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SUMMARY

Z-eigenvalues of tensors, especially extreme ones, are quite useful and are related to many problems, such
as automatic control, quantum physics, and independent component analysis. For supersymmetric tensors,
calculating the smallest/largest Z-eigenvalue is equivalent to solving a global minimization/maximization
problem of a homogenous polynomial over the unit sphere. In this paper, we utilize the sequential subspace
projection method (SSPM) to find extreme Z-eigenvalues and the corresponding Z-eigenvectors. The main
idea of SSPM is to form a 2-dimensional subspace at the current point and then solve the original optimiza-
tion problem in the subspace. SSPM benefits from the fact that the 2-dimensional subproblem can be solved
by a direct method. Global convergence and linear convergence are established for supersymmetric tensors
under certain assumptions. Preliminary numerical results over several testing problems show that SSPM is
very promising. Besides, the globalization strategy of random phase can be easily incorporated into SSPM,
which promotes the ability to find extreme Z-eigenvalues. Copyright © 2014 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Eigenvalues and eigenvectors of supersymmetric tensors were introduced by Qi [1] and Lim [2],
independently. They form an important part in multilinear algebra and have found wide applica-
tions in magnetic resonance imaging [3], signal processing [4], quantum physics [5], independent
component analysis [6, 7], etc.

This paper focuses on calculating Z-eigenvalues and Z-eigenvectors. Their properties were
researched in [1, 2, 8, 9], and the number of E-eigenvalues of supersymmetric tensors was studied
in [1, 9, 10]. Refer to [4, 11, 12] for more details.

There are many applications of Z-eigenvalues, especially the largest and smallest ones. As
shown in [1], the largest magnitude Z-eigenvalue A and its Z-eigenvector x form the best rank one
approximation Ax"” of A. The best rank one approximation of a supersymmetric tensor has many
applications and has been studied in [13—17]. The smallest Z-eigenvalues have practical applica-
tions in determining positive definiteness of an even order supersymmetric tensor, which plays an
important role in the diffusion tensor imaging [3] and the stability study of nonlinear autonomous
system via Lyapunov’s direct method in automatic control [18].
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Consider an m-order n-dimensional real supersymmetric tensor A
A= (i) Qiyig € R, 11,00 im <1,

which defines an m degree homogenous polynomial

n

Ax™ = E: Aiyinsensim Xiy Xin " Xipy

i1yemsim=1
where X = (x1,x2,...,x,)T € R”. The n-dimensional column vector Ax” ! is defined as
n
(AXm_l)i = Z Aiin,.cimXiz *** Xipy
i20ensim=1

We say A is supersymmetric if its entries a;, . ;, are invariant under any permutation of their
indices iy, ..., iy [12]. Ais said to be diagonal if all entries are zero except the ones with i} = i, =

- = ip,. All tensors, considered in this paper, are supersymmetric. A is called positive definite
(positive semidefinite) if Ax™ > (=)0, for all x € R"\{0}.

For a tensor A, A € R is called a Z-eigenvalue of A [1], if there exists a vector x € R” satisfying

Ax™ = L x, (L
x'x = 1, '

and x is called a Z-eigenvector of .4 associated with the Z-eigenvalue A.

By the variational principle, any vector x satisfying (1.1) is a critical point of the polynomial
optimization problem

max Ax™

st xI'x= 1,

with A being the corresponding multiplier.

From the geometrical point of view, a Z-eigenvalue of a tensor has similar properties with an
eigenvalue of a matrix. For a symmetric positive definite matrix A, its largest eigenvalue is exactly
the reciprocal of the square of shortest axis’s length of the ellipsoid {x € R” : x Ax = 1}. In the

tensor case, the distance from the origin to the set £2 = {x € R” | Ax" = 1} is (%) ", where
max

Amax 18 the largest Z-eigenvalue of A.

Recently, some algorithms have been developed for calculating extreme Z-eigenvalues. Qi et al.
[12] presented a direct method for the cases that » = 2 and m = n = 3. The power method
was considered in [13] for computing the rank one approximation of higher-order tensors. The
shifted power method [19] was guaranteed to converge to a tensor eigenpair. Han [20] proposed
an unconstrained optimization approach for finding real eigenvalues of even order supersymmetric
tensors. Nie et al. [17] studied semidefinite relaxations for the best rank one tensor approximation.

The purpose of this paper is to utilize the SSPM to calculate Z-eigenvalues of supersymmetric
tensors. The framework of SSPM was firstly proposed by Dai [21] to develop algorithms for pro-
jection on an ellipsoid. The basic idea of SSPM is to, at each iteration, first construct a subspace
by using the information at the current iteration and possibly the previous iterations and then solve
the original problem in the subspace, which is an easy subproblem. The novel SSPM is employed
to construct algorithms for linear eigenvalue problem [22]. In the tensor case, although the original
problem ( 1.1) is difficult, the subproblem restricted to a 2-dimensional subspace is a 2-dimensional
Z-eigenvalue problem, which can be solved by a direct method [12]. Hence, SSPM is a good choice
for computing extreme Z-eigenvalues of supersymmetric tensors.

The rest of this paper is organized as follows. In the next section, we describe the framework of
SSPM. The algorithm and its one variant with a random phase technique are presented in Section 3.
Global convergence and linear convergence results are established in Section 4. In Section 5, we
provide some numerical results for the proposed algorithms. Conclusions and discussions are drawn
in the last section.
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2. SEQUENTIAL SUBSPACE PROJECTION METHOD

We shall describe the principle of SSPM in Subsection 2.1. Meanwhile, we address how to solve
the subproblem in SSPM there. The geometrical explanations of Z-eigenvalues and SSPM are
illuminated in Subsection 2.2.

2.1. Description of SSPM

Consider an n-dimensional supersymmetric tensor A with order m. The Z-eigenvalue A and
Z-eigenvector x of A satisfy (1.1). The problem of getting the largest Z-eigenvalue and its related
Z-eigenvector is equivalent to solving the following global optimization problem:

max Ax" 55

st. xI'x =1. (2-2)

It is worth mentioning that the problem of finding the smallest Z-eigenvalue and the associated
Z-eigenvector can be transformed into a global minimization problem.

The main idea of SSPM is that, at each iteration, a 2-dimensional subspace is constructed by some
information of the current point, and a 2-dimensional subproblem can be derived by projecting the
problem (2.2) on the subspace. SSPM benefits from the fact that the 2-dimensional subproblem can
be solved by a direct method [12].

In details, at the k-th iteration, if x; is not a Z-eigenvector of A, we project the problem (2.2) on
the 2-dimensional subspace

Sk = span{xg, Ax}' '}

Define the basis of Sy as Hy = (px.qx) € R"*2, where
——, e =AT - A Xeo  Qk = Tk
|1Xk |2 X7 Xy A

Xk

Pk =

It is easy to see that H kT Hy = I, where I, is the 2-by-2 identity matrix, and that the subspace
Sk = {Hil :1 € R2}. In this way, the 2-dimensional subproblem can be derived as

max Ax™
st xI'x =1, 2.3)
xe S ={Hl:1=(1,)T e R?).

Rewrite the object function as

m
AX" = A(H )" = (r;l)Ale_j QI = A (2.4)
ji=0
where ('7) = J,(mm—ij),, and the constraints as

xX'x=1"H H1=1"1= 1.
The subproblem (2.3) can be rewritten as

max Agl"

s.t. 171 = 1. (2.5)

Notice that A has 2™ entries, which are determined by the following rule: if the number of 2 in
i1,i2,...,i, 1s j, then

(Ak)il,iz,...,im = Ap;cn_quv ] = 0, NN (R (26)

The solution to (2.5), (i, ;1), can be obtained directly by Theorem 2.1, and then we set x; 4 =
Hil =11 px + 2 qx and Agyy = A

The following theorem [12] provides a direct way to find the Z-eigenvalue of 2-dimensional
supersymmetric tensors. It is used to calculate the largest or smallest Z-eigenvalue of 4y in SSPM.

Copyright © 2014 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2015; 22:283-298
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Theorem 2.1
([12]) Consider an m-order 2-dimensional supersymmetric tensor 7 with «; = &, ;... i, for 0 <
J <m,whereiy = -+ =iy j = Lip_jy1 = - =iy = 2. lMay := 11,12 = 0, then

A = ap = t1,...1 is the Z-eigenvalue of 7, and the associated Z-eigenvector is x = (I, 0)T. The
other Z-eigenvalues and Z-eigenvectors can be obtained by the following 1-dimensional equation of
a:

m—1 m—1
Z( ; )[a,a’"—f—l—a,-+1am—f]=o. 2.7)
j=0

More exactly, substituting a into the expressions below, the other Z-eigenvalues and Z-eigenvectors
can be obtained by

a
-xl = T
V1+a?
1
X2 = +

TTra @3)

2.2. A geometrical view of sequential subspace projection method

In this subsection, we shall understand SSPM for even order positive symmetric tensors from the
geometrical view of Z-eigenvalues. Letting y = ﬁi’ (1.1) can be transformed into

iy =
Ay™ =

The problem (2.2) for the largest Z-eigenvalue can be transformed into the following optimization
problem:

’ (2.9)

>

min (y7y)"
s.t. Ay™ = 1.

The coming theorem in [8] describes the geometrical properties of Z-eigenvalues and Z-
eigenvectors, which supply the geometrical perspective of the newly proposed SSPM.
A general algebraic hypersurface can be represented by

2 ={xeR"| AX" =},

where X = (x1,...,x,)7, AX" € R[x1...., x,] is a homogeneous polynomial of degree m with n
variables, and ¢ € R is a real constant.

Theorem 2.2
([8]) We have the following conclusions on Z-eigenvalues and Z-eigenvectors of A, 2:

(a) Z-eigenvalue and Z-eigenvector of .4 and €2 exist;

(b) When m is even, the supersymmetric tensor .4 is positive definite (positive semidefinite) if and
only if all the eigenvalues are positive (nonnegative);

(c) Assume that ¢ > 0. Let the largest eigenvalue be denoted as Apax. If Apax < 0, then 2 is
empty. Otherwise, €2 is not empty, and the distance from €2 to the origin is

1

c m
Omin = s
Amax

and this distance occurs at the point y = o,nX, where X is an eigenvector associated with Apax;

Copyright © 2014 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2015; 22:283-298
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(d) Assume that ¢ > 0. Denote the smallest eigenvalue as Ap,. If A is positive definite, then the
largest distance from 2 to the origin is

1
C m
Omax = s
Amin

and this distance occurs at the point y = 0,xX, Where X is an eigenvector associated with A pin;
(e) Assume that ¢ > 0. The algebraic hypersurface §2 surrounds a bounded region if and only if
m is even and all the eigenvalues are positive; namely, 4 is positive definite.

Consider the case (c) with A, > 0, the problem of finding the largest Z-eigenvalue is equivalent
to finding the distance dp from €2 to the origin. The idea of SSPM is to construct a sequence of 2-
dimensional subspace Sj such that the distance from Sy to the origin is monotonically decreasing
to dp.

3. THE SEQUENTIAL SUBSPACE PROJECTION ALGORITHM

We first describe the sequential subspace projection algorithm in Subsection 3.1. Then a random
phase technique is incorporated into SSPM to make the iterates escape from local minimizers /max-
imizers in Subsection 3.2.

3.1. The sequential subspace projection algorithm

At each iteration, a 2-dimensional subspace Sy is spanned by x; and AXZ’_I. The subproblem
is derived by projecting (2.2) on Si and solved by Theorem 2.1. The initial point is generated

randomly. We stop the algorithm when Ax/"~! is parallel to X, that is (AX? )Tx = ||x¢] -
||.AXZ1_1 ||. In this paper, we use || - || to denote || - ||». The stopping criterion is set to be
Axy!
" — 1| <, (3.10)
[l - NlAx |

where € = 0 is a tolerance parameter.

Algorithm 3.1
Given an initial point Xg, Xo =

’:‘g”,e >0.Setk =0.

I

Step 1. Let pr = Xg, 2, = Axf_1 — %Xk, qr = ”;ﬁ Compute Ay by (2.4).

Step 2. Solve the m-degree equation (2.7) and obtain the largest eigenvalue A and the associated
eigenvector I with A by 2.8). ~

Step 3. Calculate X1 = 1 P + 2 Q> Akr1 = A.

Step 4. If (3.10) with k replaced by k& + 1 holds, stop and output (Ag41,Xg+1); otherwise, let
k =k + 1 and go to Step 1.

Some remarks about Algorithm 3.1 are given in the following.

Remark 1
The aforementioned algorithm can also be employed to find the smallest Z-eigenvalue and the
corresponding Z-eigenvector, if the smallest Z-eigenvalue of Ay is computed in Step 2.

Remark 2

The main storage cost of Algorithm 3.1 is n™ for the tensor .A. The main computational cost lies
in the tensor-vector multiplications Ax™~! and Ay, in Step 1. For an m-order n-dimensional super-
symmetric tensor A, it costs O(mn™) operations to compute Ax™~!. Then the value of .AXx™ can be
obtained by multiplying the vectors Ax™~! and x, which takes only 21 — 1 operations. Computing
Ay is more expensive, which requires O(m?n™) operations. Compared with SSPM, the power
method requires mainly to compute Ax™~!. Our numerical experiments with m = 4 in Section 5

Copyright © 2014 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2015; 22:283-298
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show that the computational cost of SSPM per iteration is about three to four times of the power
method.

Remark 3

Up to now, SSPM is designed to handle fully populated supersymmetric tensors, the size of which
is n™. Hence, we can only solve the problems with n < 100 in a personal computer for the sake of
storage. In the case of large mode size n, it is a good future work to consider how to make SSPM
work well with the idea of the multigrid accelerated alternating least squares type algorithm [23].

3.2. Sequential subspace projection method with random phase

In our numerical experiments, we find that (3.1) may stick in some local minimizers/maximizers.
In this subsection, SSPM with random phase (SSPMr) is proposed by introducing a random phase
in order to escape from local minimizers/maximizers. In details, after some criterion is satisfied, we
switch to construct the subspace by Sy = span{xy, u}, where u is a unit vector generated randomly,
instead of S = span{xg, AX;C"’I} in SSPM. Moreover, an upper bound is set for the total number
of switching to the random phase.

Algorithm 3.2 )
Prefix an initial point Xg, Xg = ”22”, €>0,andsetk =0, A, = AXZ’, u= Ax;c"_l, F=1-
flagmax =20, flag = 0.

Ak

flull>

Step 1. Let pr = Xk, zx = u— (ul xp)xx, qx = ";ﬁ Compute Ay by (2.4).
Step 2. Solve the m-degree equation (2.7) and obtain the largest eigenvalue A and the associated
eigenvector 1 with A by (2.8). B
Step 3. Calculate xx+1 = I1 P + L2 Qx> Ak+1 = A.
Step 4. Compute u = AxP'/|, F = 1 — %
If F >e,
if flag =0, Xk = Xk+1, Ak = Ag+1s
elseif Agpq — A = 107°, flag = 0, X = Xp1, Ak = Aks1s
else flag = flag + 1,u=rand(n,1), ﬁ
k=k+1,gotostep 1,
else
if flag =0,set flag =1,u=rand(n,1)andu = ﬁ
elseif 0 < flag < flagmax
ifkk+1 - /Xk = 10_6, flag = 0, Xk = Xk+1> /\k = Ak+1.
else flag = flag+ l,u=rand(n,1),u= m
k=k+1,gotostep 1.
else stop and output (Ag41,Xk+1)-

4. CONVERGENCE ANALYSIS

In this section, we show the global convergence of Algorithm 3.1 and the linear convergence of the
objective values {.Axy } under some assumptions.

Noticing that at each iteration, the current point Xx; belongs to the subspace S =
span{xg, Ax’k"_l}, we have f(Xgy1) = maxses, f(s) = f(Xx); namely, Algorithm 3.1 is monotone
increasing. For convenience, rewrite (2.2) as

max X
S &) .11
s.t. c(x) =0,

where

1 m 1 T

f(x) = —AX" and c(x) =< (x'x—1).

m 2

Copyright © 2014 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2015; 22:283-298
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The Lagrangian function is
L(x,A) = f(x) — Ac(x),
and its gradient and Hessian are
ViL(x, 1) = Vf(x) —Ax and VuL(x,1) = V2 f(x) — Al,.

We use VL(x, ) and VZL(x, A) to represent Vi L(x,A) and Vi, L(x, 1) unless specifically stated.
Noting that at the KKT point (x*,1*), it holds VL(x* A*) = 0. Therefore, VL(x*, 1*)Tx
= Vfx*)Tx* — 1* = 0; namely, A* = V f(x*)Tx*. At the k-th iteration, we define Ay =
Vf(Xk)TXk and

z =V (%) — (V) %) Xk = V f(xX) — X (4.12)
It is easy to see that zz; = 0 if and only if VL(x¢,Ar) = 0. For the problem (4.11), we have

V f(x) = Ax"™~!. By definition, if z; = 0, x is a Z-eigenvector and A; = X,T;AX;(”_I = Ax}! is
the corresponding Z-eigenvalue.

Assumption 4.1
V f(x) is bounded and Lipschitz continuous on the unit sphere; namely, there exist positive constants
L and M such that

IVl < M, Vx'x=I;
IV/®) = VI < Llix=yl, Vx'x=y"y=1
These assumptions are trivial for polynomials. The global convergence of Algorithm 3.1 is

established in the following lemma.

Lemma 4.2
Consider the problem (4.11). Under Assumption 4.1, for the sequence {x;} generated by Algo-
rithm 3.1, there exist positive constants c; and c; such that

f(k41) = f(x) = minfer. coflzic |}, (4.13)
where ¢; = %(M + L), cp = }T(M + L)~!. Furthermore,
lz*|| := lim |zg| = 0. (4.14)
k—o00

That is to say, {Xi} converges to the Karush-Kuhn-Tucker (KKT) point of the problem (4.11)
globally.

Proof
Noting that z; lies in the subspace span{xy, AXZ’_I} and zzxk = 0, every feasible point of the
problem (2.3) can be expressed by

1 1
Xk(O() = QZpm-~/ 1 —Olz”Zk”sz, —m <Sa< m
It follows that
o|z |1
1 — o2z

We shall study the gap between f(xx () and f(xg):

Fxu(@) — f(x) = [0 V £ ()T, (0) d

X (@) =z F

- /0 V£ 50T [X,(0) — X ()] dt + ¥ £ (x.(0))Tx, (0)

(4.15)
+ [0 - VSO % O
=Ti + oz |* + T,
Copyright © 2014 John Wiley & Sons, Ltd. Numer: Linear Algebra Appl. 2015; 22:283-298
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where the third equality is due to the definitions of V f(xx(0)) and x; (0). Next, we estimate the

term 77 fora € [0, @], & = zliéill'

T, = /0 V £ 0 (0)T X, (1) — %, (0)] dr

>_ /0 IV £ (D] - I (6) = X3, ) dit w6

o t
>—M||zk||2/ S
0o VI-2lul?
>~ Mo |z
1

1 <
~ ~
] N 1=12 |12 V1-a2 |z |12
term 75, by Assumption 4.1, we can derive

where the last inequality follows from = 2fort < o < &. For the third

T = /0 (V£ () — V£ (xx (0) T, (0) it
> el /O IV £ (i (0)) — V£ (xe (0)) | it

>~ Ll /0 () — % (0)]]

4.17)
o
— Llael [ ez + (29Tl ~ 1) xel dr
OCU
——Llal [ V22T Pl
0
> — Loz |?
where the last equality can be derived by xgzk = 0, ||xx]| = 1, and the last inequality is due to

V2 £2/T= Pz <21z fort <o <@
It follows from (4.15), (4.16), and (4.17) that
JGepr) = fOx) = max  (f(xx (@) = f(xx))
a2<1/ ||z |12
= max (f(Xk(a)) — f(xk))
0<a<a
> max (~Ma?|z | — La® |z |> + af|z||?)
O<a<a
> max (—Mo? — La? + )|z %
O<a<a
Denote & = m as the maximizer of the quadratic function above. If @ < &2, that is ||zg | >
V3(M + L), the maximum will be achieved at @:

fOrs) = fx) = (~M@® — L&* + @)z |)?

V3

= T”Zk” (4.18)
3

> (M +1)

Otherwise, if ||z || < v/3(M + L), we can obtain

fk41) = f(xx) = (=M &> — L&? + @) ||z |1*
N (4.19)
Tam )

Copyright © 2014 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2015; 22:283-298
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If the sequence {z;} is infinite, the ascent can not be greater than a constant because f(x) must be
bounded on the unit sphere. This means that the relation (4.18) will not occur but the relation (4.19)
holds for sufficiently large k. Thus, there exists an integer Ny such that for all kK = N,

k
S &r1) = FOxN) = D (f(Rkn) = f (i)

i=No
1 k
> )zl
4(M + L) _ZN:O

As f(x) must be bounded on the unit sphere, limg o [|Zx || = 0; namely, the sequence is globally
convergent. O

In order to obtain the linear convergence, we make the following assumption.

Assumption 4.3

Assume that the sequence {x;} tends to a point x* and that the second order sufficient condition
for x* being a strict local maximizer of (4.11) is satisfied; namely, the corresponding Lagrangian
multiplier A* and Lagrangian function L(x*, A*) satisfy

w! VZL(x*, A*)w < 0, Vw € Ve(x*)T N {w: c(w) = 0. (4.20)

Lemma 4.4
Suppose Assumptions 4.1 and 4.3 hold for the problem (4.11). The sequence {x;} generated by
Algorithm 3.1 satisfies

lim Iz« |2
k—oo f(x*) — f(xk)
where /1,1 > 0 is the smallest eigenvalue of the matrix —UT V2L (x*, A*)U, U € R~ is the
orthogonal complement matrix of V¢ (x*).

> 2Un—1, 4.21)

Proof
First, we deduce the fact that f(x*)— f(xx) > 0. By c(x¢) = ¢(x*) = 0and VL(x*,A*) = z* =0,

J&F) = f(xe) = L(x*, A%) = L(xkc. Ak)

1 (4.22)
= —5 (%~ x*)T V2L 1) (xk — x*) + o([[xe — x*|1?).
For the problem (4.11), x,{xk = x*Tx* = 1, thus
1
—(xx —x)Ix* = 1-xIx* = E(Xk —x T (xp —x%), (4.23)
which means that if we project x; — x* on the orthogonal space of x*,
We =Xk — X" — ((x¢ — X*)TX*) x* = xp —x* + O(||xx — x*||?). (4.24)
It follows from the second order sufficient condition (4.20) that
1
= 5k =x)TVILE, A7) (g = X7)
1
= =5 Wk + O(lIx —x*[P)NT VL, A*) (Wi 4+ O(xe — x*[*))
1
= =Wk VALK A we + o(lxi —x71%)
> 0,
which with (4.22) shows f(x*) — f(xx) > 0.
Copyright © 2014 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2015; 22:283-298
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Second, the approximation of z; is required. It follows from z* = 0 in (4.14) that
2y =2 —2°
=V f(xg) — Aexp — V f(x*) + A*x*
= V2 f(x)(xx —x*) = 1* (¢ —x*) — (A — A)xx + O(|lxx — x*||?)
= VZL(X*, ") (x¢ —x*) — (A — A)xx 4+ O(|lxx —x*|1?),

(4.25)

where the last equality follows from the definition V2L (x*, A*) = V2 f(x*) — A*I,,. Consider the
term Ay — A*, by the Taylor expansion,
e —A* =V fx) x — V(x5
* T * *
= (V/(x) = V(X)) % + V()T (g —x7)
= (xx —x)TV2 F(*)xp + O(xi —x*[1%) + 1% (% — x*)
= O(xe —x*[1?),

(4.26)

where the third equality is obtained by z* = V f(x*) —A*x* = 0, and the last equality follows from
(xk —x)TV2 f(x*)x < M(xp — x*)Tx, (¢ — x*)Tx = 1Ix¢ — x*||? and (4.23). It follows
from (4.24), (4.25), and (4.26),
lz& || = IV2L(", A*) (xk — x*) + O(llxx —x*[1*)]?
= [IVZL(*, ) (= x)[” + o(lIxg —x*||?) (4.27)
= [IVZL" AW + o(llxe —x*]1?).

Let U € R =1 be the orthogonal complement of the vector V¢ (x*). For any w defined in (4.24),
there exists v € R”~! such that w = U'v. It follows from (4.22) and (4.27) that

1z« |12 _ IV2L(x*, %) (x —x5)|1?
fO&*) = fx) =3 —x9)TVZL(X*, A*) (X — X*)
[V2L(x*, A*)w|
—IwTV2L(x*, A*)w

2 VEL(, AU
 —vIUTV2L(x*, A*)Uv

_ 2[UIVEL(x*, AM)U V|

— VTUTV2L(x*, A*)Uv

- 2JUTV2L(x*, A*)Uv|?

T VTUTV2L(x*, A*)Uv

= 2n—1,

where the fourth equality is derived from || B|> = +/|[BT B|| = 1 and the first inequality follows
from the matrix compatibility. For the last inequality, suppose the Cholesky decomposition of the

positive definite matrix —U T V2L (x*, A*)U is LT L. Denoting y = Lx, we can obtain XXTP Pf; X =
Tp
nyyy Z Mn-1- |

Theorem 4.5
If Assumptions 4.1 and 4.3 hold for the problem (4.11), the sequence {Ax}", x } generated by Algo-
rithm 3.1 convergent to (A*, x*) globally, where (1*, x*) is some Z-eigenpair of .A. Furthermore,

{f(xr)} converges to f(x*) linearly.

Proof
It follows from Assumption 4.3 that {x;} is convergent to x*. We showed that z* = A(x*)""1 —
A*x* = 0in Lemma 4.2. Thus, (1*, x*) is some Z-eigenpair of A.
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Further, it follows from (4.13) and (4.21) that

S&) = f[(Xk41) S Xp1) — f ()

lim =1— lim
koo f(x*) — f(xx) koo f(X*) — f(xk)
) I 1 &
T 4M 4 L) koo f(X*) — f(Xk) (4.28)
<1-— Hn—1
2M + 2L
< 1.
This completes the proof. O

The aforementioned theorem is established under Assumption 4.3. If {x; } is an infinite sequence,
there must be some convergent subsequence {Xg, }, say {Xt,} — X* for some point x* on the unit
sphere. Therefore, the point x* can also been proved to be a Z-eigenvector.

5. NUMERICAL RESULTS

In this section, we report some numerical results of the proposed SSPM and compare SSPM with the
power method (PM). Our code was implemented in MATLAB (R2013a). All the experiments were
preformed on a Dell desktop with Intel dual core E6750 CPU at 2.66 GHz and 2 GB of memory
running Windows 7. The initial point Xq is generated randomly, and the parameter ¢ in the stopping
criterion is set to be 10710,

The solution to each testing problem is known in advance, and hence, we can tell whether SSPM
and PM find the right solution or not. Moreover, we focus on 4-order tensors in the numerical
experiments for convenience. In this case, Step 2 of Algorithm 3.1 involves the quartic equation

arat — (oo — 3042)413 —3(ay — a3)a2 — Baz —ag)a—az =0,
where

0o = Ap,‘t, o] = APiQk, 0y = Aplchi’ o3 = Apkq/i, 04 = Aq,‘ﬁ.

5.1. Testing diagonal tensors

The following proposition [1] gives all the Z-eigenvalues and the related Z-eigenvectors of diagonal
tensors. Based on this proposition, we can choose diagonal tensors as testing problems.

Proposition 5.1
([11) Suppose A is a diagonal tensor with diagonal elements {a1,az,...,an}. Let

Ji={i a; <0} Jo=1{i : a; >0}.

If at least one of Jq and J> has more than one element, then A has more than n Z-eigenvalues. In
this case, besides the n Z-eigenvalues, which are the diagonal elements of A, for each J; C Ji with
|Jk| =2,k =1,2,

=0 ()

i€k
is a Z-eigenvalue of A, with a Z-eigenvector x defined by

1
—2 . —-
_ (i)m , for i e Ji;
X =

0, otherwise.

Copyright © 2014 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2015; 22:283-298
DOI: 10.1002/nla



294 C.L.HAO, C.E. CUI AND Y. H. DAI

Table I. Compare SSPM with PM for Example 5.1

PM SSPM SSPM

n iter CPU A iter CPU Amax  iter CPU Amin

10 3 0.0012 100 3 0.0052 100 8 0.0132  3.4142

20 5 0.0203 200 4 0.0581 200 7 0.0983  2.7795
30 5 0.0930 300 4 0.2602 300 9 0.5677 2.5031
40 5 02705 400 4 0.8290 400 10 2.0087 2.3372
50 5 07583 500 4 2.5156 500 8 4.8226 2.2226
60 5 21273 600 4 6.5730 600 10 15.2800 2.1368
70 6 52405 700 5 17.0260 700 8 262312 2.0692
80 5 7.8705 800 4 235201 800 11 624543 2.0139

PM = power method; SSPM = sequential subspace projection method.

Proposition 5.2

Consider a 4-order diagonal tensor A, a; > 0,i = 1,2,...,n. Suppose thata; = a, = --- = a, >
0. Then the largest Z-eigenvalue A,.,x = a1, and the smallest Z-eigenvalue A, = ,1;1

i=1 @i
Example 5.1
Consider the diagonal tensor A with diagonal elements A;;;; = 10i,i = 1,2,...,nforn =
10,20, --- , 80.

We record the numerical results in Table I, where ‘iter’ is the iteration number, ‘CPU’ is the
CPU time (in seconds), ‘A’ is the Z-eigenvalue returned by PM, and ‘A’ (‘Amin’) is the largest
(smallest) Z-eigenvalue returned by SSPM. For the sake of fairness, the three algorithms share the
same initial point. From Table I, it can be seen that SSPM requires fewer iterations, but a little more
CPU time. Noting that SSPM looks for an optimal solution in a 2-dimensional subspace while PM
does in a 1-dimensional subspace, it is reasonable that SSPM is likely to require fewer iterations
than PM. From the computational complexity analysis in Section 3.1, SSPM needs two tensor-vector
multiplications while PM only needs one, so SSPM needs more computation per iteration. In this
experiment, the iteration numbers required by PM and SSPM are very close, which can interpret
why SSPM takes more total CPU time than PM.

5.2. A numerical example that favors sequential subspace projection method

In this subsection, we test a kind of tensor from [17], which shows that SSPM might perform much
better than PM.

Example 5.2
[17] Consider 4-order n-dimensional supersymmetric tensors with the elements

Ail,...,i4 = arctan ((—l)il l—l) + ... + arctan ((_1)i4 l_4) )
n n

For this example, the largest magnitude Z-eigenvalue is the smallest one. Hence, PM returns the
smallest Z-eigenvalue, and SSPM is called to calculate the smallest Z-eigenvalue. The results are
reported in the following Table II. We can see that SSPM performs much better than PM in both
iterations and CPU time. Specifically, SSPM can terminate in 10 iterations, while PM takes far more.
Thus, SSPM uses less CPU time than PM in this test, although it takes more CPU time per iteration.

Before we proceed, several remarks are in order.

Remark 4
We can also use the Matlab build-in solver GloptiPoly3 to solve the subproblem (2.5). To compare
GloptiPoly3 with the direct method, we test Example 5.1 for n = 10, 20, - - , 80. The two methods

Copyright © 2014 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2015; 22:283-298
DOI: 10.1002/nla



SSPM FOR EXTREME Z-EIGENVALUES OF SUPERSYMMETRIC TENSORS 295

Table II. Compare the quality SSPM and PM for Example 5.2.

PM SSPM

n iter CPU A iter CPU Amin

5 23 0.0016 -2.357e+01 6 0.0028 -2.357e+01
15 97 0.0897 -1.650e+02 6 0.0281 -1.650e+02
25 160 0.8646 -4.353e+02 7 0.1847 -4.353e+02
35 218 4.1928 -8.342¢+02 8 0.7868 -8.342e+02
45 285 15.2155 -1.361e+03 7 2.1085 -1.361e+03
55 348 53.6189 -2.018e+03 8 6.9728 -2.018e+03
65 421 171.6298 -2.803e+03 7 14.4386 -2.803e+03
75 503 411.9391 -3.716e+03 5 19.4202 -3.716e+03
85 544 739.4757 -4.758e+03 7 49.7785 -4.758e+03
95 608 1315.2707 -5.929¢+03 7 70.3252 -5.929¢+03

PM = power method; SSPM = sequential subspace projection method.

provide the same solution to the subproblem (2.5) and lead to the same sequence of iterates {X},
but the CPU time is slightly different. We report the CPU time (in seconds) in Table III.

Table III. Compare direct method with GloptiPoly3 for the subproblem (2.5).

n 10 20 30 40 50 60 70 80

Root 0.005 0.058 0.260 0.829 2.517 6.573 17.026 23.520
Glo3 0.449 0506 0.716 1303 2.877 6.832 17.153 24.309

PM = power method; SSPM = sequential subspace projection method.

Remark 5

SSPM can also be applied to supersymmetric tensors with general m, although we test m = 4 in
the experiments. By the direct method [12], the subproblem (2.5) leads to an m degree equation
(2.7), which can be solved by Wu method [24]. Besides, GloptiPoly3 is also a choice to solve the
subproblem directly.

Remark 6
PM outputs the largest magnitude Z-eigenvalue, but SSPM can find both the smallest one and the
largest one. For example,

A = diag{—8,~7,—6,—5,1,2,3,4}.

PM outputs —8. SSPM can find both —8 and 4. However, SSPM applies only to supersymmetric
tensors while PM can also work for unsymmetric ones.

5.3. Efficiency of the global strategy of the random phase

To improve the performance of SSPM in finding extreme Z-eigenvalues, the globalization
strategy of random phase is introduced in Algorithm 3.2 once the iterates get trapped in local
minimizers/maximizers.

Let A be an m-th order n-dimensional supersymmetric tensor and P = (p; ;) be an n x n real
matrix. Define B = P™ A as another m-th order n-dimensional tensor with entries [12],

n
Ditsinsim = D Pirsji Pizsia " Pimrim @it jaesim
J15025em=1

Then B is also a supersymmetric tensor. If P is an orthogonal matrix, we say that A and B are
orthogonally similar [12]. If A and B are orthogonally similar, .4 and B share the same Z-eigenvalues
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Table IV. Compare SSPM, SSPMr with PM for Example 5.3.

n = > < PMopt SSPMopt = > < PMopt SSPMropt
6 93 0 7 41 45 41 0 59 41 100
8 8 1 16 42 49 43 0 57 42 99
10 8 0 14 50 61 50 0 50 50 98
12 94 0 6 65 69 65 0 35 65 100

PM = power method; SSPM = sequential subspace projection method;
SSPMr = SSPM with random phase.

and related Z-eigenvectors [12]. Tensors that are orthogonally similar to diagonal ones are tested to
illustrate the efficiency of this globalization strategy.

Example 5.3
Let A, B be 4-order n-dimensional diagonal tensors, with B = P™A and A;;;; = i,i =
1,2,...,n,

P = (I —2wiwh)(I —2wowl)(I —2wsw]),

where w;, wp, and w3 are unit vectors generated randomly. The task is to find the largest
Z-eigenvalue of B.

We test Example 5.3 with different n. Each test is conducted 100 times with different initial points.
The left half of Table IV compares PM with SSPM, and the right half with SSPMr. In this table,
= (>, <) stands for the number of the cases that PM finds the same (better, worse) Z-eigenvalue,
and PM,p; (SSPM,p, SSPMrp,) represents the number of cases that PM (SSPM, SSPMr) finds the
optimal solution.

From Table IV, it can be seen that both SSPM and SSPMr perform better than PM in that they
can find the optimal solutions with higher probability. If all the three algorithms fail to return the
largest Z-eigenvalue, SSPM and SSPMr always return a larger one than PM. Obviously, SSPMr has
a higher successful rate than SSPM. Hence, the globalization strategy of the random phase does
work.

5.4. Determining positive definiteness of tensors

The smallest Z-eigenvalue is useful for checking whether a supersymmetric tensor is positive defi-
nite or not [12]. In Algorithm 3.1, once some A < 0 in some subspace is detected, we can stop the
algorithm and claim that the tensor is not positive definite.

The original problem and the subproblem are

A™M =min Ax"

st xI'x =1

and
)L;C“i“ =min A"
st. 171 =1,

respectively. It is easy to see that A™" < A]‘?i“. Therefore, if there exists a A‘}‘i“ < 0 for some j, we

can have A™" < 0 and claim that A is not positive definite.
We utilize Algorithm 3.1 to compute the smallest Z-eigenvalue of the diagonal tensor

A = diag{—0.002,—-0.001,1,2,3,4,6,7,8,8.001}

with 50 different random initial points. In our experiments, Algorithm 3.1 takes two iterations for
41 times, one iteration for six times, three iterations twice and four iterations once to detect the
phenomenon that A7. < 0. Moreover, similar results have been obtained for the tensors that are
orthogonally similar to A.
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6. CONCLUSIONS AND DISCUSSIONS

A new algorithm, SSPM, for finding extreme Z-eigenvalues of supersymmetric tensors is proposed.
It was motivated by SSPM in [21] and the direct method for Z-eigenvalue of tensor with n = 2
in [12]. Besides, we present SSPMr in which a random phase is incorporated so that the algorithm
can escape from the local minimizers/maximizers with a high probability. Theoretically, the global
convergence and local linear convergence have been established under some mild assumptions. Pre-
liminary numerical results illustrated that SSPM takes few iterations than PM, but it needs more
computational cost and slightly more storage cost per iteration. For some specific problems, SSPM
can reduce the number of iterations and CPU time significantly compared with PM, as shown in
Subsection 5.2.
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