describe below.

A. Computational Complexity Theory: A Brief Background

Generically, an optimization problem can be described by the minimization of an objective function
over a feasible region. A decision version of the minimization problem is to decide if the feasible region
contains a vector at which the objective function value is below a given threshold. The answer to the
decision problem is binary, true or false, and there is no need to identify what the solution is. The decision
version is typically easier to solve than the original optimization problem which requires the determination
of an (globally) optimal solution. The size of an optimization problem instance is defined as the length
of a binary string required to describe the objective function and the feasible region [26]. We say an
algorithm solves the decision version of an optimization problem if for each instance of the problem, the
algorithm correctly gives “true” or “false” answer. We can define the running time of an algorithm as the
maximum number of basic computational steps (e.g., number of elementary bit operations) required to
solve the decision version of an optimization problem of a given size. Typically, the algorithm’s running
time is a function of the problem size.

In the computational complexity theory [27], [28], there are two important classes of optimization
problems, P and NP. The class P contains optimization problems which are solvable (or decidable) by
an algorithm whose running time grows at most as a polynomial function of the input size. The class
NP, which stands for Nondeterministic Polynomial time, consists of decision version of optimization
problems whose “true” instances can be verified in polynomial time, assuming the availability of a feasible
solution that meets the threshold requirement. More formally, we say a nondeterministic algorithm solves
a decision version of an optimization problem if we can verify each “true” instance of the problem using
a sequence of nondeterministic steps (i.e., involving random guesses). If the number of nondeterministic
steps is polynomial, then the algorithm is said to have a nondeterministic polynomial running time. For
example, for any n X n symmetric matrix Q with integer entries and an integer threshold value L,
consider the problem of deciding if there exists a binary vector x € {—1,1}" such that x’Qx < L.
A nondeterministic algorithm to solve this problem is to guess a binary vector x and then check if
XTQX < L indeed holds. Such a binary vector x exists for all “true” instances of the problem, and
the verification process requires polynomially many steps although some steps may involve a random

guess (of a component of x). In this case, the problem is solvable in nondeterministic polynomial time.
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The class NP contains precisely those decision version of optimization problems that are solvable in
nondeterministic polynomial time. Clearly, P is contained in NP. It is widely conjectured that P # NP,
or equivalently, there are problems in NP which are not solvable in (deterministic) polynomial time.

NP-complete problems are the most difficult problems in NP, in the sense that if any one of them is
in P, so is every other problem in NP. There are many well known NP-complete problems such as the
traveling salesman problem and the 3-colorability problem. The latter problem is to decide if the nodes
of a given graph can be colored in three colors so that each adjacent pair of nodes are colored differently.
The 3-colorability problem is clearly in NP since we can easily check if a guessed coloring scheme meets
the requirement. There is no known polynomial time algorithm to solve the 3-colorability problem. In
fact, if this problem is solvable in polynomial time (i.e., in P), then every problem in NP is solvable in
polynomial time, or equivalently P=NP. A problem P is said to be NP-hard if it is at least as hard as
those NP-complete problems, which means that the polynomial time solvability of P would imply every
NP-complete problem is in P. A NP-hard problem may not be in NP. For example, the binary quadratic
minimization problem miny e 1 1y» x7'Qx is NP-hard, since it is not known to be in NP, and is at least
as hard as the NP-complete problem of deciding if there exists a binary vector x such that x’ Qx < L,
where the threshold value L is given.

To prove a problem P is NP-complete, we need to show two things. First, we verify the problem is in
NP. This step is usually easy. Second, we need to show P is at least as difficult as a known NP-complete
problem. This can be accomplished by a standard technique called polynomial time transformation. In a
polynomial time transformation, we pick a known NP-complete problem and show that it is equivalent
to a special case of P. More precisely, we take an arbitrary instance of a known NP-complete problem,
construct a special instance (with polynomial size) of P, and then establish the equivalence of the two
instances. To show a problem is NP-hard, we simply ignore the first step, as there is no need to show
P is in NP. If a known NP-complete problem is polynomially transformed to a special case of problem
‘P, then a polynomial time algorithm for P would also solve the NP-complete problem, which is not

possible unless P = NP.
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B. Maximization of the Weighted Sum-Rate Utility
K

1
Consider the system utility H; = EZ wgrg. In the single antenna case (I, = 1), the original system

k=1
optimization problem (3) becomes

1 K
max 75 WETEk
K
k=1

st. rp=log |1+ T ) ®)
Ve + 2 j QT

0<zp, <P, 1<k<K,
where x, = ||[vi|?, ajr = [|hjg|?/|heel® and v, = o2 /||hgkl|®. Problem (5) is known to be NP-hard
[1] even when the weights wy, are all equal, and the proof is based on a polynomial time transformation
from the maximum independent set problem [27] (which is known to be NP-complete). Thus, the general
case of L > 1 is also NP-hard. However, some subclasses of problem (5) can still be polynomial time
solvable. For instances, distributed polynomial time algorithms have been proposed in [25], [29]-[32] to

solve the sum-rate maximization problem for various special channels.

C. Maximization of the Harmonic Mean Utility

We now study the complexity status of problem (3) defined by the harmonic mean utilit%.

Theorem 3.1 (Harmonic Mean Utility): For the harmonic mean utility H3 = K/ (Z rl;1>, the
optimal coordinated downlink beamforming problem can be transformed into a conveplcc :olptimization
problem when L = 1, but is NP-hard when L > 2.

When there is only a single transmit antenna (L = 1), reference [1] shows that the harmonic mean utility
maximization can be transformed into an equivalent convex problem. We thus focus on the case L > 2.
Notice that the harmonic mean utility maximization problem is a continuous optimization problem. To
show its NP-hardness, we need to transform a known NP-complete discrete problem to it. To facilitate this
transformation, it is necessary to induce certain discrete structure to its solutions. This is accomplished
by using the concavity of the harmonic mean utility with respect to each beamforming vector vi. In
particular, Lemma 3.2 shows that we can constrain the optimal beamforming vectors to be taken from
two orthogonal vectors h, or hy.

The NP-hardness proof of Theorem 3.1 is based on a transformation from a variant of the 3-SAT

[28] problem. To describe this variant, we need to define the UNANIMITY property and the NAE
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(stands for “not-all-equal”) property of a disjunctive clause'.

Definition 3.1: For a given truth assignment to a set of Boolean variables, a disjunctive clause is said
to be UNANIMOUS if all literals in the clause have the same value (whether it is the True or the False
value). Otherwise it is said to be satisfied in the NAE (Not-All-Equal) sense.

Definition 3.2: The MAX-UNANIMITY problem is described as follows: given a positive integer M
and m disjunctive clauses defined over n Boolean variables, we ask whether there exists a truth assignment
such that the number of unanimous disjunctive clauses is at least M. When the number of literals in each
clause is two, we denote the corresponding problem by MAX-2UNANIMITY. When each clause contains
three literals, the problem of determining whether there exists a truth assignment under which all clauses
are satisfied in the NAE sense is called NAE-SAT.

The NAE-SAT problem is known to be NP-complete [28]. The next lemma says that the MAX-
2UNANIMITY problem is also NP-complete (the proof is provided in Appendix A).

Lemma 3.1: MAX-2UNANIMITY is NP-complete.

We are now ready to prove Theorem 3.1.

Proof: Let the utility in problem (3) be H3. Consider an instance of MAX-2UNANIMITY with
clauses ¢y, ¢, ..., ¢, defined over Boolean variables z1, 2, ..., z,, and an integer M. Let h, = (1, O)T, h, =
(0,1)7 and h = (V'N,0)T, where N is a large positive number (to be specified later). We write each

clause ¢; = a; V §j, with o, (; taken from {z1, 2, ..., Tpn, T1, T2, ..., Tn}. Let us define two mappings

m, 7:{1,2,....,m} — {£1,+2,...,£n}

such that
. i, if a5 = Ty, . i, if ,Bj:l’i,
m(j) = _ and 7(j) = _
—q, if Qa; = Ty, —i, if ,Bj = ;.
For instance, if ¢4 = x3 V T3, then we have oy = x3, 4 = &5, with m(4) = 3 and 7(4) = —5. For
i =41,42,...,£n, we define
h,, ifi>0,
h;, =
h,, ifi<0.

Given any instance of MAX-2UNANIMITY, we construct the following (6) as an instance of (3) (the
inverse of harmonic mean utility minimization is equivalent to harmonic mean utility maximization) with

a total of K = 4n+ 2m users. Herein, each Boolean variable x; corresponds to four users, including user

'Recall that for a given set of Boolean variables, a literal is defined as either a Boolean variable or its negation, while a

disjunctive clause refers to a logical expression consisting of the logical “OR” of literals.
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44 (called “variable user”) and user 4¢ — 1,47 — 2 and 4¢ — 3 (called “auxiliary variable users”); while
each clause c; corresponds to a pair of users, i.e., user 4n + 27 and 4n + 2j — 1 (called “clause users”).
In (6), each (variable, auxiliary variable or clause) user k is associated with a transmitter beamforming
vector vi, k=1,2,....,4n + 2m.

min i(l—l— 1 + 1 + 13>+i< ! -+ 1' )

T44 T4i—1 T4i—2 T4i— = Tan+2j T'4n+25—1

|(1,0)
s.t. 1y = log (1 +1(v0.9, \/(E)V4z|2> , T4i—1 = log <1 + 0 1V4Z ’12| >
V4z
|(1070)V4i72|2 | 10 O V4z 3|
-2 =log ( 1+ =" =log (1 1<i<

e Og( * (L,0)yvg2 )7 27 % 0 )valz 10, vy tsm,

f 2 (6)

h ,
Tany2j = log | 1+ : | V4;L+2J‘ - . 1<j<m,
L By ) V(P + 1By vaie() |

ht 2

Tant2j—1 = log [ 1+ [b'Van 951 1<j<m,

L+ 0 Vi P+ 0 vagy 2
Iviel> <1, 1 <k < 4n+2m.

The n “variable users” 44,7 = 1,2, ..., n, in (6) communicate interference free. Their channel vectors are

(\/@, \/@)T and their noise power are 1. The 3n “auxiliary variable users” 4¢ — 1,47 — 2,471 — 3,¢ =

1,2,...,n, do suffer from crosstalk interference from “variable user” 4¢. That is, the interference chan-

)T; the direct channel vectors are

nel vectors from “variable user” 4i are (1,1)7,(1,0)T and (0,1
(1,0)T, (10,0)T and (10,0)7; the self noise power are zero. For the “clause users” 4n + 2j and 4n + 25 — 1, j =
1,2, ..., m: their direct channel vectors are h; their noise powers are 1; their interference channel vectors
are hr(;),hy ;) and h_(;), h_;;, respectively. Take the clause ¢; = 22 V Z3 as an illustrative example
and the corresponding “clause users” are 4n + 2 and 4n + 1. Since (1) = 2 and 7(1) = —3, the
two “clause users” experience interferences from “variable users” 4|mw(1)| = 8 and 4|7(1)| = 12. The
interferences are |h]vg|* + \th12|2 and |hZV8|2 + |hivig|? respectively.

The correspondence between MAX-2UNANIMITY problem and problem (6) is listed as Table I. Notice
that r4,,12; can be obtained from clause c; according to Table I and 74,421 can be obtained from 74,42
by swapping h, with hy.

We first fix some easy variables of (6) to simplify the problem. Since each beamforming vector
Vant2js Vant2j—1, J = 1,2,...,m, and v4;_y, i =1,2,...,n, | = 1,2,3, appears exactly once, it follows
by optimality that they must match the corresponding channel vectors. That is, vV}, 9; = Vi, 19/ -1 =
Vii_1 = Vaj_a = Va3 = hg. It remains to determine the optimal beamforming vectors vy;, i =

1,2, ...,n. For this purpose, we need the following key lemma whose proof is relegated to Appendix B
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TABLE 1

VARIABLE CORRESPONDENCE

MAX-2UNANIMITY Problem (6)
variable x; beamforming vector vg;
clause c; rates Tan+2; and Tany2i—1
literal z; interference \hLV4i\2
literal Z; interference |hva;|?

Lemma 3.2: When N > 2(e?9™ — 1), the optimal beamforming vectors {v};} of (6) must be either
h, or hy.

From Lemma 3.2, the first sum in the objective function of (6) equals nC' regardless of v}, = h, or
h;, where
1 1 1 1 1 1 1

+ + = —+ + +
log 1.9 log 101 log 2 T44 T4i—1 T4i—2 T4i—3

o=

is a constant. Thus, we only need to consider the second sum of (6). Notice that the value of each term

in the second sum of (6) only depends on whether clause c; is unanimous, i.e.,
1 1

L S IR VE) + log (1 N/1)

Tdn+2j T'4n425—1

if ¢; is unanimous,

if ¢; 1 t.
log 1+ N/2) log (11 Nj2)7 @ ismo

Since
1 1 2

log (1+ N/3) Tlog(1+ N) < Tog (1 + N/2)

from Claim 1 in Appendix B, it follows that the second sum of (6) will be smaller if more clauses

are satisfied unanimously. Therefore, the minimum of (6) is only related to the maximum number of
unanimous clauses of the given MAX-2UNANIMITY instance. Specifically, the minimum of (6) is no

more than
C+ M N M N 2(m — M)
log(1+N/3) log(l14+ N) log(1+ N/2)

if and only if there exists a truth assignment such that at least M clauses are made unanimous for the

(7

given MAX-2UNANIMITY instance. Thus, we have transformed MAX-2UNANIMITY problem to the
problem of checking if problem (6) will have an optimal value below the above threshold (7).

Finally, given any instance of MAX-2UNANIMITY, we can construct problem (6) in polynomial time.
Since MAX-2UNANIMITY is NP-complete (Lemma 3.1), it follows that problem (3) with harmonic
mean utility is NP-hard. u
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A few remarks are in order. First, it follows from the proof of Theorem 3.1 that even if the optimal
transmit power levels are known (i.e., ||vi||?> < P is replaced with ||vi||? = Py), the problem of
finding the optimal beamforming directions of harmonic mean rate maximization problem is still NP-
hard. Second, we have set the noise powers of users 4¢ — 1,47 — 2,4¢ — 3,7 = 1,2,...,n, to zero in
(6). These settings simplify the proof and do not reduce any generality. We could have used small noise
power values in the proof (even though some extra argument is needed), since there is a positive gap
between the global optimal value and the local optimal values of (6). Finally, our proof actually implies
that there is a positive probability (measure) that a randomly generated MISO coordinated beamforming
problem under the harmonic mean utility is NP-hard. In particular, by continuity, all slightly perturbed
versions of the constructed instance (6) (i.e., channel vectors, noise/transmit powers are slightly changed)
will be equivalent to MAX-2UNANIMITY problem. This is because there is a positive (and constant)
jump in the global optimal value of the constructed example when the optimal value of the corresponding
MAX-2UNANIMITY instance increases by one. When channel conditions change slightly, this one-to-
one correspondence between the optimal values and the property of the discrete jump in the optimal

value of the constructed MISO problem remains valid.

D. Maximization of the Proportional Fairness Utility

Like the harmonic mean utility, we have the following hardness result.

1/K
Theorem 3.2 (Proportional Fairness Utility): For the proportional fairness utility Hy = (ﬁ rk> ,
the optimal coordinated downlink beamforming problem can be transformed into a convex ggtlimization
problem when L = 1, but is NP-hard when L > 2.
Proof: The first part of Theorem 3.2 is proved in [1]. For the second part, the argument is similar
to that of Theorem 3.1. We only give a proof outline here.

First, we have the following lemma whose proof is provided in Appendix C.

Lemma 3.3: The function f(z) = loglog (1 + =
o‘+x

) is strictly convex in x > 0 for any o.
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Second, given any MAX-2UNANIMITY instance, an instance (8) of problem (3) with utility log Ho

(equivalent to proportional fairness utility maximization) and 3n + 2m users is constructed as follows:

n m
max Z (log73; + logrsi—1 + log rzi—2) + Z (log ran42j +10g73542j-1)
i=1 j=1
1,0)vs;_1|?
s.t. 73 =log (1 +[(v0.1, \/0.1)V3,-]2) , T3i_1 = log (1 + W) , 1 <i<mn,
|(1,0)vs;]
’(170)"31'2’2) .
r3i—o = log | 1 + , 1 <1 <n,
e ( (0, T)vsil?

(®)

Ihivs, a;]2

Tany2j = log | 1+
L+ [0 vae(l? + BE G vy 2

lhiva, ;1|2

T T
L+ Thl gy vaeil® + Tl gy vapr)

rany2j—1 =log | 1+

[vel> <1, 1 <k < 3n+2m.
Notice that each solution to (8) musthave v3;,_; =3, o =h,, i =1,2,...,n,and v3, 1o, = V3,10, 1 =
h,, 7 =1,2,...,m. Moreover, we consider the following parametric optimization problem (similar to (18)

in the harmonic mean case):

max logrs + logry + logr;

st. 3 =log (1 (V01 \/0.1)v3|2) ,

ro = log (1 + 1/((72 + (1, O)V3\2)) , (©)]

T = log (1 + 1/(0’2 + ‘(0, 1)V3‘2)) s

[vs] = ¢,
where o > 0 is a constant and ¢ is the parameter. The global maxima of (9) should be (¢,0)” or (0,¢)”
when o is small. Furthermore, the optimum value of (9) is an increasing function with respect to ¢ € [0, 1].
Using an argument similar to that of the harmonic mean case for (6), each globally optimal beamforming
solution v3; of (8) should be either h, or h; when N > 3(e6m — 1). When restricted to solutions of the
form v3; = h, or hy, the maximum of (8) is only linearly related to the maximum number of unanimous
clauses of the given MAX-2UNANIMITY instance. Thus, maximizing the number of unanimous clauses

is the same as solving (8). According to Lemma 3.1, it follows that the optimal coordinated downlink

beamforming problem with utility Hs is also NP-hard. [ ]
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E. Maximization of the Min-Rate Utility
Let the system utility function in (3) be given by H = Hy. In this case, the problem can be solved in

polynomial time for arbitrary L and K [1], [2]. Specifically, letting

r= 1g€gK{rk},

the min-rate utility maximization problem becomes

max r

hT 2
st.  r<log (1 + - Az T 2> , (10)
ot Zj;ék |hjij|

|vel]? < P, 1<k < K.

Given a r > 0, we can efficiently check if there exists vy, k = 1,2,..., K, such that the constraints
in (10) are satisfied. This feasibility problem is a second order cone programming, which can be solved
efficiently using interior-point methods. The following theorem is a generalization of the result of [2],
which deals with the single-cell case.

Theorem 3.3 (Min-Rate Utility): For the min-rate utility, the optimal coordinated downlink beamform-
ing problem can be solved in polynomial time with arbitrary K and L under the (very wild) assumption
that miny, { Py ||| /o2 } < R.

Proof: We propose the following polynomial time algorithm for (10) based on the bisection technique.

A Polynomial Time Algorithm for Min-Rate
Utility Maximization
Step 1. Initialization: Choose ¢ and 7, such that the optimal r,,; lies in [ry, 7]
and a tolerance e.
Step 2. If r, — ry < ¢, stop, else go to Step 3.
Step 3. Let ryiq = (r¢+7y)/2 and solve an SOCP problem to check the
feasibility problem of (10) with r = ry,;q. If feasible, set rp = rpiq,

else set 7, = rmiq and go to Step 2.

According to standard analysis of path-following interior-point methods, Step 3 can be finished in

O(K 3'5L3'5) time. As for the initial choices of ry and r,,, we can let v be the space matched beamformer,

ie., Vi, = hypv/Py/||hyk|l and

Ty = mkin log (1 +

|l vi? )

Tp D ik |h;k‘_’j|2
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hT o |2
ry, = minlog [ 1+ 7‘ kkzk‘

k O
It takes log, ((r,, — 7¢) /€) iterations to reach tolerance e. Thus, a total of O(K35L3-5log, ((ry, — r¢) /€))

arithmetic operations are needed in the worst case. Since
Ty — 1o < mkinlog(l + Pi|lhgi|?/0?) < R,

we have

K32 L3 logy ((ru —r2) [€) < KLY N(R.e),

where N (R, €) is the smallest integer which is greater than log, (R/¢€) . Therefore, the above algorithm
has a polynomial time worst case complexity. [ ]
The algorithm described above can easily be extended to the weighted min-rate maximization problems.
In [30], [31], the weighted min-rate maximization is related to the weighted sum MSE minimization
and the weighted sum-rate maximization via the Friedland-Karlin spectral radius minimax theorem in
nonnegative matrix theory. A brief sketch of the Friedland-Karlin inequalities can be found in [33].
Table II summarizes the complexity status of the optimal coordinated downlink beamforming problem

(3) for different choices of utilities.

TABLE II

COMPLEXITY STATUS OF THE OPTIMAL COORDINATED DOWNLINK BEAMFORMING PROBLEM IN THE MISO INTERFERENCE

CHANNEL
Utility . . . . .
Weighted Sum-Rate | Proportional Fairness | Harmonic Mean Min-Rate
Class
L=1,any K NP-hard [1] Convex [1] Convex [1] Poly. Time Solvable [1], [2]
L >2 any K NP-hard NP-hard NP-hard Poly. Time Solvable [1], [2]

IV. A CycLic COORDINATE DESCENT ALGORITHM

In this section, we consider how to solve the coordinated beamforming problem (3) with a general
utility p(vi,va,...,vk), i.e., it can be the inverse of the harmonic mean utility function Z,I::l 1/rg. In

particular, problem (3) is changed into
min p(v1,va, - Vi)

(11
st. |vil|?< Py, 1<k<K.
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Since this problem is NP-hard in general (proved in Section III), we are led to develop efficient algorithms
to find a high quality approximate solution or a stationary point for it. Due to variable separability in the
constraints of (11) and our desire for distributed implementations, we propose to solve (11) by cyclicly
adjusting the beamforming vector v, while assuming the beamforming vectors {v; : j # k} are fixed.

In other words, we solve a sequence of per-base station problems

min  p(vy, Ve, ..., VK)

Ve (12)
S.t. ”Vk:||2 < P..

A. An Inexact Cyclic Coordinate Descent Algorithm

The cyclic coordinate descent algorithm is also known as the nonlinear Gauss-Seidel iteration [34].
There are several studies of this type of algorithms [34]-[38] and its applications in engineering [39]. How-
ever, most of these studies require either the convexity of objective function or exact solution of subprob-
lem (12), which not only is costly but also may result in algorithm divergence [35]. Below we consider

a general differentiable optimization problem with separable constraints

min  f(x1,X2, ..., XK)
13)
st. xp € X, 1<k<K,
where the feasible set X := Hff:l X is separable, bounded and closed. We propose an easily imple-
mentable cyclic coordinate descent algorithm which simply requires a sufficient decrease in the objective
of (12) at each iteration. The algorithm can be applied to solve the utility maximization problem (3) with
H = H,, Hy and Hs and have the same convergence properties because they have smooth objective
functions and a separable feasible region (the feasible region is in the Cartesian product form). But the
same can not be said about H, since it is non-differentiable.

Interestingly, the pricing algorithm introduced in [17] can be viewed as a partially linearized version
of our cyclic coordinate descent algorithm. Specifically, under the power constraint (||vy|? < Py): the
proposed algorithm tries to allocate resources of the k-th transmitter by maximizing the summation of all
users’ utility functions; while the pricing algorithm lets transmitter £ maximize its own utility function
plus the summation of the first order approximation of all other users’ utility functions at the current point
I; = \hL jvk\Q, where I;; denotes the received interference at the j-th receiver from the k-th transmitter.

The next result shows that the above inexact cyclic coordinate descent algorithm converges to a KKT
point of (13). The proof of this result is relegated to Appendix D.

Theorem 4.1: Suppose f(x) is twice continuously differentiable and bounded below, and the feasible

set X is convex, separable and compact. Then every accumulation point of the sequence {x’} generated
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by the inexact cyclic coordinate descent algorithm is a stationary point of (13).

An Inexact Cyclic Coordinate Descent Algorithm
Step 1. Initialization: choose x! = [x1,x},...,x}] and a tolerance € > 0.
Step 2. Iteration i > 1 : Let zjt" = x.
For k=1,2,..., K,
- Compute the gradient projection direction for the component xy,

according to

di" = P [x} — Vs f(5)] = X3, (14)
where Py, [-] denotes the orthogonal projection to X} and z?jl is
defined as

zfjl = (xzﬁ'l,...,x?‘l,xiﬂ,...,xlk) . (15)

- Determine a stepsize o/fjl using the backtracking line search [40].

i+1

- Update x;~ = Xf€ + afjld?l.

End (For)

Step 3. Termination: If ||x"*! — x| < ¢, then stop; else set i = i + 1 and go

to Step 2.

The separability of the constraints is necessary for the algorithm’s convergence. The following example
(taken from [37]) shows that, without the separability, the algorithm can get stuck at an uninteresting
point:

min z? + 3

s.t. T4+ x0 > 2.
This strongly convex function has a unique global solution at 7 = x5 = 1. However, if the initial point
is (1.5,0.5), the cyclic coordinate descent algorithm will be stuck.

Specializing the inexact cyclic coordinate descent algorithm to the coordinated beamforming problem
(11), we need to perform a projected gradient descent iteration for the subproblem (12). In this case, we

have a ball constraint Vi, = {v | ||v||?> < P} and the corresponding projection is straightforward

v, if HVH2 < Pk‘a
PVk (V) = \/HPT‘V’ if HVH2 > Pk; (16)
Vv

The proposed optimization procedure can be implemented in a distributed fashion to solve the MISO

downlink beamforming problem. At the initial step, each base station needs to know the system utility
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function and the local CSI for all channels originating from that transmitter (either through feedback or
reverse-link estimation [41]). The only information to be exchanged are the numerator and denominator
of SINR terms at K receivers. In subsequent iterations, a base station updates its beamforming vector by
solving (12) inexactly using a gradient projection algorithm. Take minus sum-rate utility minimization
as an example. Denote the received desired signal power and received interference-plus-noise power at

receiver k by pk and I 1. Then we have SINR;, = Pk / I r and the utility function in (12) becomes
K

p(vi1,va, .., VK) = — Zlog(l + SINRg).
k=1

Since transmitter k& knows pj,fj (j=1,2,...,K), its local CSI hy;(j=1,2,...,K) and the utility

function p, we have Vy, p(v1,va, ..., Vi) = _ZJK:1 g1 (j), where
2hl, vih
M, if j =k,
» (1 + SINRy) I,
gr(j) = -
—2Phy vihg
if j # k.

(1+ SINR;) 12’
Combining (14) and (16), the search direction dj is obtained (as transmitter k£ knows its own power
budget Py). Furthermore, the step oy, can be determined using the backtracking search technique because
we can compute the utility function and its gradient at point vi + ady for any trial step a. After that,
all receivers measure individual SINR terms and send the SINR information (both the numerator and
denominator of SINR) to the next base station. The inexact cyclic coordinate descent algorithm enables
each transmitter to update its beamformer with only limited information exchange.
As a variant, we can also use the so-called Barzilai-Borwein (BB) [42] projection step for the subprob-
lem (12) to replace the standard gradient projection step. In particular, at -th iteration, the BB gradient
projection direction diB p 1s given by

dl]"_%B = Py, (V}c - Q%vap(vi)) - Vlic’

R e s
BB = (si-Tyi-1
where s ! = vi —vi~! yi7l =V, p(v') — Vy, p(vi~1). The BB (projection) method is known to have

better numerical performance than the standard gradient (projection) method. The R-linear convergence

of BB method has been established in [43] for strongly convex quadratic functions.

V. NUMERICAL SIMULATIONS

To evaluate the effectiveness of the proposed inexact cyclic coordinate descent algorithm, we have

conducted numerical simulations for a 7-cell network with one user per cell as shown in Fig. 1. Each
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4 H O  Remote User
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Fig. 1. A wireless network with seven base stations and a single user per cell.

base station is equipped with L antennas. Similar to [5], standard WiMax parameters are used in all
the simulations; see Table III, where d is the distance in kilometers. The location of each remote user
is chosen randomly within its cell but at least 0.5km away from the corresponding base station. The

proposed algorithm is initialized to the space matched beamformer in all simulations.

TABLE III

STANDARD WIMAX PARAMETERS

Model or Parameters Values
noise power spectral density —162 dBm/Hz
path loss model 128.1 + 37.6 log;(d)
log-normal shadowing 8 dB
distance between neighboring base stations 2.8km
antenna gain 15 dBi

Figure 2 plots the iteration process of BB projection method for problem (3) with harmonic mean
utility. It can be seen that most of improvement is achieved in the first 1-2 iterations, making the method
attractive for practical implementations.

For a two-user MISO channel, a parametrization of the achievable rate region boundary was given in [8],

[24]. We can use this parametrization to compute the global optimal beamformer of the coordinated MISO
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Fig. 2. A typical iteration process of the inexact cyclic coordinate descent algorithm with K =7,L =4 and P = 30 dBm.
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Fig. 3. Performance comparison of the proposed algorithm and the parametrization method with K = 2, P = 30 dBm.

downlink beamforming problem by searching along the rate region boundary. In Fig. 3, the performance
of the proposed algorithm is compared against the global optimum for 50 randomly generated two-user
MISO channels. It can be seen that the proposed algorithm either achieves, or nearly achieves, the global
optimality.

The individual rate distribution is shown in Fig. 4 over 500 channel realizations, where K =7, L = 4
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Fig. 4. Individual rate distribution with K =7,L =4 and P = 30 dBm.
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Fig. 5. Performance comparison of coordinated beamformers and space matched beamformers with K =7, P = 30 dBm.

and P = 30dBm. It plots the percentage of users at or above the given rate level with the four utilities.
We can observe from Fig. 4 that sum-rate maximization achieves the over efficiency of the network. Its
basic idea is serving only users with good channel states, so about 10% of users are switched off. Min-
rate maximization balances transmit rates of all users at the same level and achieves max-min fairness

among the users. But the overall system performance is severely degraded when there are users with bad

November 5, 2010 DRAFT



22

channel attenuations. Proportional fairness and harmonic mean utilities indeed tradeoff user fairness and
system performance, i.e., they improve system performance remarkably (compared to min-rate utility)
while keep serving all users in the network (compared to sum-rate utility).

Figure 5 shows the performance of four different utility functions with coordinated beamformers
achieved by the proposed algorithm and a fixed transmit power P = 30 dBm versus different number of
transmit antennas. Each point in Fig. 5 is obtained by averaging over 500 independent channel realizations.
Space matched beamformers are used as the benchmark. It can be seen that the transmit rates improve
significantly over the benchmark solution. When the number of users (K = 7) and the transmit power
(P = 30 dBm) are fixed, an increase in the system utility is observed with the number of transmit

antennas.

VI. CONCLUSION

Coordinated transmit beamforming is a promising approach for interference mitigation in the MISO
interference channel. A major design challenge is to find, for a given channel state, a globally optimal
beamforming strategy under an appropriate utility criterion. In the single carrier case with a single
antenna per transmitter, maximizing the (weighted) sum-rate is known to be NP-hard. However, the same
problem is polynomial time solvable when the proportional fairness, harmonic mean or min-rate utility
is used. It turns out the situation with multiple transmit antennas is rather different. For instance, when
each transmitter is equipped with two antennas, the corresponding joint beamforming design problem
becomes NP-hard under either the proportional fairness or the harmonic mean criterion. These complexity
results suggest that we should abandon effort to find globally optimal beamformers for a general MISO
interference channel unless the min-rate utility is used. In the latter case the problem remains polynomial
time solvable.

Motivated by these complexity results, we propose a simple distributed inexact cyclic coordinate descent
algorithm to find a (locally optimal) beamforming strategy. Our algorithm exploits the separable structure
of the power constraints, and is provably globally convergent to a KKT solution. The algorithm requires
only local CSI and an exchange of SINR information at each iteration. Numerical experiments with
WiMax system parameters show that the proposed algorithm is both effective and efficient, providing

significant rate gain over the space matched beamforming strategy.
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APPENDIX A

PROOF OF LEMMA 3.1

We construct a polynomial time transformation from NAE-SAT problem. It can be checked that MAX-
2UNANIMITY problem is in NP. Given a disjunctive clause with three literals, c = x V y V z, let us

construct the following six clauses, each involving only two literals:
R(¢): zVy, xVZz, yVI, yVZz, 2VE, 2V7. a7

It can be checked that R(c) has the following properties:

1) The number of unanimous clauses (i.e., all literals having the same value) in R(c) is at most four.
2) The clause c is satisfied in the NAE sense if and only if the number of unanimous clauses in R(c)

is four.

Now given any instance ¢ of NAE-SAT, we construct a corresponding instance R(¢) of MAX-2UNANIMITY
as follows: for each clause ¢ = oV 3V «y of ¢, we add to R(¢) the six clauses in (17), with =, y, z
replaced with the literals «, 3, -, respectively. In this way, if ¢ has m clauses, then R(¢) will have 6m
clauses. Let M = 4m. Then properties 1 and 2 imply that all clauses in ¢ are simultaneously satisfied in
the NAE sense if and only if at least M = 4m clauses in R(¢) can be made unanimous. In particular,
suppose that 4m clauses in R(¢) are unanimous under a given truth assignment. Since, by property 1,
each group R(c) of six clauses can have at most four unanimous clauses, it follows that exactly four
clauses must be unanimous in each group. By property 2, this further implies that each clause in ¢ is
satisfied in the NAE sense. Conversely, any truth assignment that satisfies a clause c in the NAE sense
will give rise to four unanimous clauses. Thus, if all m clauses in ¢ are satisfied in the NAE sense, then

there will be 4m unanimous clauses in R(¢). Finally, this transformation is in polynomial time.

APPENDIX B

PROOF OF LEMMA 3.2

The proof consists of establishing three claims.

Claim 1: The function log™* (1 + (0% + ac)_1> is strictly concave in = > 0 for any o # 0. Furthermore,

h, and h; are the only global minima for the optimization problem

. _ N _ N
min log 1<1+02+x>+log 1(1+02+y>

st. z4+y=1, x>0, y >0,

where N > 0.

November 5, 2010 DRAFT



24

To establish Claim 1, we first show strict concavity of 7(z) = log ™! (1 + (02 + x)_l) . Since
r?(z)
(1+0%2+zx)(c2+2)
2r3(z) (r(z) — (1/2+ 0® + ))
(1402 +2)* (02 + z)°

r'(x) =

v (z) =

it follows that r”/(z) < 0 is equivalent to
g(z) = log (1 + (0 + x)_1> —(1/2+0*+ x)_l > 0.

Let z = 1/(0? + z) and consider h(z) = log(1 + z) — 22/(2 + z). Due to

22

h(O) =0 and h/(Z) = m > 0, Yz > 0,

it follows that g(z) = h(z) > 0 for all x > 0, implying strict concavity of r(z) over the interval
(0,00). Since affine transformation does not change strict concavity of a function, this implies that
log™' (1+ N/(0* 4+ x)) is also strictly concave for z > 0. Finally, since the minimum of a strictly
concave function over a polytope is always attained at a vertex [44], we have established the claim.

To establish Lemma 3.2, let us consider the following parametric optimization problem in R?

st g =log (1+0.9|(1,1)v[*),

=log (1+1/|(1,1)v[?),

=log (1 +100/|(1,0)v|?),

(18)

=log (1 +100/((0, 1)v|?)
vl =1,

where v = (v1,v2)? and t > 0 is the parameter.
Claim 2: Let f(t) denote the minimum value of (18). The following properties hold:

1) f(t) is a strictly decreasing function in [0, 1],

2) When t € (0.95,1], the global minima of (18) are (¢,0)” and (0,¢)%,

3) f'(t) is an increasing function in [0.95, 1].

Let us argue that Claim 2 is true. First, if part 2) is true, then we can check part 3) directly by first
computing f(t) as the objective value of (18) at the solutions (¢,0)7 or (0,¢), and then verifying that

7 (t) > 0 for t € [0.95,1]. We omit the details of computations for space reason. So we only need to

argue parts 1) and 2).
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When ¢t is fixed, the KKT condition for problem (18) can be written as

d(v1,v2) +(v1) = Aoy,

¢(v1,v2) +P(v2) = Avg, (19)
v 403 = 12
where ¢(x,y) and ¢ (x) are given as
—-1.8(x +y) 2
qﬁ(a:,y) = 5 2 2 + 2 2 2 ’
log <1+0.9(:U+y) J(1+09@+y)?*)  log (1+1/(:U—|—y) ) ((:13+y) +1) (z+y)
200
x) = )
V(@) log? (1 4 100/22) (100 + 22)
(20)
and \ is the Lagrangian multiplier associated with the constraint ||v|| = ¢ in (18). It can be seen that

V2/2(t, )T is always a solution to (19). Moreover, (t,0)” and (0,%)” are the (only) non-differentiable
points of (18). Suppose (v1(t), v2(t))T, where ©;(t) # v2(t), are other KKT solutions to (19) (if there
are any). Notice that the global minimum f(¢) is always attained at a KKT point or a non-differentiable

point of (18). Hence,
f(t) = min {fA(t)a fB(t)fo(t)}a

{A,B,C}
where fa(t), f(t) and fo(t) are the objective value of (18) at v/2/2(t, )T, (t,0)T and (1 (t), v2(t))7,
respectively.
Next, we claim that f(¢) is a decreasing function in ¢t € [0,1]. We prove this by examining the

monotonicity of the component functions f4(t), fp(t) and fo(t). By (19), we have
P(01(t) — Y(va(t))
0 (t) ) (t)

where the last step follows from the fact that ¢(z) is a decreasing function for = € [0, 1]. Therefore,

A:

<0,

we conclude from the standard sensitivity analysis [40] of duality multipliers that fo(¢) decreases as
t increases in [0, 1]. For ¢t € [0,0.75], it can be checked that all of f;(¢),i = A, B,C, are decreasing
functions. Thus, f(¢) decreases monotonically in [0,0.75]. For ¢ € (0.75,0.85), the global minimizer of
(18) is neither v/2/2(t, )™ nor (t,0)” (or (0,)T) as we always can find a point at which the objective
function is smaller than f(t) and fp(t). As a result, f(t) = fco(t) decreases in t € (0.75,0.85). For
t € [0.85,1], we have known fp(t) < fa(t), so f(t) = min{fp(t), fc(t)}. As both of fp(t) and fo(t)
are decreasing functions in ¢ € [0.85, 1], we know f(t) decreases in [0.85,1]. This completes the proof
that f(¢) is monotonically decreasing in [0, 1].

We next prove part 2) of Claim 2: namely for ¢ € [0.95, 1], the global minima of (18) are (¢,0)”

and (0,¢)T. We can use vy = \/t2 — v? to transform (18) into an unconstrained univariate optimization
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problem, where —t < v; < t. The global minimizer (vl,vg)T of (18) should satisfy that vivy > 0, else
we can find (91, 02)7 such that ¥ + 0g = vy + v, |91| < |v1] and |v2| < |va], at which the objective
would be lower. Thus, we only need to consider the case v;v2 > 0. Due to symmetry of (18), we only
consider the case 0 < v < \/it/ 2. It can be checked that for any ¢t € [0.95, 1], the objective function
of (18) increases as vy increases in [0, v/2t/2]. Hence, (0,t)” and (t,0)7 are the global minima for (18)
with ¢ € [0.95, 1].

Claim 3: When N > 2(e?%™ — 1), the global minima v}, of (6) must have unit-norm ||v};|| = 1,i =
1,2,....n

By symmetry, we only need to prove ||vj}|| = 1. Let us consider parametric optimization problem (21)
in v4 with the other variables vy4;, ¢ = 2,3, ..., n, fixed, and ¢ as the parameter.

1 1 1
min (+++ )-i—Z( >
Vi r 1 T'4n+2j ""4n+2j71

7=1

st rg=log (1+0.9|(1,1)val?), rs =1log (1 +1/|(1,1)va]?),

21
7o = log (1 +100/|(1,0)v4|?), r1 = log (1 +100/|(0,1)v4|?), [[va]| =,

7’4n+2y—10g<1+N/<1+\h Var)l | +|h HValr)l| >>, 1<j<m,
Tan+2j-1 = log <1 + N/<1 + b Vi P + !hT V()] >> 1<j<m.
Let g(t) be the optimum value of (21) and g;(t), g2(t) denote respectively the values of

1 1 1 1 i 1 1
—+—+—+— and > ( + >
1 ro T3 T4 = T'4n+2j Tan+25-1

when evaluated at the global minima of (21). By definition, f(¢) < ¢1(t) for all ¢ € [0, 1]. We claim that

f(t) = g1(t) for t € [0.95, 1]. To verify this, we consider optimization problem

min Z( —)

T4n4-25 r4n+2j—1

st |va] =, (22)
ranta = 10g (14 N/ (14 Bl viangy P+ B Vi 2) ), 1< < m,
Tan+2j-1 = l0g <1 +N/<1 + b Vi P + I vag)] >> 1<j<m.
Define |hfv,|?> = z, then |hZV4|2 = t? — x, and the objective function of (22) is only dependent on ,
while its constraint ||v4|| = ¢ can be transformed to 0 < z < ¢?. Using Claim 1, we see that the objective

function of (22) is strictly concave in x. As a result, the globally optimal x can only be attained at the

end points of the constraint interval [0, tz}. In other words, the global minimizer of (22) must be either
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(t,0)T or (0,¢)T. Since the global minima of (18) are also (¢,0)” and (0,¢)T when ¢t € [0.95,1], it
follows that the global minimizer of (21) is either (¢,0)” or (0,¢)7, if ¢+ € [0.95,1]. This implies that
f(t) = g1(t) in [0.95,1].

Next, we prove that if N > 2(e?°0™ — 1), then g(1) < g(t) for t € [0,1). Due to the choice of N, it
can be checked that

2m 2m

<0, f(0.95) > f(1)+ Tos(1 - N/2)°

PO o v =

Then, we have

1) For any ¢ € [0.95,1],
gt = g1(t) +g5(t) = f'(t) + g5(t)

< (1) +g5()

, 2m
< f(l)+m§0

The second equality is due to the fact f(t) = g1(¢) for ¢ € [0.95, 1]. The first inequality holds since
f'(t) is an increasing function in [0.95,1] (cf. part 3) of Claim 2), while the second inequality

follows from
2m

< -
log?(1 4+ N/3)
The nonpositiveness of ¢'(t) over t € [0.95, 1] implies g(¢) > ¢g(1), for t € [0.95,1).
2) For any ¢ € [0,0.95], we have

9(t) , for all t € [0.95,1].

g(t) > g1(t) > f(t)

> f(0.95) = f(1) +

2m

log(1 + N/2)
> g1(1) + g2(1) = g(1),
where the third inequality holds because f(t) is a strictly decreasing function in [0, 1] (cf. part
1) of Claim 2) and the last inequality is due to 2m/log(1 + N/2) > go(1) and f(t) = ¢1(¢) for
t €0.95,1].
Combining the above two steps shows g(t) > ¢(1) for all ¢ € [0,1). It follows that the minimum of
g(t) over [0, 1] is attained at ¢ = 1. This establishes Claim 3.
Finally, notice that Claim 3 implies that (6) is equivalent to (21) with t = 1, when N > 2(e?%%™ —1).
Since the global minimizer of (21) must be either (0,¢)7 or (¢,0)T for ¢ € [0.95,1], it follows that the

solutions v},i = 1,2,...,n, to (6) should be either h, or h, when N > 2(e?%0™ — 1).
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APPENDIX C

PROOF OF LEMMA 3.3
Let r(x) = log (1 + 1/(b+ x)), then we have f(z) = logr(z), and
r'(z) = =1/((b+1+2)(b+2)), f'(x)=r'(x)/r(z),

(@) = (g(x) = D/((b+1+2)°(b+2)*r*(x)),
where g(z) = (20 + 2z + 1)r(z) and b = 0> > 0. Let y = = + b, then g(z) becomes h(y) =
(2y + 1) log(1 + 1/y). It suffices to prove that h(y) > 1 for all y > 0. Since

h(y) =2log (1+1/y) — 2y + 1)/ (y(y + 1)),

W'(y) =1/(*(y+1)*) >0,

we know h/(y) is increasing. Since lim, . o h/(y) = 0, it follows that A’(y) < 0 and h(y) is a decreasing
function. Notice that limy_, o h(y) = 2. Thus, we have h(y) > 2 > 1 for all y > 0. This further implies

that loglog (1 4+ 1/(b+ x)) is strictly convex for x > 0.

APPENDIX D

CONVERGENCE OF THE INEXACT CYCLIC COORDINATE DESCENT ALGORITHM

We first need to estimate the step length.
Claim 1: Suppose c; € (0,1), VA(y")Td’ < 0 and 15162113( |IV2h(y)|| < B, where h(y) is a multi-variable
function associated with y and Y denotes the feasible region. Consider the backtracking line search [40]
whereby «; := ~¢, with v € (0,1) and ¢ > 0 being the smallest integer satisfying

h(y® +~%dY) < h(y?) + ciy*Vh(y)Td'. (23)

Then we have

. 2y(e1 — 1)Vh(yi)Tdi}
1>aq; >min< 1, 4 , 24)
{ B|d’|?
and
h(y") = h(y" + a;d’)
, ) 1— Vh(vH)Tdi)? (25)
> min {—clwz(yl)le, e ET’((PHQ(Y ) d) } .

Let us argue Claim 1 holds . Suppose that the step a; = 1 is not accepted. In this case, a; will be the

largest step satisfying the sufficient decrease condition (23), implying
h(y' + aiy~tdY) > h(y?) + cray ' VA(yH)Td (26)
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By Taylor expansion, we have

MY + o) = by + o VALY A+ ST e)al 27

< by + an VA d + ST pa, .

where ¢ = y* + sa;y~1d? with certain s € (0, 1). Combining (26) and (27) yields (24). Substituting (24)
into (23), we immediately obtain (25), which establishes Claim 1.

We now proceed with the proof of Theorem 4.1. The basic idea is based on the contradiction principle.

More exactly, if there is no convergence, we can find one descent direction which can provide a sufficient
decrease in the objective function and then obtain a contradiction.

At first, since the iterates {xl} lie in a compact set X, there must exist an accumulation point for

{x'}. Let x denote an accumulation point such that
x= lim x'
1€ZLg,i—00

for some subsequence indexed by Zj. Since the feasible set X is closed, X must also be feasible.

Furthermore, since the projection mapping and the function f are both continuous, it follows that

dm A= lim P (3 - Vi f(77) - X
= Px,[x1— Vi, f(X)] —%x1 £ dy
and

im0 = 1)

Notice that the function values {f(x%)} are decreasing and bounded below, then f(x') — f(X). Since

f(x) is twice continuously differentiable and the feasible set X is bounded, it follows that

B= 2 )
pmax  max [V, f(X)] < o0

Because the projection operator is non-expansive and V f(x) is continuous in a bounded region, we

obtain from (14) that
I = I1Px [k = Vi f(2,2)] = P i)
< Nk = Ve f(200)] = il = [V £ (2550
Denoting maxyxe x ||V f(x)|| £ M, hence we have
[ < Vs f (2D < M < +o0. (28)

The lower and upper bounds on ||V, f(z}"})|| will be useful in estimating the decrease in the objective

function.
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We proceed by contradiction and suppose % is not a KKT point. Then d = Px[x — Vf(X)] - X # 0
so that 6 = ||d|| > 0. Let
k* = min{k | & = |dg| > 0},

and suppose k* > 1 without loss of generality. By definition, we have

lim ||t =6, =0, for k < k*.

1€ZLp,i—00

Recall the definition (15) of z}"". Since

Iz = x| = lxi + ot - x|

N

Il = %all + oIy

< k=l o,

we have lim;ez, i—oo zzlJrl = X. In general, the same argument shows that
lim z' =%, Vk<k*
1€Zg,i—00

Consequently, there holds

) hm ka* f(zijil) = vxk* f()_()’
’LEI(J,'L—N)O (29)

lim djt! =dy..
1€Zg,i—00

Let us use 0 to denote the angle between dy- and Vy,. f(X). Since ¥i- = X — Vi, f(X) & Xp-, it

follows from the property of projection that
(X — Px,. [y-])" (98 — Px,. [¥]) <0,
which further implies
1Px, [F1-] — X ||
< (R~ Py [§ )T (R — 91)
= |Px (3] = % | Voo £ (%) ]| cO8 O
# 0 from both sides yields

Canceling the factor || Px,. [yi+] — Xi-

O = il = [[1Px [Fa] — %0 |
< [V F(R)] cos Oy
< M cos O,

where the last inequality follows from (28). Thus, we have

5
D
cos B« > i (30)
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Now we can use (28), (29) and (30) to conclude

for all + € Zp and 7 > 7p, where 7y is a sufficiently large integer and

S S
Ve £ 2 [ = 25 and cos 01 > 2

9?{1 denotes the angle between

Vi, f(zith ) and i

Now we can use (23)-(25) of Claim 1 to obtain a contradiction. In particular, we consider

oo > D (f0) = FOH) =3 (F6) - S =3 (Flat) - f)

i€T, i€Zo
N2
2yc1(1 — 1) (ka*f(z;:*rl ) d;:*rl)
> 2 Bl
1€Zy
S 2ve1(1 — 1) (| Ve £ )15 cos 6541)? (31)
P Bl
|y (el o) (¥ S eoso)’
. B
ZGIO "
yer (1 —er)dp.\
= Z ( 8BM? = T
i>10, 1€1Lo

which is a contradiction. The fourth inequality is due to Claim 1. Therefore, X is a stationary point.
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