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Abstract The two-sided rank-one (TR1) update method was introduced by Griewank and Walther (2002) for
solving nonlinear equations. It generates dense approximations of the Jacobian and thus is not applicable to
large-scale sparse problems. To overcome this difficulty, we propose sparse extensions of the TR1 update and
give some convergence analysis. The numerical experiments show that some of our extensions are superior to
the TR1 update method. Some convergence analysis is also presented.
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1 Introduction

Extensive analysis, both computational and theoretical, has verified that quasi-Newton method is highly
successful for the solution of nonlinear equations and the minimization of nonlinear functions. However, as
expertise in solving these problems has grown, the problem size, determined by the number of variables,
has also grown, leading to storage problems on digital computers. Fortunately, a large-scale problem
usually has known sparsity. It then remains to study how to extend some known quasi-Newton methods
by making use of the sparsity.

For the problem of solving a system of n nonlinear equations in n real variables

F(z) =0, (1)

Griewank and Walther [4] proposed the two-sided rank-one (TR1) update. It is the generalization of
Broyden’s symmetric rank-one (SR1) update [1]. The g-superlinear convergence of the method is proved
in [7]. The TR1 method is to obtain dj by solving Brdy = —F(x)) and to update 41 = 2 + agdy, in
which ay, is computed by some line search. The approximation By to the Jacobian is updated at each
step in accordance with

(F'(zk+1) — Bi)skoy (F'(wx41) — Bi)

Byy1 = Br + ,
+ oT (F'(z41) — B)sk

(2)
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where s equals 241 — 2k, and F'(x41) is the Jacobian at the point z4;. The parameter o can be
chosen to be (F'(xg41) — Bi)sk, F(zky1) or (F(xp1) — F(zx))/ar — Brsk for a sequence ay, C (0, 1]
with lim; oo o, = 1 (see [7,8]). The factor ay is the step length at the k-th iteration. In (2), it does not
need to compute F'(zgy1). The forward and reverse modes of automatic differentiation (AD) provide
the possibility to compute F'(x)u and vT F'(x) exactly within machine accuracy for given vectors z, u
and v. The updating formula (2) fulfills the direct tangent condition

Bii1sk = F'(Tr41) 51 (3)

and the adjoint tangent condition
o Biy1 = o F'(2x41). (4)

This is the reason why it is called as the two-sided rank-one update.

As we can see, the second term in the right-hand side of (2) is the outer product of the column
vector (F'(xy41) — By)sk and the row vector of (F'(zx41) — Bi). Since the components of the vectors
are generally not zeros, we see from (2) that the TR1 update generates a dense approximation of the
Jacobian. However, in many large nonlinear systems, particularly those difference equations arising from
nonlinear differential equations, most elements of the Jacobian are known to be zeros. For example, if
By, has a band structure, we wish it can be updated with the same sparsity. Then it needs much less
storage and dj needs fewer computations. Therefore the sparse extension of (2) will be interesting. This
motivates the study of this paper.

This paper is organized as follows. Section 2 describes some sparse extensions of the TR1 update.
Convergence analysis for a special case is given in Section 3. In Section 4, we present some numerical
results. Finally, we give some remarks in Section 5.

2 Sparse extensions of two-sided rank-one update

We consider problem (1) whose Jacobian is sparse. We adopt the same notations as in [11] to describe
the sparsity of the Jacobian. Denote

Vii={veR": e;rv =0, Vj, such that e] F'(x)e; = 0 for all 2},

where e; is the unit vector whose i-th element is one and the others are zeros. It is easy to see that V;
is the set of vectors that have the same sparsity as the i-th row of F’(x). For any vector s € R", the
orthogonal projection operator SV¢ onto the subspace V; is defined by

SV'( ) Sj, if Vj 7& 0,
s) =
0, if v;=0.

Denote the sparsity of the Jacobian as
SP(F'):={M € R™"™: M"'e; € V;,1 <i <n}.

Our problem is

min ||B — Bk”F
BeRnXxmn

s.t. Bsy = F'(xg41)5k,
ofB =0l F'(zp41),

B e SP(F").

(5)

There are some difficulties in solving (5) because of the existence of the two linear constraints. For this
reason, we consider (5) with only one linear constraint at the first stage. To do so, we list the following
lemma given by Walter [11]. Lemma 2.1 is one basis to obtain the sparse extensions of the TR1 update.
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Lemma 2.1. Letc€ R andv € V;\{0}. Then the unique solution to

min  ||z|2
TER" (6)
st. vTz=c

isx =cv/ Yo vl where I € {i:1<i<n,v; #0}.

By Lemma 2.1, we can obtain one sparse extension of the TR1 update, in which only the first linear
constraint of (5) is considered.

Theorem 2.2. Given By, € SP(F’), the unique solution to

min HB — BkHF
BERnxn
s.t. Bsy, = F'(xg41)5k, (7)
B e SP(F")
18 v
By)sp SV
B = m+2@ Fi(@ier) = Br)suS (o), s)

SVi(sy)SVi(sk)
Proof.  According to the definition of F-norm, we have

1B = Bill7 =) llef (B~ By)l3-

=1

Hence the problem (7) can be derived into n subproblems,

Jmin (B~ Byl
st. el Bsp=elF'(v511)sk,
e!BeYV;

for i = 1,2,...,n, and each subproblem is of the form (6). Applying Lemma 2.1 to get the solution of
each subproblem and summing them together, we know the solution of (7) is exactly (8).

Each term of the series in (8) is a matrix with only one nonzero row. The matrix By41 can be updated
from By row by row. Each row has the same sparsity as that of the Jacobian. Consequently, Bj1
inherits the sparsity structure of the whole Jacobian.

Similarly to Theorem 2.2, we can obtain the corresponding sparse variant of the TR1 method if only
the second linear constraint of (5) is concerned.

Theorem 2.3. Given By, € SP(F’), the unique solution to

min ||B — Bk”F
BERm*n
s.t. of B =oF F'(zp41),
B e SP(F’)
18 V
SYi(ow)op (F'(xr41) — Br) 1

B B + ee; 9
v = Z $7(0)S% () 9

where V; :=={v € R": e;rv =0, Vj, such that e;rF’(x)ei =0, for all x} describes the sparsity of the i-th
column of the Jacobian.

Proof. It suffices to rewrite the problem with respect to B, ; and B;. Then we can deduce (9)
similarly to the proof of Theorem 2.2.
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In formula (9), each term of the series is a matrix with only one nonzero column. The matrix Byt can
be updated from By column by column and each column has the same sparsity as that of the Jacobian.
As a result, By inherits the sparsity structure of the whole Jacobian.

Further, based on the above analysis of the formulas (8) and (9), we can propose two other sparse
modifications of the TR1 update (2). The first sparse formula is to update By row by row as (8),

F'(xp11) — Bi)siS" (57
B =B E ie B , 10

where 6} = o (F/(x+1) — Bi). The second sparse formula is to update By column by column as (9),

SV sk o FI Th41) — Bk
Bk+1 Bk + Z ) k"[gsvl((slj) ) )eie;'rv (11)
i=1

where 3 = (F'(2k4+1) — Bi)sk-

Thus we have obtained four sparse formulas. We can see that (8) and (10) satisfy the direct tangent
condition (3) and update By row by row. The formulas (9) and (11) satisfy the adjoint tangent condition
(4) and update By column by column. They all generate sparse approximations and therefore are appli-
cable to the solution of the large-scale sparse nonlinear equations as in [9,12]. Furthermore, the formulas
(10) and (11) have the least change property for the special choice of oy, which enables us to give the
convergence analysis that will be done in the next section.

Numerically, the four sparse formulas are easy to compute. When the denominator is zero, we will not
update the corresponding row or column. However, none of them is the solution of (5), because they only
satisfy (3) or (4). Hence, we are interested in some sparse update that satisfies (3) and (4) simultaneously.

Our idea is to solve (5) via Lagrangian function. Denoting F = Byy1 — By, a = (F'(xk4+1) — Bk)Sk,
b= (F'(xk41) — Bx)T ok, s = s and o = oy, we rewrite (5) as follows,

min 12| F
EeRan
vi(
s.t. E E;;SV(s); = a,, (12)

ZEjiS%(U)j:bia for i=1,2,...,n,

where SV¢ and SVi are defined before. The Lagrangian function associated with (12) is given by
L(E,\\) HEHF Z A (ZE”SW — az) -3 )\i<ZEjiSVi (0); — bi>.
= j=1
Differentiation with respect to £;; shows that the multipliers A and X must satisfy the equation

OL(E,\,N)

(9Eij = Eij - )\iSw(S)j - 5\35‘71 (U)l =0 (13)

fori=1,2,...,nand j =1,2,...,n. Substituting (13) into the linear constraints of (12) yields

(NSYi(s); + A8V (0):)SY4 (5); = as,

NE

' (14)

(A;SYi ()i + XSV (0);)TSV (0); = by,

Mw

j=1

for i = 1,2,...,n. This is a linear system of A and A and can be written as

(2=
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where A; = diag[S"" (s)Ts,..., 5V (s)"s], Ay = (SVi(0)i8V4(8) ) nxn, Az = AT, Ay = diag[S¥' (o) 70, ...,
SV (0)Ta]. Therefore, to solve (5), we can first compute the solutions A and X of (15). Substituting them
into (13), we can get

E= zn:(xieisw(s)T + ]SV (o)el). (16)

Then Byi1 = By + E is obtained. Unfortunately, the coefficient matrix of (15) is rank deficient and its
rank is less than or equal to 2n — 1. To circumvent this difficulty, we solve a sparse linear least squares
problem at each step which differs from the symmetric case in [10,12]. In real computations, we solve
the least squares problem by the Bi-CG method (see [3,5]).

3 Convergence analysis

In this section, we give some convergence analysis of the sparse TR1 updates (11). For this purpose, we
consider the choice o, = (F'(2g+1) — Bi)sg. As in [4], the formula (2) reduces to the adjoint tangent

rank-one update

T(F - B
Buys = By + 77k ¢ (ﬁk“) 2 (17)
0 Ok

The formula (17) satisfies (4) and the following least change condition
akag

T
ey

| Brt1 — Bllr <

|B = Billr =B — Bkl r.
kll2

for any B satisfying o B = ol F/(x)+1). In this case, (11) satisfies the least change condition. Based on
the convergence analysis of least change secant methods presented by Dennis and Walker in [2], we can
get similar conclusions of our updating formula (11). The main difference is that to obtain By11 we make
use of the adjoint tangent condition instead of the secant condition. We firstly analyze the properties of
Bj4+1 and get the bounded deterioration inequality.

By41 is required to lie in the intersection of the two affine subspaces SP(F') and L(uy,01) = {M €
R™ "™ : MYo), = ug}, where uy, = F'(zp41) T ok. Denote A = SP(F') and £ = L(ug,0x). The new sparse
approximation By is the unique solution of

min ||B—Bk||p,
BeM(A,L)
as described in [2]. M(Ay, Az) is the set of elements of A; for which the distance to A in F-norm is
minimal for any affine subspaces A1, A2 C R™*"™. We also note that £ can be written as

T
ﬁ:{Pﬁ(ui}U’“>+M:MEN},

where N' = N(oy) = {M € R"*" : M%o};, = 0} is the subspace of annihilators of oj. Unless indicated
otherwise, the projection which maps onto a given affine subspace is denoted by “P”, with the subspace
or affine subspace indicated as a subscript. The projection orthogonal to this projection is indicated by
“pL7_ Similarly, one can write A = {By + M : M € S}, where the “normal” By € S*.

The following theorems can be proven like the corresponding theorems in [2]. So we pass most of the
proofs over. In Theorem 3.1, we list some properties of the elements of M (A, £) like Theorem 2.3 in [2].

Theorem 3.1. Given that vectors oy,uy, € R"™ with o # 0, an affine subspace A C R™ ™. Set
Prya,cyB = By for B € R"™™. Then M(A, L) is an affine subspace of R"*™ with parallel subspace
S NN in particular

ukog

k
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If G,.G € M(A, L), then PAJfG = P/{-[G‘, i.e., Gsi = Gsy. Furthermore, if G € M(A, L), then PsPyG =
PsP("s7F ) and, if B € R"™", then By = Pson B+ PsPbG. If G € M(A, L), then
i Ok

B+ = Ml|p < |[Psan(B = M)l|p + || Psrar (G — M| .

Proof.  According to the definitions of A and £, we can easily get the similar conclusions as in [2].

Based on Theorem 3.1, we give the convergence analysis of the method considered here in the case of
B, = F'(x.).
Theorem 3.2. Let F be differentiable in an open convex neighborhood ) of a point xz. € R"™ for
which F(z.) = 0, and F'(x.) be nonsingular, let v > 0, and p € (0,1], be such that, for xz € Q,
|F'(z) = F'(z:)||lr < Yllz—24]5, and let B, = F'(x.), so there exists an r. for which |[I— B F'(z.)|r <
r. < 1. Also assume that the choice rule x for F'(xy) oy has the property with A that there exists an
a > 0 such that for any x, x4 € Q and any F'(xx) oy € x(x,71), one has

1P&ns) (G = Bl r < atbla, )P

for ¥ GT € M(A, L), where ¢(z,z1) = max{||z — x.||2, |2+ — x«|l2}. Under these hypotheses, if
r € (r«,1), then there are positive constants €., 6, such that for xo € R™ and By € R™ "™ satisfying
2o — @42 < & and ||Bo — Bu||F < 6, any sequence {xy} defined by {xx41 = xx — By 'F(xr), By €
{Bi—1,(Bk—1)+}} satisfies |xx+1 — zx|2 < 7llxr — zs||2 for k =0,1,2,..., where (Br_1)+ is the least-
change adjoint secant update of By_1. Furthermore, | B; '||r and || By r are uniformly bounded.

We now address the superlinear convergence of the method. It is worth pointing out that Theorem 3.3
applies to any sequence {zj} generated by the method and not just a sequence started from a sufficiently
good xg and By as required by Theorem 3.2.

Theorem 3.3. Suppose that the hypotheses of Theorem 3.2 hold and that for some xo € R"™ and
By € R™ ",z is a sequence defined by

Tri1 = ok — By 'F(x),  uk € X(@k, ¥r41),  Bre1 = (Bi)+,

which converges q-linearly to x., where (By)y is the least-change adjoint tangent update of By. Set
ex =Tk — T for k=0,1,2,... Then

lim ew+ll2 _
m
koo [lex2

4 Framework of algorithm and numerical experiments

In this section, based on the sparse extensions of the two-sided rank-one updates, we give the framework
of the algorithm for solving nonlinear systems.

Algorithm 4.1. Step 1 Initialize the starting point z(, the approximate matrix By of the Jacobian
and set k = 0,e > 0; Compute the error err = || F(xo)||2;

Step 2 Test the stop criterion. If err < € is not satisfied, go to Step 3;

Step 3 Solve Bipr = —F(xx) to get si;

Step 4 Implement some line search strategies to get the step length ¢;

Step 5 Compute z11 = 2k + tgpr and the error err = || F(xg41)]|2;

Step 6 Obtain a new sparse approximation By of the Jacobian; Set k := k 4+ 1 and go to Step 2.

Different choices for By in Step 6 result in different algorithms. If By is generated by (2), (10),
(11) and (8), we call the corresponding algorithm by TR1, Alg.4.1a, Alg.4.1b, Alg.4.1d, respectively.
Alg.4.1¢ corresponds to the choice of Bii1 based on (15) and (16). As for the choice of oy, we choose
ok = (F'(xk4+1) — By)sk. Hence, the formula (9) is equal to (11).

In each experiment, we employ the following termination criterion:

17 (k)| < 1071
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Table 1 Results for Problem 1

2913

n method N1 Nm, m R
TR1 2.180596e + 001 4.658708e — 010 16 0.666894
Alg.4.1a 2.180596e + 001 3.769557e — 010 12 0.896857
30 Alg.4.1b 2.180596e + 001 4.977453e — 010 11 0.967415
Alg.4.1c 2.180596e + 001 7.107384e — 010 12 0.873905
Alg.4.1d 2.180596e + 001 4.853470e — 010 12 0.887710
TR1 6.150610e + 001 6.728408e — 010 16 0.685063
Alg.4.1a 6.150610e + 001 5.506191e — 010 11 1.004370
300 Alg.4.1b 6.150610e + 001 4.867070e — 010 11 1.009241
Alg.4.1c 6.150610e + 001 6.048830e — 010 12 0.917271
Alg.4.1d 6.150610e + 001 4.853156e — 010 12 0.925241
TR1 1.919844e + 002 6.784660e — 010 16 0.715734
Alg.4.1a 1.919844e + 002 5.506191e — 010 11 1.049310
3000 Alg.4.1b 1.919844e + 002 4.867070e — 010 11 1.054182
Alg.4.1c 1.919844e + 002 6.385849e — 010 12 0.956504
Alg.4.1d 1.919844e + 002 4.853156e — 010 12 0.966437

and the backtracking line search strategy to obtain the step length ¢;. As in [1,9], Broyden’s mean
convergence rate R = %logm(]]\\,ﬁl) is computed in each case, where m, N; and Ny, are the total num-
ber of function evaluations, the initial and final Euclidean norms of F'(x), respectively. The numerical
experiments are done by using Matlab v7.0 on Core(TM)2 PC with Windows-XP.

The testing problems are as follows:

Problem 1. Broyden tridiagonal function [1]:
Fi(x) = —(3+ az1)z1 + 2x2 — 5,
FZ(LC) = X1 — (3 + CV{,CZ‘){L‘Z‘ + 22541 — 6, i=2,3,....,n—1, (18)
F.(x)= zp—1 — (34 azy)x, — .

The parameters were chosen to be « = —0.5 and 3 = 1.

Problem 2. Trigonometric-exponential system [6]:

Fi(z) = 323 + 2x5 — 5 +sin(z1 — x2) sin(z; + 22),
Fi(z) = 327 + 2m41 — 5 + sin(z; — xiq1) sin(w; + 2i41) + da;

19
i=2,3...,n—1, (19)

—zi—rexp(a; — 1) —x; — 3,

F,(x)= 4z, — xp—1 exp(Tp—1 — Tn) — 3.

For each problem, we choose three values for the dimension: n = 30, 300, 3000. The initial points are
chosen to be —3 x ones(n, 1) and —2 X ones(n, 1), respectively. The initial Jacobian approximation By
can be computed by the automatic differentiation code AD in Matlab.

The numerical results show that the sparse TR1 updates become increasingly desirable as n increases.
The four sparse algorithms have better performance than the TR1 algorithm. Furthermore, Alg.4.1a and
Alg.4.1b are better than Alg.4.1c, although the sparse formula of Alg.4.1c is required to satisfy both of
(3) and (4). In Alg.4.1¢, we just choose an approximate solution to (5), because we have to solve the
sparse linear least squares problem derived from (15). Hence, it satisfies neither (3) nor (4) in practical
computations. The numerical results indicate that Alg.4.1d also has better performance than the TR1
algorithm, but is not better than the formulas (10) and (11).



2914

CHENG MingHou et al.

Sci China Math

November 2010 Vol. 53 No.11

Table 2 Results for Problem 2

n Method N1 Nm, m R
TR1 1.555635¢e + 001 7.589990e — 010 10 1.031167
Alg.4.1a 1.555635e + 001 1.016641e — 010 1.242749
30 Alg.4.1b 1.555635e + 001 1.718375e — 010 1.217421
Alg.4.1c 1.555635e + 001 5.666206e — 010 1.159846
Alg.4.1d 1.555635e + 001 6.128601e — 010 9 1.156061
TR1 3.635932e + 001 1.958495¢ — 010 11 1.024427
Alg.4.1a 3.635932e + 001 1.016641e — 010 1.283716
300 Alg.4.1b 3.635932e + 001 1.718375e — 010 1.258389
Alg.4.1c 3.635932e + 001 5.666206e — 010 1.200814
Alg.4.1d 3.635932e + 001 6.128601e — 010 9 1.197028
TR1 1.101000e + 002 5.316855e — 010 10 1.131613
Alg.4.1a 1.101000e + 002 1.016641e — 010 9 1.337180
3000 Alg.4.1b 1.101000e + 002 1.718375e — 010 9 1.311852
Alg.4.1c 1.101000e + 002 5.666206e — 010 9 1.254277
Alg.4.1d 1.101000e + 002 6.128601e — 010 9 1.250492

5 Conclusions and discussion

In this paper, we proposed four sparse quasi-Newton formulas of the TR1 update to solve sparse nonlinear
equations. We also give an implicit method based on (15) and (16) to obtain the sparse formula of the
TR1 update. For some special cases, we made the corresponding convergence analysis. The numerical
experiments show that the sparse TR1 updates are superior to the TR1 update when the problem
has sparse Jacobian. Hence, the sparse TR1 quasi-Newton updates are applicable to large-scale sparse
nonlinear equations, although the update based on (15) and (16) needs to solve the sparse linear equations
at each step.

At the end of this section, we give more discussion about the problem (5) from the other two different
viewpoints. The first one is that we just try to get a feasible solution of the constraints of (5), which
means to solve the following system,

B8k = F'(xg41) sk,
04 By1 = o) F'(2h41), (20)

Bk+1 € SP(FI).

We can rewrite (20) to a system of linear equations with respect to the nonzero elements of Byy1. The
size of the coefficient matrix is 2n x m where m is the number of nonzeros in By11. If m > 2n, its rank
is less than or equal to 2n — 1. We should solve the corresponding linear least squares problem at each
step.

The second one is to find such a good combination of the sparse formulas (10) and (11) that it can
satisfy both (3) and (4). If the combined formula is

+ ) d;

=1

(F'(xr11) — Bi)siSVi (1))
SVi(ay)sk

SVi(Sk)ok (F'(xg+1) — Br) 1

n
Byy1 = Bk + Z cieer _ e;e;
7 O'kTSV'i (gk) 70

=1

(21)

we should compute the coefficients ¢; and d; for i = 1,2,...,n such that (3) and (4) are satisfied. This
problem also equals to a linear system as (15), but the coefficient matrix is

$nbp SV (a) e 01015V (b)
D oTSVa(a) |7 TP | sTSA(b)

slblSV1 (CL)
oTSVi(a)

alalSvl (b)

A, = diag(a), Az:[ D STSVi(h)
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and
Ay = diag(b),

where a, b, s and o are defined in Section 2. The coefficient matrix is rank deficient, whose rank is less
than or equal to 2n — 1. Hence, we also need to solve a corresponding least squares problem at each step.

For the two methods, we also did some numerical experiments. But the performance is not better than
that of the updating method based on (15) and (16). Why are the three implicit methods not so good?
There are two possible reasons to explain this. The first one is that the solution of the corresponding
linear equations is not chosen to be more beneficial to decrease the value of ||F(x)||2. The second one is
that we do not know what kind of choice of o is better.

As for the choices of oy, we proposed two choices. The first choice is o, = F(z)41)— F(z1). Intuitively,
it means to update the rows of the quasi-Newton matrix whose corresponding element function values
are with large change. The second choice o, = F'(x11)sk is some approximation to the first one. But
the performance of the two choices are not satisfactory.

Acknowledgements This work is partly supported by National Natural Science Foundation of China (Grant
Nos. 10571171, 10831006) and Chinese Academy of Sciences Knowledge Innovation Grant (Grant No. kjex-yw-
s7-03). The authors cordially thank the referees for their careful reading and helpful comments.

References

1 Broyden C G. A class of methods for solving nonlinear simultaneous equations. Math Comp, 1965, 19: 577-593

2 Dennis Jr J E, Walker H F. Convergence theorems for least change secant update methods. SIAM J Numer Anal,
1981, 18: 949-987

3 Fletcher R. Conjugate gradient methods for indefinite systems. In: Watson G, ed. Proc Dundee Biennial Conf on
Numerical Analysis. New York: Springer, 1975

4  Griewank A, Walther A. On constrained optimization by adjoint based quasi-Newton methods. Optim Methods Softw,
2002, 17: 869-889

5 Lanczos C. Solution of systems of linear equations by minimized iteration. J Res Nat Bur Stand, 1952, 49: 33-53

6 Luksan L. Inexact trust region method for large sparse system of nonlinear equations. J Optim Theory Appl, 1994,
81: 569-590

7 Schlenkrich S, Griewank A, Walther A. Local convergence analysis of TR1 updates for solving nonlinear equations.
MATHEON, Preprint 337, 2006

8 Schlenkrich S, Walther A, Griewank A. AD-based quasi-Newton methods for the integration of stiff ODEs. Lect Notes
Comput Sci Eng, 50. New York: Springer, 2005, 89-98

9 Schubert L K. Modification of a quasi-Newton method for nonlinear equations with a sparse Jacobian. Math Comp,
1970, 24: 27-30

10 Toint Ph L. On sparse and symmetric matrix updating subject to a linear equation. Math Comp, 1997, 31: 954-961

11 Walter A. Improvement of incomplete factorizations by a sparse secant method. Konrad-Zuse-Zentrum Berlin, Preprint
SC 90-12, 1990

12 Yuan Y, Sun W. Optimization Theory and Methods. Beijing: Academic Press, 1995




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


