
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

SIAM J. IMAGING SCIENCES c© 2013 Society for Industrial and Applied Mathematics
Vol. 6, No. 3, pp. 1531–1552

Positive Semidefinite Generalized Diffusion Tensor Imaging via Quadratic
Semidefinite Programming∗
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Abstract. The positive definiteness of a diffusion tensor is important in magnetic resonance imaging because it
reflects the phenomenon of water molecular diffusion in complicated biological tissue environments.
To preserve this property, we represent it as an explicit positive semidefinite (PSD) matrix constraint
and some linear matrix equalities. The objective function is the regularized linear least squares fitting
for the log-linearized Stejskal–Tanner equation. The regularization term is the heuristic nuclear norm
of the PSD matrix, since we expect it to be of low rank. In this way, we establish a convex quadratic
semidefinite programming (SDP) model, whose global solution exists. The optimal solution could be
solved by three efficient methods. While there are two state-of-the-art solvers—SDPT3 and QSDP—
for the primal problem, we design a new augmented Lagrangian based alternating direction method
(ADM) for the dual problem. Sensitivity analyses on the coefficients of the optimal diffusion tensor
and the optimal objective function value with respect to noise-corrupted signals are presented.
Experiments on synthetic data with multiple fibers show that the new method is robust to the
Rician noise and outperforms several existing methods. Furthermore, when the fiber orientation
distribution function is considered, the new method is competitive with the Q-ball imaging. Using
the human brain data, we illustrate that the new method could capture the crossing of three nervous
fiber bundles. Additionally, the new method generates positive definite generalized diffusion tensors
in all voxels, while the unconstrained least squares fitting fails. Finally, we confirm that the ADM
solver is more efficient than SDPT3 and QSDP for this special problem.
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1. Introduction. Diffusion weighted magnetic resonance imaging (MRI) is a noninvasive
medical tool for exploring some clinical information of biological tissues in vivo. This in-
formation includes tissue components, physical properties of tissue constituents, and tissue
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microstructure and its architectural organization. To obtain this information, we need to mea-
sure and quantize the diffuse behavior of water molecules, which is sensitive to the restrictive
tissular environment.

Given a pulsed magnetic field gradient sequence with the gradient orientation g and a
diffusion weighted b-value b, the Stejskal–Tanner equation for signal attenuation [28] is as
follows:

(1.1) S = S0 exp(−bD),

where S is a measured signal, S0 is the zero-gradient signal, and D is the diffusion coefficient.
After taking all gradient orientations g into account, we use the apparent diffusion coefficient
(ADC) function to replace the diffusion coefficient. Here, the ADC function is approximately

(1.2) D(g) :=
3∑

i1=1

3∑
i2=1

· · ·
3∑

iR=1

Di1i2···iRgi1gi2 · · · giR ,

where D is an Rth order symmetric Cartesian tensor, g = (g1, g2, g3)
� is a unit vector, and R

is an even number. Particularly, the widely used diffusion tensor imaging (DTI) uses a second
order diffusion tensor (matrix, R = 2) [6, 5, 7]. That is to say, the water molecules’ diffusion
is assumed to have a Gaussian distribution in every local tissular environment. However, if
the local environment of biological tissue is complex, such as crossing fiber configuration, the
assumption of Gaussian diffusion is unsatisfactory; e.g., see Figure 1. Even if the two fibers
meet at right angles, the orientations of these two fibers are unavailable. To deal with this
difficulty, Özarslan and Mareci [19] propose using a higher order (R ≥ 4) generalized diffusion
tensor, which can better approximate the diffusivity profiles of the local tissular geometry.

+ =⇒

(a) (b) (c)

Figure 1. DTI could capture the configuration of a single fiber, whose orientation corresponds to the
direction of the maximum of ADC. See (a) and (b). However, in the presence of two-fiber crossing (c), the
profile of ADC looks like a “doughnut” and a “pizza.” So the orientations of crossing fibers are unavailable.

Due to the physical inherence of the diffusion process, the ADC function should be positive
in all gradient orientations. However, many numerical algorithms employ the following slightly
relaxed form in practice:

(1.3) D(g) ≥ 0 ∀ g.

If (1.3) holds, we call the (generalized) diffusion tensor D PSD. Many experts preserve the
PSD constraint (1.3) by various decomposition methods. In DTI, the diffusion tensor is a
PSD matrix. Wang et al. [36, 37] propose using the Cholesky factorization.D
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When a fourth order generalized diffusion tensor is used, the ADC function is a ternary
quartic, which could be rewritten as

3∑
i=1

3∑
j=1

3∑
k=1

3∑
l=1

Dijklgigjgkgl = u�2 Υ4u2,

where u2 := (g21 , g
2
2 , g

2
3 , g1g2, g1g3, g2g3)

� is a basis of quadratic forms, and Υ4 ∈ R6×6 is
symmetric and is called a Gram matrix. Powers and Reznick [22] point out that a Gram
matrix Υ4 has the following general formulation:⎛
⎜⎜⎜⎜⎜⎜⎝

D1111 D1122 − α1 D1133 − α2 2D1112 2D1113 2D1123 − α4

D1122 − α1 D2222 D2233 − α3 2D1222 2D1223 − α5 2D2223

D1133 − α2 D2233 − α3 D3333 2D1233 − α6 2D1333 2D2333

2D1112 2D1222 2D1233 − α6 4D1122 + 2α1 4D1123 + α4 4D1223 + α5

2D1113 2D1223 − α5 2D1333 4D1123 + α4 4D1133 + 2α2 4D1233 + α6

2D1123 − α4 2D2223 2D2333 4D1223 + α5 4D1233 + α6 4D2233 + 2α3

⎞
⎟⎟⎟⎟⎟⎟⎠

.

There are 21 independent parameters: 15 are for the fourth order generalized diffusion tensor,
and α1, α2, . . . , α6 are free. So a fourth order generalized diffusion tensor may correspond to
a lot of Gram matrices. On these Gram matrices, Hilbert established the following famous
theorem in 1888 [27].

Theorem 1.1. A fourth order generalized diffusion tensor is PSD if and only if there exists
a corresponding 6× 6 PSD Gram matrix with rank three.

Based on Hilbert’s theorem, two decomposition methods appear. Barmpoutis and col-
leagues [3, 2] propose decomposing a PSD Gram matrix as Υ4 = C�C, where C ∈ R3×6 is
an upper triangular matrix. So there are 15 independent entries to be determined. More-
over, Barmpoutis et al. [2] give a regularized method for producing a positive definite gen-
eralized diffusion tensor. Ghosh, Deriche, and Moakher [14] give another decomposition.
Let V := diag(u2u

�
2 , u2u

�
2 , u2u

�
2 ) ∈ R18×18, let q1, q2, q3 be the columns of C�, and let

x := (q�1 , q�2 , q�3 )� ∈ R18. Then u�2 C�Cu2 = x�V x. So this method needs to determine
18 independent entries. Hereafter, the nonlinear least squares fitting for the Stejskal–Tanner
equation is established and then solved by some well-understood nonlinear optimization algo-
rithms. However, these unconstrained optimization problems are nonconvex and may suffer
from local optimal solutions.

In the context of general higher order cases, i.e., R ≥ 6, checking whether a given ADC
function is nonnegative is an NP-hard problem. Certainly, if the ADC function can be rep-
resented as a sum of squares (SOS) of several R/2th order homogeneous polynomials, the
ADC function is obviously nonnegative [21]. However, its converse assertion does not hold
when R ≥ 6 [27]. The equivalence of the nonnegativity of the ADC function and its SOS
representation is valid only in the cases of R = 2 and R = 4. Fortunately, using Lasserre’s
results [18], we can see that a nonnegative ADC function could be closely approximated by
an SOS polynomial.

Barmpoutis and Vemuri [4] construct an SOS polynomial Ψ(g;D) =
∑

j θj[p(g; c
(j))]2

to approximate the ADC function, where θj is a nonnegative weighted factor and p(g; c) isD
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a R/2th order homogeneous polynomial with c as its coefficient. The coefficient c ∈ RQ

is theoretically arbitrary, where Q := (R/2+2
2 ). However, they restrict p(g; c) := (ϑ1g1 +

ϑ2g2 + ϑ3g3)
R/2 with ϑ2

1 + ϑ2
2 + ϑ2

3 = 1 and take finite samples of the triple (ϑ1, ϑ2, ϑ3) on the
unit spherical surface. In this way, they preset some R/2th order homogeneous polynomials.
The remainder of the nonnegative weighted factors θj are determined by the nonnegative
linear least squares fitting for the linearized Stejskal–Tanner equation. The advantage of their
method is that the model is convex. But some unnecessary noises in the special formulation
of homogeneous polynomials and in the samples on the unit spherical surface are introduced.

Qi, Yu, and Wu [24] give a novel method that explains the PSD constraint (1.3) as pre-
serving the minimal Z-eigenvalue [23] of the higher order generalized diffusion tensor nonneg-
ativity. The minimal Z-eigenvalue of a generalized diffusion tensor is the minimal value of
the corresponding ADC function. Due to the gradient orientation g ∈ R3 belonging to the
unit spherical surface, the minimal Z-eigenvalue is computable. Then, they establish a convex
nonsmooth optimization model. Computationally, if the generalized diffusion tensor produced
by the unconstrained least squares method happens to be PSD, their method does nothing.

The contributions of this paper are as follows.
1. We propose a convex optimization model with simple constraints to replace the de-

composition methods that lead to nonconvex models. Here, we approximate the PSD
constraint (1.3) via the SOS representation in a unified framework. An implicit PSD
matrix is kept to express the coefficients of the SOS homogeneous polynomial, and a
linear map links the coefficients between this PSD matrix and the generalized diffusion
tensor. Then, the feasible domain, which is an image of the convex PSD matrix cone
under a linear map, is convex.

2. Instead of restricting the rank of the Gram matrix to be three in the special case
of R = 4 [3, 2, 14], we propose taking a low-rank PSD matrix, which is flexible. A
novel nuclear norm minimization technique is employed to control the rank of the
PSD matrix. Hence, the objective function here is the nuclear norm regularized least
squares fitting for the log-linearized Stejskal–Tanner equation. Thus, it is a convex
function. Hence, the new model is a convex constraint optimization problem, whose
global solution exists.

3. We compare three solvers for the new model. Since the nuclear norm of a PSD matrix is
its trace, we can rewrite the new model as a quadratic SDP problem. Then, two state-
of-the-art solvers SDPT3 [32] and QSDP [30] are employable. Meanwhile, from the
viewpoint of solving the equivalent dual problem, we establish an efficient augmented
Lagrangian based ADM, whose subproblems have explicit solutions. This is the main
advantage of the proposed algorithm over the state-of-the-art solvers, especially for
the large-scale problems considered here.

4. Sensitivity analyses on the noise-corrupted signals are presented. Since Rician noise
often exists in diffusion weighted MRI data, it is meaningful to analyze its effect on
the diffusion tensor and ADC value. All the noise-corrupted signals in the new model
are collected in the vector f . By our analysis, we find that, under a linear mapping,
the operator of the optimal independent coefficients vector of the (generalized) diffu-
sion tensor is monotone with respect to f . Furthermore, the optimal objective value
function defined in f is a convex function and is bounded up by a quadratic function.D
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5. We report some preliminary experimental results to illustrate the validation of the
convex quadratic SDP model. For the synthetic data, the new method provides a
more accurate approximate solution than several existing methods when Rician noise
arises. Then, we illustrate that the fiber orientations estimated by the new method
are correct under different separation angles and different volume fractions. This
result is competitive with the Q-ball imaging. For the human brain data, a fiber
reconstruction of a region of multifiber crossing is established. We detect three different
fiber orientations, which correspond to the corpus callosum, the corticospinal tracts,
and the superior longitudinal fasciculus. Moreover, a comparison of SDPT3, QSDP,
and ADM solvers are given for this special quadratic SDP problem.

The outline of this paper is as follows. We establish the quadratic SDP model for the
generalized DTI in section 2. To solve this model, two state-of-the-art solvers SDPT3 and
QSDP are introduced in section 3, and the ADM for the dual problem is proposed in sec-
tion 4. Sensitivity analyses on noise effects is presented in section 5. Numerical experiments
illustrating the validation of the new method are performed in section 6. The conclusion and
remarks are drawn in section 7.

2. Convex quadratic SDP model. We first rewrite the ADC function (1.2) as a linear
form,

(2.1) D(g) = φ�w,

where φ := (gR1 , g
R−1
1 g2, . . . , g

R
3 )

� is a basis of Rth order homogeneous polynomials, the order
R is even, w := (dR,0,0, dR−1,1,0, . . . , d0,0,R)

� ∈ RP is the independent coefficients vector of
the ADC function in this basis, and P := (R+2

2 ). As a consequence,

di,j,R−i−j :=
R!

i!j!(R − i− j)!
D1 · · · 1︸ ︷︷ ︸

i

2 · · · 2︸ ︷︷ ︸
j

3 · · · 3︸ ︷︷ ︸
R−i−j

.

We then use an SOS polynomial to approximate the PSD constraint (1.3). Let u :=

(g
R/2
1 , g

R/2−1
1 g2, . . . , g

R/2
3 )� be a basis of R/2th order homogeneous polynomials, which con-

tains Q = (R/2+2
2 ) components. Under this basis, every PSD matrix X ∈ SQ corresponds

to an SOS homogeneous polynomial u�Xu, where SQ is the Q×Q symmetric matrix space.
Considering the sufficient and almost necessary condition, i.e., SOS, for the PSD constraint
(1.3), we take

D(g) = u�Xu.

Here, we say “almost necessary” for two reasons. First, SOS is necessary if R = 2 and R = 4
by Hilbert’s theorem. The matrices X in proper bases are the diffusion tensor D and a Gram
matrix Υ4 if R = 2 and R = 4, respectively. Second, when R ≥ 6, every nonnegative ADC
function could be approximated by an SOS homogeneous polynomial as closely as possible. We
rewrite u�Xu = 〈uu�,X〉, where the matrix inner product 〈A,B〉 := trace(A�B). Comparing
the entries of the matrix uu� and of the basis φ, we get the following interesting lemma.

Lemma 2.1. Given bases φ and u of the Rth and R/2th order homogeneous polynomials,
respectively, there exists a linear map A : SQ �→ RP such that

φ�A(X) = 〈A∗φ,X〉 = 〈uu�,X〉,D
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where

A(X) :=

⎛
⎜⎜⎜⎝

〈A1,X〉
〈A2,X〉

...
〈AP ,X〉

⎞
⎟⎟⎟⎠

for X,A1, A2, . . . , AP ∈ SQ, and A∗φ :=
∑P

p=1Apφp.
Furthermore, AA∗ is a P × P positive definite diagonal matrix with diagonal entries

[AA∗]pp = the number of nonzeros of Ap.

Proof. Since all the entries of φ and uu� are Rth order homogeneous polynomials, we
define the matrix Ap as the location of the entry φp in the matrix uu�, i.e.,

[Ap]ij =

{
1 if [uu�]ij = φp,
0 otherwise

for p = 1, . . . , P . Then, uu� =
∑P

p=1Apφp = A∗φ, and 〈uu�,X〉 =
∑P

p=1 φp〈Ap,X〉 =

φ�A(X).
Moreover,

〈Ap, Aq〉 =
{

the number of nonzeros of Ap if p = q,
0 otherwise.

Hence, AA∗ is a positive definite diagonal matrix.
By this lemma, if the ADC function is an SOS homogeneous polynomial, there exists a

symmetric PSD matrix X such that

D(g) = u�Xu = 〈uu�,X〉 = 〈A∗φ,X〉 = φ�A(X).

From its linear form (2.1) and the arbitrariness of the gradient orientation g as well as the
basis φ, the coefficients vector w of the generalized diffusion tensor is forced to be

(2.2) A(X) = w and X 
 0,

where X 
 0 means that X is a symmetric and PSD matrix. The equality constraint here
establishes the scalar relationship between the independent coefficients of the generalized
diffusion tensor and the PSD matrix, which preserves the positive semidefiniteness of the
generalized diffusion tensor. Hence, this SDP constraint is perfectly equivalent to the SOS
condition.

We argue that the PSD matrix X in (2.2) should be of low rank. On the one hand, as a
special case, Hilbert’s theorem says that the 6× 6 PSD Gram matrix can take at most three
ranks when R = 4. On the other hand, Jayachandra et al. [17] show that a fourth order
generalized diffusion tensor could describe six different fiber orientations. In practice, the
number of different fiber orientations in one voxel is usually less than six, which implies the
degeneration of the rank. Furthermore, a higher order ADC function, which is a homogeneousD
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polynomial, is sensitive to noise. Hence, a low-rank restriction makes the PSD matrix stable.
Since the rank of a matrix is a discrete nonconvex function [25], Fazel [13] introduces the
heuristic nuclear norm, which is the best convex lower approximation of the rank function
over the matrix’s set {X | ‖X‖2 ≤ 1}. Here, ‖ · ‖2 is the spectral norm that is the maximal
singular value of a matrix, while the nuclear norm ‖·‖∗ is defined as the sum of all the singular
values. In fact, the nuclear norm of a PSD matrix is indeed its trace, i.e.,

(2.3) ‖X‖∗ = 〈X, I〉 if X 
 0,

where I is an identity matrix. This is one part of the objective function.
The other part of the objective function is the least squares fitting for the log-linearized

Stejskal–Tanner equation (1.1) with the ADC function (2.1):

φ(g)�w +
1

b
ln

(
S

S0

)
= 0.

Given a set of magnetic field gradient orientations g(n) and corresponding signals S(n) for
n = 1, 2, . . . , N , where N ≥ P , define

(2.4) Φ :=

⎛
⎜⎜⎜⎝

φ(g(1))�

φ(g(2))�
...

φ(g(N))�

⎞
⎟⎟⎟⎠ and f :=

⎛
⎜⎜⎜⎜⎜⎜⎝

1
b ln
(
S(1)

S0

)
1
b ln
(
S(2)

S0

)
...

1
b ln
(
S(N)

S0

)

⎞
⎟⎟⎟⎟⎟⎟⎠

.

The matrix Φ ∈ RN×P is of column full rank due to the elaborate selection of the gradient
orientations. After taking the SDP constraint (2.2) and the nuclear norm regularization (2.3)
into account, the least squares fitting for the log-linearized Stejskal–Tanner equation is the
convex quadratic SDP problem

(2.5)

⎧⎨
⎩min

w,X

1

2
‖Φw + f‖2 + μ〈X, I〉

s.t. A(X) = w, X 
 0,

where μ is the weighted regularization parameter. This problem is well defined, and its global
solution exists.

3. State-of-the-art solvers: SDPT3 and QSDP. For convex quadratic SDP problems,
Toh, Tütüncü, and Todd developed two state-of-the-art solvers: SDPT31 [31, 35, 32] and
QSDP2 [29, 33, 30], which are infeasible primal-dual predictor-corrector path-following meth-
ods.

To use the SDPT3 solver, we model the quadratic term ‖Φw+f‖2 in the objective function
of problem (2.5) by a linear equality constraint h = Φw + f , a second order cone constraint

1The MATLAB codes of SDPT3 are available from http://www.math.nus.edu.sg/∼mattohkc/sdpt3.html.
2The MATLAB codes of QSDP are available from http://www.math.nus.edu.sg/∼mattohkc/qsdp.html.D
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(t;h) ∈ KN+1 := {(t, h) | t ≥ ‖h‖}, and an inequality s ≥ t2. Consequently, the objective
function is converted to a linear function 1

2s + 〈X,μI〉. Then, we find that the inequality
s ≥ t2 is equal to (s+1

2 )2 ≥ (s−1
2 )2 + t2. Hence, the equivalent semidefinite-quadratic-linear

programming of the model (2.5) is⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

min
X

1

2
s+ 〈X,μI〉

s.t. A(X) = w, X 
 0,

Φw + f = h, (t;h) ∈ KN+1,

2x = s+ 1,

2y = s− 1, s ≥ 0,

z = t, (x; (y; z)) ∈ K3.

To use the QSDP solver, we substitute the equality constraint A(X) = w into the quadratic
objective function and ignore the constant ‖f‖2/2. The problem (2.5) can be rewritten as⎧⎨

⎩min
X

1

2
〈X,A∗Φ�ΦA(X)〉+ 〈X,A∗Φ�f + μI〉

s.t. X 
 0.

Once the optimal matrix X has been obtained, the optimal vector w is computed by w =
A(X).

4. A new solver: ADM. Corresponding to the convex quadratic SDP problem (2.5), which
is called the primal problem, there is a dual problem

(4.1)

⎧⎨
⎩max

λ,Y
− 1

2

(
Φ�f + λ

)�(
Φ�Φ

)−1(
Φ�f + λ

)
+

1

2
‖f‖2

s.t. A∗λ+ Y = μI, Y 
 0.

Since the primal problem (2.5) is convex and Slater’s condition holds, i.e., there exist a positive
definite matrix X ∈ SQ and a vector w = A(X), strong duality holds [9]. Hence, the primal-
dual solution of (2.5) can be obtained by solving the dual problem (4.1).

The augmented Lagrangian based ADM [16, 15, 38, 8] is a powerful tool for the equality
constrained convex programming with separable variables if the involved subproblems are easy.
Here, all of the subproblems have explicit solutions. We define the augmented Lagrangian
function of the dual problem (4.1) as

L(λ, Y,X) :=
1

2
(Φ�f + λ)�(Φ�Φ)−1(Φ�f + λ)− 1

2
‖f‖2 + 〈X,A∗λ+ Y − μI〉+ πS+(Y )

+
β

2
‖A∗λ+ Y − μI‖2F ,

where β is a positive penalty parameter and πS+ is the indicator function of the symmetrix
PSD matrix cone S+:

(4.2) πS+(Y ) :=

{
0 if Y ∈ S+,
+∞ otherwise.D
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The matrix X ∈ SQ is the multiplier associated to the equality constraint of the dual problem
(4.1), which is also the matrix variable of the primal problem (2.5).

Given an initial iterate (X0, Y 0) ∈ SQ×SQ such that Y 0 
 0, for iteration k = 0, 1, 2, . . . ,
we alternately update one variable while keeping the others.

• Update λ:

(4.3)

λk+1 = argmin
λ

{
L(λ, Y k,Xk)

}
= argmin

λ

{
1

2
(Φ�f + λ)�(Φ�Φ)−1(Φ�f + λ) + 〈Xk,A∗λ〉+ β

2
‖A∗λ+ Y k − μI‖2F

}

= argmin
λ

{
1

2
λ�[(Φ�Φ)−1 + βAA∗]λ+ λ�[(Φ�Φ)−1Φ�f +A(Xk) + βA(Y k − μI)

]}
= −[(Φ�Φ)−1 + βAA∗]−1[

(Φ�Φ)−1Φ�f +A(Xk + βY k − βμI)
]
.

Moreover, compute

(4.4) wk+1 = −(Φ�Φ)−1(Φ�f + λk+1).

• Update Y :

Y k+1 = argmin
Y

{
L(λk+1, Y,Xk)

}
= argmin

Y

{
β

2
‖A∗λk+1 + Y − μI‖2F + 〈Xk, Y 〉+ πS+(Y )

}

= argmin
Y

{
β

2
‖Y +A∗λk+1 + β−1Xk − μI‖2F

∣∣∣Y 
 0

}
= P(−A∗λk+1 − β−1Xk + μI),(4.5)

where P(·) is the projection onto the PSD matrix cone.
• Update X:

(4.6) Xk+1 = Xk + β(A∗λk+1 + Y k+1 − μI).

Since the matrix Φ has column full rank and AA∗ is a positive definite diagonal matrix
(see Lemma 2.1), the involved matrices in (4.3) are all invertible. Consequently, the equation
(4.3) is well defined. On the other hand, from the optimal condition for the primal problem
(2.5) and the fact that λ is the multiplier associated to the equality constraint, we see that
Φ�(Φw+f)+λ = 0. Thus, we can compute wk+1 from (4.4). As to the equality (4.6), we can
see that (β−1Xk+1,−Y k+1) is the Moreau decomposition [26] of the matrix A∗λk+1+β−1Xk−
μI with respect to the PSD matrix cone in the sense of 〈β−1Xk+1,−Y k+1〉 = 0, β−1Xk+1 

0, Y k+1 
 0, and β−1Xk+1 − Y k+1 = A∗λk+1 + β−1Xk − μI. According to iterates (4.5) and
(4.6),

Xk+1 = β(β−1Xk +A∗λk+1 + Y k+1 − μI)

= β
(A∗λk+1 + β−1Xk − μI + P(−A∗λk+1 − β−1Xk + μI)

)
= βP(A∗λk+1 + β−1Xk − μI),(4.7)D
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which means that we can first, in an alternative way, compute the iterate Xk+1 by (4.7), and
then compute Y k+1 via Y k+1 = β−1Xk+1 − (A∗λk+1 + β−1Xk − μI).

We stop the algorithm if the duality gap, together with the primal infeasibility and the
dual infeasibility, is sufficiently small. Here, the duality gap in each iteration is

gapk =
1

2
‖Φwk + f‖2 + μ〈X, I〉 −

(
−1

2
(Φ�f + λk)�(Φ�Φ)−1(Φ�f + λk) +

1

2
‖f‖2

)

=
1

2
‖Φwk‖2 + f�Φwk +

1

2
wk�(Φ�Φ)wk + 〈X,μI〉

= wk�(Φ�Φwk +Φ�f) + 〈X,μI〉
= −wk�λk + 〈X,μI〉,

where the second and the fourth equalities hold because of (4.4).

5. Sensitivity analysis. In diffusion weighted MRI data, noises may appear in measured
signals including S0 and S(n) for n = 1, 2, . . . , N . These noise-corrupted signals constitute the
vector f in (2.4). So it is important to analyze the influences on the optimal solution and the
optimal value of the new model (2.5) as the vector f changes. For convenience, we denote the
noise-corrupted vector f as f̃ in the remainder of this section.

Theorem 5.1. Consider the parameterized problem

(5.1) w(f) := argmin
w,X

{
1

2
‖Φw + f‖2 + μ〈X, I〉

∣∣∣ A(X) = w,X 
 0

}
,

where w(f) represents the optimal diffusion tensor coefficients corresponding to the input f .
Then, for any vectors f and its noise corruption f̃ , we have

[w(f)− w(f̃)]Φ�(f − f̃) ≤ 0.

Proof. Let (w(f),X(f)) and (w(f̃),X(f̃ )) be the optimal solutions of the parameterized

problem (5.1) with inputs f and f̃ , respectively. Then, we have

1

2
‖Φw(f) + f‖2 + μ〈X(f), I〉 ≤ 1

2
‖Φw(f̃) + f‖2 + μ〈X(f̃), I〉

and

1

2
‖Φw(f̃) + f̃‖2 + μ〈X(f̃), I〉 ≤ 1

2
‖Φw(f) + f̃‖2 + μ〈X(f), I〉.

After adding the above two inequalities and rearranging terms, we get

w(f)�Φ�f + w(f̃)�Φ�f̃ ≤ w(f̃)�Φ�f + w(f)�Φ�f̃ ,

which completes the proof.

We now analyze the property of the optimal objective function value as a function of the
input f . We have the following result.D
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Theorem 5.2. We define the optimal objective function value as a function of the input f :

(5.2) P(f) := min
w,X

{
1

2
‖Φw + f‖2 + μ〈X, I〉

∣∣∣ A(X) = w,X 
 0

}
.

Then, P(f) is a convex function.
Moreover, there exists a vector λ(f) such that for every noise-corrupted f̃ ,

(5.3) 0 ≤ P(f̃)− P(f) + λ(f)�(f̃ − f) ≤ 1

2
‖f̃ − f‖2.

Proof. To establish the convexity of P(f), we introduce a linear equality constraint Φw+
f = h and a second order cone K := {(t;h) | t ≥ ‖h‖}. Then, the quadratic term in the
objective function of problem (5.2) could be rewritten as

P(f) = min
(t;h),w,X

{
t2

2
+ μ〈X, I〉

∣∣∣ Φw + f = h, (t, h) ∈ K,A(X) = w,X 
 0

}

= min
(t;h),X

{
t2

2
+ μ〈X, I〉

∣∣∣ ΦA(X) + f = h,X 
 0, (t, h) ∈ K
}

= min
(t;h),X

{
t2

2
+ μ〈X, I〉 + πS+(X) + πK(t, h)

∣∣∣ ΦA(X) + f = h

}
,(5.4)

where πS+(·) and πK(·) are indicator functions (4.2) of the convex sets S+ and K, respectively.
Then, the parameterized Lagrangian of the optimization problem (5.4) is

Lf (t, h,X, λ) :=
t2

2
+ μ〈X, I〉+ πS+(X) + πK(t, h)− λ�(ΦA(X) + f − h),

where λ is the multiplier corresponding to the equality constraint.
Let (t(f), h(f),X(f), λ(f)) and (t(f̃), h(f̃),X(f̃ ), λ(f̃ )) be the optimal solutions of the

optimization problem with inputs f and f̃ , respectively. Then,

P(f) = Lf (t(f), h(f),X(f), λ(f))

≤ Lf (t(f̃), h(f̃),X(f̃ ), λ(f))

= L
˜f
(t(f̃), h(f̃),X(f̃ ), λ(f)) + λ(f)�(f̃ − f)

≤ L
˜f
(t(f̃), h(f̃),X(f̃ ), λ(f̃ )) + λ(f)�(f̃ − f)

= P(f̃) + λ(f)�(f̃ − f).(5.5)

So P(f) is a convex function, and the left inequality of (5.3) holds.
We now turn to problem (5.2) and define w(f) := A(X(f)) and w(f̃) := A(X(f̃)). Then,

P(f̃) =
1

2
‖Φw(f̃) + f̃‖2 + μ〈X(f̃), I〉

≤ 1

2
‖Φw(f) + f̃‖2 + μ〈X(f), I〉

=
1

2
‖Φw(f) + f‖2 + μ〈X(f), I〉 + 1

2
‖f̃ − f‖2 + (Φw(f) + f)�(f̃ − f)

= P(f) +
1

2
‖f̃ − f‖2 + (Φw(f) + f)�(f̃ − f).(5.6)
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It remains to prove λ(f) = −(Φw(f)+f). Adding inequalities (5.5) and (5.6) and rearranging
terms yield

1

2
‖f̃ − f‖2 + (λ(f) + Φw(f) + f)�(f̃ − f) ≥ 0.

Multiplying ‖f̃ − f‖−1 on both sides of the above inequality and letting f̃ get close to f , we
get

(λ(f) + Φw(f) + f)�ef ≥ 0,

where

ef = lim
‖ ˜f−f‖→0

f̃ − f

‖f̃ − f‖
is a unit vector with arbitrary orientations. Hence, λ(f) + Φw(f) + f = 0.

6. Experimental results. To show the validation of the new quadratic SDP model for the
estimation of higher order generalized diffusion tensors, we apply it to synthetic and human
brain data. Before we start, it is important to choose a proper regularization parameter for
the quadratic SDP model.

6.1. Choosing the regularization parameter µ. The determination of the optimal regu-
larization parameter μ for the convex quadratic SDP problem (2.5) is a challenging problem.
Here, we aim to choose a proper μ which makes a balance between the least squares fitting
and the nuclear norm regularization. Let w0 be the solution for the basic unconstrained least
squares model, i.e.,

w0 := argmin
w

{
1

2
‖Φw + f‖2

}
,

which is easy to obtain. Then, two terms ‖Φw0+f‖2/2 and ‖w0‖1 should have the same order
of magnitude as ‖Φw∗ + f‖2/2 and 〈X∗, I〉, respectively, where (w∗,X∗) denotes the optimal
solution of the quadratic SDP model (2.5). So, we take

μ = κ · ‖Φw0 + f‖2
2‖w0‖1 ,

where κ is a fixed scalar factor.

By numerical experiences, we list the “best” scalar factor κ corresponding to each order R
of the generalized diffusion tensor in Table 1. We find that as the order R of the generalized
diffusion tensor increases, the regularization parameter μ should increase too.

Table 1
The “best” scalar factor for the regularization parameter μ according to R.

R 2 4 6

κ 0.01 1 10
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6.2. Synthetic experiments. First, we examine the accuracy of the generalized diffusion
tensors estimated by the quadratic SDP model (2.5). The synthetic data used here is generated
by the multitensor model [1, 10]

S(n) = S0

K∑
k=1

vk exp
(
−bg(n)

�
Dkg

(n)
)
.

The setting of parameters is as follows: the zero-gradient signal S0 = 1, the diffusion weighted
b-value b = 1500s/mm2, each volume fraction vk = K−1, eigenvalues of each 3 × 3 diffusion
tensor Dk are (0.2, 0.2, 1.7) × 10−3mm2/s, and gradient orientations g(n) for n = 1, . . . , 81 on
the unit semisphere come from third order tessellation of the icosahedron. Once the synthetic
signals are obtained, we compute the coefficient matrix Φ and the vector f by (2.4). Then,
we define the ground truth solution as

wgroundTruth := −(Φ�Φ)−1Φ�f.

Hereafter, the original signal S is corrupted by the Rician noise [10]. Given a signal-to-noise
ratio (SNR), we produce two Gaussian noises nr, ni ∼ N (0, σ2), where S0/σ = SNR. Then,
the Rician noise-corrupted signal S̃ is given by

S̃ =
√

(S + nr)2 + n2
i .

To show the robustness of the quadratic SDP model, we compare it with three existing
methods.
♦ (Unconst. LS) The unconstrained least squares method [19].
♦ (Decomposition) The nonconvex decomposition method proposed by Ghosh, Deriche, and

Moakher [14], which fits the log-linearized Stejskal–Tanner equation. In this experi-
ment, the nonlinear least squares problem involved is solved by the “lsqcurvefit”
function in MATLAB. However, this method works only for estimating fourth order
diffusion tensors.

♦ (fanDTasia) A unified discrete convex model proposed by Barmpoutis and Vemuri [4].
♠ (New method) The quadratic SDP model established in section 2.
For each method, we perform 1000 tests for each Rician noise level and show the means of
differences between the estimated diffusion tensors and the ground truth solution.

Now, we consider the case of two-fiber crossing with a separation angle of 60◦. The nu-
merical results are illustrated in Figure 2, when fourth and sixth order generalized diffusion
tensors are exploited. Obviously, the convex quadratic SDP model outperforms the uncon-
strained least squares method. So the positive definiteness constrained for the generalized
diffusion tensor is necessary and meaningful. However, the nonconvex decomposition method
performs poorly since it may fall into local optima.

Compared with the discrete convex nonnegative linear least squares model fanDTasia, the
continuous convex quadratic SDP model usually produces a solution with higher accuracy for
lower SNR data. So it is promising and inspiring. Particularly, when SNR varies between 30
and 60, we find it is hard to distinguish the performance of fanDTasia from the unconstrained
least squares method for sixth order generalized diffusion tensor estimations. However, distinctD
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Figure 2. The performance of generalized diffusion tensor estimations produced by four kinds of methods
applied to the two-fiber crossing data.
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Figure 3. The performance of generalized diffusion tensor estimations produced by four kinds of methods
applied to the three-fiber crossing data.

improvement is made by the convex quadratic SDP method. We think that the main reason
for this improvement is due to the successful application of the nuclear norm regularization.

In Figure 3, similar results are observed for the three-fiber crossing, where two fibers are
separated by an angle of 60◦ and the third fiber is perpendicular to them.

Second, using the generalized diffusion tensor estimation, we study the fiber orientation
distribution function (ODF), whose maximums approximate orientations of fiber bundles in
each voxel. The flowchart of this process is shown in Figure 4. Given an ADC function D(g),
we compute the trustable signal function

S(g) = exp(−bD(g)).

Then, we approach this trustable signal function by even order real spherical harmonics (SH)∑
j

cjYj(g) = S(g),
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−→ −→

ADC Trustable signals Fiber ODF

Figure 4. The flowchart of estimating the fiber ODF from a generalized diffusion tensor is illustrated
here. We first compute trustable signals from the generalized diffusion tensor. Then, the Q-ball imaging and
the spherical deconvolution are employed to generate the fiber ODF. Additionally, the red lines in the ADC
subfigure (left) show true fiber orientations, and the yellow lines in the ODF subfigure (right) show estimated
fiber orientations.

where Yj(·) is the real SH basis with an order lj, and cj is the corresponding SH coefficients.
Since the nuclear norm regularization is considered in the generalized diffusion tensor esti-
mation, we prefer to estimate these SH coefficients from the trustable signal without any
regularization. Once these SH coefficients are obtained, the fiber ODF gets the following
analytical formulation:

Ψ(g) =
∑
j

2πPlj (0)cj

fj
Yj(g),

where Plj is the Legendre polynomial of a degree lj , and the sharpening coefficient

fj = 2π

∫ 1

−1
Plj (t)R(t) dt

comes from the spherical deconvolution with a proper diffusion ODF kernel R(t). For more
details on computing the analytical fiber ODF from signals, we refer the reader to works on
the Q-ball imaging [34, 11, 12].

By this flowchart, we show in Figure 5 the fiber ODF profiles estimated by the quadratic
SDP model (2.5) under multiple fiber orientations, multiple orders of generalized diffusion
tensors, and multiple diffusion weighted b-values, where a moderate SNR = 35 and 100 tests
are performed. The best performance is observed when we take sixth order generalized diffu-
sion tensors and use diffusion weighted b-value 3000s/mm2. In the remainder of this section,
we always use these settings.

Next, we compare the quadratic SDP model (2.5) with the Q-ball imaging method of
Descoteaux et al. [12] that directly estimates fiber ODF from raw signals. We take two-fiber
crossing, for example.

Figure 6 shows fiber ODF profiles corresponding to multiple separation angles between 90◦

and 40◦. When the separation angle is large, both methods report correct fiber orientations.
However, when the separation angle decreases, the estimated fiber ODF trends to oversmooth,
which may fail to capture the profiles of fiber crossing. Particularly, when the separation angleD
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two-fiber crossing three-fiber crossing

R = 4

R = 6

R = 8

b 1500 3000 5000 1500 3000 5000
(s/mm2) (s/mm2)

Figure 5. The fiber ODFs estimated by the quadratic SDP model with multiple fiber orientations, diffusion
weighted b-values, and orders of the generalized diffusion tensor.

New
Method

Q-ball
imaging

90◦ 80◦ 70◦ 60◦ 50◦ 40◦

Figure 6. Comparisons of the new quadratic SDP method with the Q-ball imaging [12] in the context of
varying separation angles.

is 40◦, the quadratic SDP model (2.5) successfully detects two-fiber crossing, while the direct
Q-ball imaging fails.

Figure 7 reports estimated fiber ODF profiles under the impact of volume fractions, where
a fixed separation angle 60◦ is used. Obviously, the quadratic SDP model is competitive with
the direct Q-ball imaging method.

6.3. Human brain study. The human brain data used here is a high angular resolution
diffusion imaging dataset, where the diffusion weighted b-value is 3000s/mm2, the number
of gradient orientations is 200, and the size of each voxel is 1.875 × 1.875 × 2mm3. For the
convenience of illustrating experimental results on higher order generalized diffusion tensors,D
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New
Method

Q-ball
Imaging

(0.5, 0.5) (0.6, 0.4) (0.7, 0.3) (0.8, 0.2) (0.9, 0.1)

Figure 7. Comparisons of the new quadratic SDP method with the Q-ball imaging [12] in the context of
varying volume fractions.

we employ two rotationally invariant scalar measures [20]. The first is the generalized mean
diffusivity (MD),

MD :=
1

4π

∫
Ω
D(g)dg,

where Ω is the unit spherical surface. The second is the generalized anisotropy (GA), which
is based on the generalized variance V of diffusivity,

V =
1

9

(
1

MD2 · 1

4π

∫
Ω
[D(g)]2dg− 1

)
.

Then, we scale the range of the function V into [0, 1) and obtain

GA := 1− 1

1 + (250V )ε(V )
,

where

ε(V ) := 1 +
1

1 + 5000V
.

Here, GA getting close to one means that the diffusion is anisotropic. The MD and GA for
generalized diffusion tensors are the generalizations of often used MD and fractional anisotropy
(FA) for second order diffusion tensors.

As an application of the quadratic SDP model, we report the fiber reconstruction of the
corticospinal tract meeting the corpus callosum. We take a coronal slice of a healthy human
brain, whose FA map is shown in part (a) of Figure 8. The fiber ODFs corresponding to
the region marked by a magenta box are illustrated in part (b) of Figure 8. In its center,
we highlight a typical fiber ODF (marked by a red circle) in part (c). Obviously, there are
three nervous fiber bundles detected in this voxel. The left-to-right directional fiber bundle
is the corpus callosum, which connects the left and right cerebral hemispheres and facilitates
interhemispheric communication. The up-to-down directional fiber bundle is the corticospinal
tracts, which control voluntary movement of skeletal muscles. The front-to-back directionalD
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(a) (c)

(b)

Figure 8. A coronal slice of a healthy human brain is analyzed by the quadratic SDP model. Part (a) is
the FA map. Part (b) shows the fiber ODFs of the region marked by the magenta box. A typical fiber ODF (c)
highlighted by the red circle illustrates the crossing of three fibers.

fiber bundle is the superior longitudinal fasciculus, which connects the front and the back of
the cerebrum.

Another experiment is performed to validate the positive definiteness of the generalized
diffusion tensor estimated by the convex quadratic SDPmodel. First, we use the unconstrained
least squares method to estimate generalized diffusion tensors with order two, four, and six.D
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Order 2 Order 4 Order 6

Figure 9. MD and GA images of second, fourth, and sixth order diffusion tensors estimated by the uncon-
strained least squares method.

These MD and GA maps are shown in Figure 9. In each voxel, we check whether the positive
diffusivity is violated in any gradient orientation. If negative diffusivity is detected, we point
out the corresponding voxel by red points. Except for the obviously noise voxel in the boundary
of the cerebrum, the unconstrained least squares method suffers from 1, 8, and 42 meaningless
red-pointed voxels for second, fourth, and sixth order diffusion tensor estimations, respectively.
So the PSD constraint (1.3) is important for diffusion weighted MRI.

The MD and GA maps corresponding to the new convex quadratic SDP estimator are
illustrated in Figure 10. Negative diffusion is not detected in any gradient orientation in each
voxel. So we conclude that the new convex quadratic SDP estimator has the ability to produce
meaningful generalized diffusion tensors.

6.4. Comparison of three solvers. The convex quadratic SDP model could be solved by
three methods: SDPT3 and QSDP for the primal problem and ADM for the dual problem.
Here, the ADM is accelerated by two skills: adaptively updating the penalty parameter and
using a step size to update the multiplier [16, 15, 38].

We apply these three solvers to deal with the human brain data used in Figure 10. Their
mean computational times for each voxel are listed in Table 2.3 Obviously, compared with

3The computational time of QSDP applied to diffusion tensor estimation with second order is longer than
that with fourth order because 0.4% of the problems reach the maximum number of iterations in the former
case.D
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Order 2 Order 4 Order 6

Figure 10. MD and GA images of second, fourth, and sixth order diffusion tensors estimated by the convex
quadratic SDP model.

Table 2
The mean computational time (ms) of SDPT3, QSDP, and ADM solvers applied to one voxel.

R SDPT3 QSDP ADM

2 874 133 0.62
4 1027 130 7.2
6 1335 201 16.5

SDPT3 and QSDP solvers, the new solver ADM saves at least 90% CPU time. So ADM is very
efficient for this special quadratic SDP model, which derives from the diffusion weighted MRI.

7. Conclusion. A novel quadratic SDP model was established for estimating higher order
generalized diffusion tensors for the diffusion weighted MRI. This model benefits from a PSD
constraint and a nuclear norm regularization. The positive semidefiniteness ensures that the
resulting generalized diffusion tensor is physically significant, and the regularization makes
the estimated solution robust to Rician noise. Sensitivity analysis on noise-corrupted signals
was presented. For solving the new quadratic SDP model, two existing solvers, i.e., SDPT3
and QSDP, were introduced. In addition, we also proposed an ADM and compared it with
SDPT3 and QSDP. Our numerical experiments show that the first order solver ADM, which
exploits the special structure of the new model successfully, is efficient.D
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A well-selected regularization parameter μ could improve the quadratic SDP model (2.5).
Although the strategy described in section 6.1 seems to work well, the problem of how to
determine the best regularization parameter is still an open qustion.

Acknowledgments. The authors are grateful to Associate Editor René Vidal and the three
anonymous referees for helping us improve the original manuscript.
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