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ON THE ANALYSIS OF THE DISCRETIZED KOHN-SHAM
DENSITY FUNCTIONAL THEORY*
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Abstract. In this paper, we study a few theoretical issues in the discretized Kohn—Sham (KS)
density functional theory. The equivalence between either a local or global minimizer of the KS
total energy minimization problem and the solution to the KS equation is established under certain
assumptions. The nonzero charge densities of a strong local minimizer are shown to be bounded
from below by a positive constant uniformly. We analyze the self-consistent field (SCF) iteration by
formulating the KS equation as a fixed point map with respect to the potential. The Jacobian of these
fixed point maps is derived explicitly. Both global and local convergence of the simple mixing scheme
can be established if the gap between the occupied states and unoccupied states is sufficiently large.
This assumption can be relaxed in certain cases. Numerical experiments based on the MATLAB
toolbox KSSOLV show that it holds on a few simple examples. Although our assumption on the
gap is very stringent, our analysis is still valuable for a better understanding of the KS minimization
problem, the KS equation, and the SCF iteration.
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1. Introduction. The Kohn-Sham (KS) density functional theory in electronic
structure calculations can be formulated as either a total energy minimization problem
or a nonlinear eigenvalue problem. Using a suitable discretization scheme whose
spatial degree of freedom is n, the electron wave functions of p occupied states can be
approximated by a matrix X = [z1,...,2,] € R"*P. The charge density of electrons
associated with the occupied states is defined as

(1.1) p(X) = diag(XXT),

where diag(A) denotes the vector containing the diagonal elements of the matrix A.
Let tr(A) be the trace of A € R™*", i.e., the sum of the diagonal elements of A. A
commonly used discretized KS total energy function has the form

(1.2) E(X):= itr(XTLX) + %tr(XTVionX) + ipTLTp + %eTemc(p),
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where L is a finite-dimensional representation of the Laplacian operator, Vi, is the
ionic pseudopotentials sampled on a suitably chosen Cartesian grid, LT corresponds
to the pseudoinverse of L, e is the column vector of all ones, and €,.(p) € R™ denotes
the exchange correlation energy functional. The four terms in E(X) describe the
kinetic energy, local ionic potential energy, Hartree potential energy, and exchange
correlation energy, respectively.

The KS total energy minimization problem solves

min E(X)
(13) XeRnxp
st. X'X=1I

The orthogonality constraints are imposed since the wave functions X must be orthog-
onal to each other due to physical constraints. It can be verified that the gradient of
E(X) with respect to X is VE(X) = H(X)X, where the Hamiltonian H(X) € R™*"
is a matrix function

1
(1.4) H(X) = 5L+ Vion + Diag(L'p) + Diag(pizc(p)Te),

where pi,.(p) is the Jacobian of €, with respect to p, i.e.,

o aewc T o 8(emc)l 8(616)71 B nxn

and Diag(z) denotes a diagonal matrix with = on its diagonal. The so-called KS
equation is

H(X)X = XA,

(1.5) XX =1,
where A is a diagonal matrix consisting of p smallest eigenvalues of H(X) if there is a
gap between the pth and (p+ 1)st smallest eigenvalues of H(X). The definition of the
KS equation is slightly different if this gap is zero; see the Fermi-Dirac distribution in
subsection 3.1. The KS equation (1.5) is closely related to the first-order optimality
conditions for (1.3) which are the same as (1.5) except that the diagonal matrix A
consists of any p eigenvalues of H(X).

In this paper, we first study the relationship between the KS total energy mini-
mization problem (1.3) and the KS equation (1.5) under certain conditions. A simple
counterexample is provided to demonstrate that the solutions of these two problems
are not necessarily the same. The second-order optimality conditions for (1.3) are
examined based on the assumption of the existence of the second-order derivative of
the exchange correlation functional [17, 30]. For a specialized exchange correlation
functional, we prove that a global solution of (1.3) is a solution of (1.5) if the gap
between the pth and (p + 1)st smallest eigenvalues of the Hamiltonian H(X) is suf-
ficiently large. The equivalence between a local minimizer of (1.3) and the solution
(1.5) needs an additional assumption that the corresponding charge densities are all
positive. For a strong local minimizer X* which is defined based on the second-order
sufficient optimality conditions for (1.3), we show that the nonzero charge densities
at X* are bounded from below by a positive constant uniformly.

Our second purpose is the analysis of the most widely used approach, the self-
consistent field (SCF) iteration, for solving the KS equation (1.5). The SCF iteration
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is based on computing a sequence of linear eigenvalue problems iteratively. It is well
known that the basic version of the SCF iteration often converges slowly or fails to
converge [19] even with the help of various heuristics. A convergence analysis of
the SCF iteration for solving the Hartree—Fock equations according to the optimal
damping algorithm (ODA) is established in [7] and an analysis of gradient-based
algorithms for the Hartree-Fock equations is proposed in [22] using the Lojasiewiscz
inequality. The interested reader is referred to [3, 4, 5, 6, 8, 9, 10, 11, 13, 14, 21, 27]
for discussions on ODA, the gradient-based algorithms, and numerical analysis of
density functional theory (DFT). A condition is identified in [32] such that the SCF
iteration is a contractive fixed point iteration under a specific form of the Hamiltonian
without involving any exchange correlation term. Global and local convergence of the
SCF iteration for general KS DFT is established in [25] from an optimization point
of view. Their assumptions include that the second-order derivative of the exchange
correlation energy functional is uniformly bounded from above and the gap between
the pth and (p + 1)st eigenvalues of the Hamiltonian H(X) is sufficiently large. A
detailed overview is presented in Table 3 in the conclusion.

We improve the convergence results of the SCF iteration from the following three
perspectives. (i) The KS equation (1.5) is formulated as a nonlinear system of equa-
tions (fixed point maps) with respect to either the charge density or potential. Ap-
plying the differentiability of spectral operators, the Jacobian (the “Adler—Wiser for-
mula” [1, 31]) of these fixed point maps is derived explicitly and analyzed. (ii) Global
convergence (i.e., convergence to a stationary point from any initial solution) of the
simple mixing scheme can be established when there exists a gap between pth and
(p + 1)st eigenvalues of the Hamiltonian H (X ). This assumption can be relaxed for
local convergence analysis, i.e., convergence behavior if the initial point is selected in
a neighborhood sufficiently close to the solution of (1.5). If the charge density is com-
puted using the Fermi-Dirac distribution, the assumption on the gap is not needed
as long as a suitable step size for simple mixing is chosen. Our results require much
weaker conditions than the previous analysis in [25]. (iii) We propose two approximate
Newton methods according to the structure of the Jacobian of the fixed point maps
and preliminary convergence results are also established for them. The second type
of our approaches is exactly the method of Kerker preconditioner discussed in [24].
Although our assumption on the gap between eigenvalues of the Hamiltonian is very
stringent, numerical experiments in the MATLAB toolbox KSSOLV [33] show that
it holds on three simple examples, “nic,” “si2h4,” and “sih4.” Hence, our analysis is
still valuable for a better understanding of the KS equation and the SCF iteration.

The rest of this paper is organized as follows. A counterexample between the
equivalence of the KS minimization and KS equation is presented in subsection 2.1.
The optimality conditions for the KS minimization problem under smoothness as-
sumptions on the exchange functional are provided in subsection 2.2. A condition
for the equivalence between a local minimizer of the KS minimization and the KS
equation is established in subsection 2.3. The corresponding analysis for a global
minimizer is established in subsection 2.4. Lower bounds for the charge density at
local minimizers are presented in subsection 2.5. In subsection 3.1, we view the KS
equation as fixed point maps with respect to the charge density or potential. The
Jacobian of these fixed point maps is presented in subsection 3.2. In section 4, we
establish both local and global convergence for the SCF iteration with simple mixing
schemes. Two approximate Newton approaches and their convergence properties are
discussed in section 5. Finally, our assumptions on the eigenvalue gap are verified
numerically on a few simple examples in section 6.
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2. Equivalence between the KS total energy minimization and the KS
equation.

2.1. A counterexample. The following three-dimensional (3D) toy example
shows that a solution of the KS equation is not necessary for a global optimal solution
of the KS total energy minimization problem. Let n = 3, p = 1, and choose

1.4299 —0.2839 —0.4056
L=|-02839 1.1874 0.2678 |, Vion =0, and €;.(p) =0.
—0.4056  0.2678 1.3826

It can be verified numerically that X* = (0.3683 —0.6188 0.6939)T is a global
minimizer of (1.3). On the other hand, we have

) 0.9735 —0.1419 —0.2028
H(X") = SL + Diag(L'p(X")) = { ~0.1419  0.8955  0.1339 |,
~0.2028 0.1339  1.0569

and X* is an eigenvector associated with the second smallest eigenvalue of H(X™).
Therefore, the equivalence between the KS total energy minimization and the KS
equation only holds under certain assumptions. For this counterexample, our as-
sumptions in subsections 2.3 and 2.4 do not hold because the gap between the the
first and second eigenvalues of H(X*) is § = 0.046 and it is smaller than ||LT||s = 1.
We should point out that the above example may not exist in the practice of DFT.

2.2. Optimality conditions under smoothness assumptions on €;.(p).
The Lagrangian function of the minimization problem (1.3) is L(X,A) := E(X) —
2tr(A(XTX —1)). Suppose X is a local minimizer of (1.3). It follows from XTX = I
that the linear independence constraint qualification is satisfied. Hence, there exists
a Lagrange multiplier A such that the first-order optimality conditions hold:

(2.1) VxL(X,A)=H(X)X -~ XA=0and XTX =1T.

Multiplying both sides of the first equality in (2.1) by X T and using XTX = I, we
have A = XTH (X)X, which is a symmetric matrix. Note that F(XQ) = E(X) and
H(XQ) = H(X) hold for any orthogonal matrix @) € RP*P. Hence, if X is a stationary
point, any matrix in the set {XQ | Q € RP*? and QTQ = I} is also a stationary point,
and their objective values are the same. Let QAQT be the eigenvalue decomposition
of XTH(X)X and X := XQ. Then the Lagrangian multiplier A = XTH(X)X is a
diagonal matrix whose entries are the eigenvalues of H(X).

Let L(R™*P R™*P) denote the space of linear operators which map R"*P to R™*P.
The Fréchet derivative of VE(X) is defined as the (unique) function V2E : R"*? —
L(R™*P R™*P) such that

IVE(X +8) = VE(X) = VE(X)(9)llr
5]l —0 [1S]e

=0.

The next lemma shows an explicit form of the Hessian operator, if the exchange
correlation energy is second-order differentiable.
LEMMA 2.1 (Lemma 2.1 in [30]). Suppose that €;.(p(X)) is twice differentiable

with respect to p(X). Let a“g—cp(p)e be defined as Y ., 82(%;’26)i, Given a direction
S € R" P the Hessian-vector product of E(X) is

(2.2) V?E(X)[S] = H(X)S + 2Diag (J(p) diag(SX ™)) X,
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where

7t Opze(p)
(2.3) J(p):=L"+ “op e.
Consequently, the second-order necessary and sufficient optimality conditions can
be obtained from Theorems 12.5 and 12.6 in [26], respectively.
THEOREM 2.2.
(1) Suppose that X is a local minimizer of problem (1.3) and ezc(p(X)) is twice
differentiable with respect to p(X). Then, for all S € T(X), it holds

(2.4)  tr(STH(X)S — ASTS) + 2diag(X ST)T J diag(XST) > 0,
where A = XTH(X)X and
(2.5) T(X):={S| X*'S+5TX =0}.

(2) Suppose that X € R"*P satisfies (2.1) with a symmetric matriz A and (2.4)
holds with a strict inequality for all 0 # S € T(X). Then X s a strict local
minimizer for problem (1.3).

Proof. Tt follows from Theorem 12.5 in [26] that the second-order necessary con-

dition for X to be a local minimizer of (1.3) is

(2.6) (S, VX xL(X,A)[S]) >0 forall S e T(X).

Using Lemma 2.1 and the fact that tr(X TDiag(y)Z) = y* diag(ZX") for all X, Z €
R™*P 4y € R™, we obtain

(S, VixL(X,A)[S]) = tr(STVZE(X)[S] — ASTS)
=tr (STH(X)S + 25" Diag (J diag(SX ")) X — ASTS)
=tr(STH(X)S — ASTS) + 2diag(X S™)TJ diag(X S™T),
which together with (2.6) yields (2.4). The second part is a direct application of

Theorem 12.6 in [26]. O
An equivalent formulation of the tangent space (2.5) is

(2.7) T(X)={S:=XK+PxZ|K =K' cRP*P, 7 c R"*P},

where Py := I — XX7T. Hence, the second-order optimality conditions in Theo-
rem 2.2 can be presented in terms of an arbitrary Z € R™*P similar to the analysis of
maximization of the sum of the trace ratio on the Stiefel manifold in [34, 35].
THEOREM 2.3.
(1) Suppose that X is a local minimizer of problem (1.3) and €,.(p(X)) is twice
differentiable with respect to p(X). Then for all Z € R™*P, it holds

(2.8) tr(ZTH(X)Z) +t1(XTZAZTX) —tr(ZTXAXTZ) — tr(ZAZ7T)
+ 2diag(X ZTP%)T J diag(X ZTP%) > 0.

(2) Suppose that X € R™*P satisfies (2.1) with a symmetric matriz A and (2.8)
holds with a strict inequality for all P%Z # 0. Then X is a strict local
minimizer for problem (1.3).
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Proof. Using (2.1) and the definition of P+, we obtain PxP% = P%, P X =0,
and P H(X)X = 0. For any S = XK + P%Z, it holds

tr(STH(X)S) = tr(K"XTH(X)XK) + tr(Z"P H(X)Px Z)
= tr(KTAK) +tr(ZYH(X)Z) —tr(Z"H(X)X X" Z)
(2.9) =tr(KTAK) +tr(Z H(X)Z) — tr(ZTXAXT 7).

It can be verified that STS = KTK + ZTP+ Z, which yields

tr(ASTS) = tr(KTKA) +tr(ZYZA) — tr(ZT X XTZA)
(2.10) =tr(KTAK) +tr(ZAZ") —tr(XTZAZT X),

where the last equality holds because of K = —KT. Since it holds

1 1
diag(XKTXT) = 5(diag(XKTXT) + diag(XKXT)) = 5 diag(X (K + K1) XT) =0,

we obtain
diag(XST) = diag(X KTXT) + diag(X ZTP%) = diag(X ZTP%),

which together with (2.9) and (2.10) gives (2.8). The proof of the second part follows
directly from Theorem 2.2. O

2.3. Conditions for local minimizers to satisfy the KS equation. In this
subsection, we establish a condition under which a local minimizer of (1.3) is a solution
of a modification of the KS equation (1.5). Our discussion is restricted to a special
exchange functional (the correlation term is ignored)

3 1
(2.11) elerelp) = =3707p%,

where v = 2 (%)1/ % and p% denotes the componentwise cubic root of the vector p.
The next result shows that the charge density p is bounded.
LEMMA 2.4. Let X € R™ P satisfy XTX = I and p be defined by (1.1). We have

(2.12) 0<p;<1forali=1,...,n.

Proof. The inequality (2.12) holds from XTX = I and the fact that p, =
?Zlejforallizl,...,n. O

Our analysis relies on the gap between the pth and (p + 1)st smallest eigenvalues
of H(X).

Assumption 2.5. Let Ay < -+ < Ay < App1 < -+ < Ay, be the eigenvalues of
a given symmetric matrix H € R"*"™. There exists a positive constant ¢ such that
Ap+1 — Ap > 6.

Note that E(X) may not be second-order differentiable since some components

pi(X) can be zero. Let Z be the collection of indices of the nonzero components of
p(X), ie.,

(2.13) T={i|p(X)#0,i=1,...,n}.

Then the complement set Z of Z is the set of indices of the zero components of
p(X). Let r be the cardinality of Z. We have r > p by the orthogonality of X. If
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Z=A{a1,...,a.}, we define the submatrices X7 and L7z as
Xaigs- Xarp Loyars--sLay,an
XIZ andLII:
Xar,lw .. aXamp L01r70117" '7L0¢r,0¢r

The notation (Viep )7z, LTII, H77(X), and Azz are defined similarly to Lzz.

The following theorem shows that a local minimizer X* of the KS total energy
minimization (1.3) is a solution of KS equation (1.5) if all rows of X* are nonzero and
Assumption 2.5 holds with a sufficiently large gap 9.

THEOREM 2.6. Suppose that X* is a local minimizer of (1.3) using (2.11) and
A* = (XHTH(X*)X* is a diagonal matriz. Let T* be the index set of X* defined as
(2.13). If Assumption 2.5 holds at H(X™*) with a constant § satisfying

(2.14) 6>2(|IL7l2 - 7).

then it holds
Hyog (X)) X7 = X7 A,

2.15
( ) (X%*)TX%* = Ia

and the diagonal of A* consists of the p smallest eigenvalues of Hz-7«(X™).
Proof. Tt can be verified that X* is a local minimizer of the restricted problem

min E(X)
(2.16) Xeknaw
st. XTX =1, Xz =0.

Hence, X7. is a local minimizer of the reduced problem

min  E(X):= tr(XTLr-7+ X) 4+ < tr(X T (Vion )7+ 7+ X)
XeRrxp 4 2

(2.17) 4 %p(X)TLTI*I*p(X) - gw(f()Tp(f()

s.t. XTX = 1,

W=

The structure of the energy functional E(X) implies VE(X%,) = Hrez-(X*) X4, and
(X2)THzoz- (X3.) X5 = A*. These facts together with the first-order optimality of
(2.17) at X;. yield (2.15).

It is obvious that the diagonal entries of A* are the eigenvalues of Hz«z+(X™*).
Suppose that they are not the p smallest eigenvalues of Hz«z+(X™). For convenience,
we denote the eigenvalues of Hz.7z+(X™) in an ascending order as ;\1 < ... < S\T
and their corresponding eigenvectors are u;, i = 1,...,r, where r = |Z*|. Let a;,
1 <i < p, be the ¢th column for X7.. Without loss of generality, let ; be associated
with an eigenvalue greater than ;\p, and wu; (i < p) be an eigenvector associated with
an eigenvalue less than or equal to 5\p but not be a column of X7.. Assumption 2.5
implies that u; ¢ span{X7.}. Let V be a matrix whose columns satisfy

{ui ifj =1,
vj = e
x; ifj=2,...,p.

The function E(X) is twice differentiable at X5. according to the definition of Z*.
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Therefore, an application of Theorem 2.3 gives

A= tr(VVHrez- (X5)V) + tr((X5) VA VT XE)

—tr(VI X5 AN (X5)TV) —tr(VATVT)
) 4 2 diag(X;.VTP%. )T (L;P - %Diag (p(X}*)*%)) diag(X;.VTP%. )
> 0.

It follows from V' is an orthonormal eigenbasis of Hrz«z«(X7.) and Assumption 2.5
that

(219)  tr(VTHzezo (X)V) = tr((X2) T Hrez (X*)X5.) < i — App1 < —6.
Since u; ¢ span{X:.}, we obtain

(2.20) (X)W =VTX5 =1 —erel,
(2.21) X7.VIPx. =wiu;,

which further give
A =tr(VYHroze (X3)V) — tr(A*)
+ 2diag(zyu})” (LTI*I* - Dlag (p(X .

w\l\?

) diag(anu])

o) < -6+ 2max{)\max (LTI*I* — Dla (P X7:) 7%)) 0}
< =+ 2max {)\max (LTI*I* — ) }
< -5+ 2max{(||LTI*I* 2 — %) ) 0}
<0,

where the first inequality uses (2.19) and the fact that || diag(xz1u])||3 < 1, the second
inequality follows from p € [0,1], the third inequality uses the fact that |[Ll. .|| <
|[LT||2 since the largest/smallest eigenvalue of a matrix is no less/greater than the
largest/smallest eigenvalue of its principal submatrix, and the last inequality (2.22)
is due to (2.14). However, (2.22) is a contradiction to (2.18). This completes the
proof. a

2.4. Conditions for global minimizers to satisfy the KS equation. In
this subsection, we consider whether a global minimizer of (1.3) is a solution of the
KS equation (1.5) under the exchange functional (2.11). We first show the following
inequality.

LEMMA 2.7. It holds for all a,b € [0,1] that (a — b)?(3a® + 2ab + b?) = 3a* —
4a®b + b* > 2(a® — b%)?.

Proof. The inequality holds for a = 0 or b = 0. Consider the case a > b > 0.
Introducing the variable t = b/a € (0, 1] yields a*(3 — 4t +t1) — 2a°(1 — %)% > a® f (1),
where f(t) = 3 — 4t +t* — 2(1 — t*)?. Since f/(t) = (3 — 1)(4 — 4t%) < 0 for all
t € [0,1], we have f(t) > f(1) =0 for all ¢ € [0, 1], and then the inequality is proved.
The case b > a > 0 can be proved in a similar fashion. 0

The next theorem establishes the equivalence based on estimating the difference
of total energy function values.
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THEOREM 2.8. Suppose that X* is a global minimizer of (1.3) using (2.11). If
Assumption 2.5 holds at H(X™*) with a constant § satisfying

(2.23) 6> p (L'l 3).

then X* must be an orthonormal eigenbasis of H(X™) corresponding to its p smallest
eigenvalues, namely, a solution of the KS equation (1.5).

Proof. Suppose that X* is not but Y is an orthonormal eigenbasis of H(X*) cor-
responding to its p smallest eigenvalues. Since X™* must be an orthonormal eigenbasis
of H(X*) and using Assumption 2.5, we have

AH(Y,X*) YTH(X*Y) —tr(X*)TH(X*)X™)

2.24 U
(2.24) < Ap(H(X®) = Appr (H(X¥)) < —4.

Applying Lemmas 2.4 and 2.7 gives
(2.25)

S () = px)E) (30000 + 20 Ep(XE +00x9F) 2 21lpr) ()1

=1

It follows from Lemma 2.4 that

(2.26) Ip(Y) = p(X*)| < (1= p(Y)) p(X*) + (1 = p(X*))p(Y)
<1Tp(X*) +1Tp(Y) = tr(XXT) + tr(YY'T)
= 2p.

Using the relationship tr(YTDiag(LTp(X*))Y) = p(Y)TLTp(X*), the inequalities
(2.24), (2.25), and (2.26), and the assumption (2.23), we obtain

AE(Y,X*) = E(Y) — B(X*)
= SAHY, X*) + ¢ (p(V) L p(¥) — p(X*) LTp(X*)

= SAH(Y,X*) 4 1 (o0 p(¥) = p(X*) T Ep(X7))

= (o) p(0)E - o) Tp(x 7))

8
— 5 (V)L p(X*) — p(X*)TLFp(X"))
57 (P TP — (XY Tp(x 7))
= SAHY, X*) 4 1(p(¥) — p(X)TLH(p(¥) — p(X*))
SIS (o = px03) (30000 200 80 4 o))



ON THE ANALYSIS OF THE DISCRETIZED KOHN-SHAM DFT 1767

J LT[l v o\ 1(2
< _Z n= = _ I _
<5+ (T = ) ot - sl

§ LTz~
< _Z _
= 2+< 4 12) 2P)
<0,

which is a contradiction to the fact that X* is a global minimizer. This completes
the proof. O

Remark 2.9. When the exchange correlation function eg.(p) is equal to zero,
our condition (2.23) becomes § > p||LT||2, which is much weaker than the condition
§ > 12py/n||LT||2 in Theorem 1 of [25].

2.5. Lower bounds for the charge density of local minimizers. The ex-
change correlation energy functional is twice differentiable if all components of p(X)
are positive. However, the second-order derivative may not be bounded at an arbitrary
point X. In this subsection, we provide a few lower bounds for the charge density at
certain types of local minimizers. These properties are useful for our analysis on the
KS equation.

Traditionally, a point z* is called a strong local minimizer [2, 16] of a function
f:R™ — R, if there exist a constant x > 0 and a neighborhood U of z* such that the
inequality

(2.27) fl@) = f(@*) + sl — 27|13

holds for any x € U. Here, we define a strong local minimizer based on the second-
order optimality conditions.

DEFINITION 2.10. A point X* is called a strong local minimizer of (1.3) using
(2.11) if and only if X;. is a local minimizer of (2.17) and there exists a constant
Kk > 0 such that for all Z € R™"*P,

tr(ZVHroz- (X5)Z) + tr(Xp )T ZN ZV X5 — (2T X5 A (X5)T 2)
(228)  —tr(ZA"Z7) + 2ding(X5.) 2P, )T (LTM* - %Diag (p(X%*)_%))
-diag((X7.)Z"Px. ) > k[|Z|%,
where A* = (X3)THzoz (X*) X5 and T* is the index set of X* defined as (2.13).
Our condition (2.28) is weaker than (2.27) applied to problem (1.3) when the total
energy E(X) is twice differentiable. The next result shows that the charge densities
at a strong local minimizer are bounded below uniformly if they are positive.

THEOREM 2.11. Suppose that L is positive semidefinite and X* is a strong local
minimizer of (1.3) satisfying Definition 2.10. Let

5
_ . . Y
2.29 ¢ :=min{l, ¢1,...,c,} and ¢; :== min .
(2.29) tha J i#i (3(LL—2LL+LL))

Then it holds
(2.30) for any i € {1,2,...,n}, pi(X*)€0,6) = pi(X*)=0.

Proof. For convenience, we denote py. = p(X7.). If there exists a row j in X7.
such that either 1 or —1 is an entry of this row, then this row has only one nonzero
entry according to the orthonormality of X.. Hence, (p%.); = 1 and (2.30) holds at j.
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We next consider the components in the set J := {j | j € Z* and
(X7.)s] <1,s=1,...,p}

For any given j € J, there exists a nonzero entry, denoted as (X5.);s, in the jth row
of X%.. Since |(X3.);s| < 1, there exists at least another nonzero entry, denoted as
(X%.)is, in the sth column of X7, due to the orthonormality of X.. For simplicity,
let 2;, I = 1,...,p, be the Ith column of X3. and set r = |Z*|, z;, = (X7.);s and
xis = (X3.)is. Define a vector z € R” whose Ith component (I =1,...,p) is

Tis R

v M

. —:Ejs . s

(2.31) z = e ifl =1,

0 otherwise.
A short calculation gives ||z||2 = 1, 2Tz, = 0, and

LisTjs

——C(j,—i

J,—1)

[ 2 2
xis—'_xjs

where e(; _;) € R" has 1 on its jth entry, —1 on its ith entry, and 0 elsewhere.

For a € [0,1], let Z, € R™*P be a matrix whose sth column is az + V1 — a?x;
and all other columns are zero. Without loss of generality, let 5\1 << 5\T be the
eigenvalues of Hz-7+(X™) in ascending order, and x5 be an eigenvector of Hz«z«(X™*)

(2.32) diag(zal) =

S

associated with \,, s € {1,...,7}. Then, we obtain
(2.33) tr(ZN Hrere(X*) Za) < a? A + (1 — a?) s,
(2.34) tr(Z A Z7) = tr(A* 2 Z,) = As,

which yield

tr(ZY Hyez+ (X*)Z) — tr(ZoN* ZF

)
2.35 R A A
(2.35) <a\ + (1 —a®)A — s =a’(\ — \y).

The definition of Z, gives

aztz, ifp=s,q+#s,
(2.36) (ZEX:)py =8 V1—a? ifp=s, q=s,
0 otherwise.
Hence, we have
(2.37)
tr(Xp )Y Z, N ZF X5 ) = tr (A ZF X5 (X5 2,)
P
=X Z a?(zTzy)% + (1 — a?)
q=1,q9#s

=)\ <i a®(2T x> + (1 —a?) — a2(szs)2>

= 5\5(1 + a2||zTX}*||§ — az) = az;\s||zTX}* S +(1- CLZ);\S
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and
P
tr(Zy X5 AN (X750 Za) = | Y a?(2T2g)?Ag + (1= a®)As
q=1,q#s
P
> Z a?(zTxy)* M + (1 — a?),
q=1,q#s
p ~ ~
= <Z a?(zMxy)* M 4 (1 — az))\s>
qg=1
(2.38) = a? M2 X5+ (1 —a?)).

Combining (2.37) and (2.38) yields

tr(X5 )Y Z N ZE X5 — tr(ZF X A (X3 Z,)
< (@XN|[2T X534+ (1= a®)Ay) — (@ M]]2T X534+ (1 - a®)Ny)
= a®(As = M)l" X513
S CLZ(;\S — Xl)

(2.39)

The equality (2.32) gives

ATisTjs

T CG,—0)-
\/Ths + 7

Let Z, with a = /s Using (2.35) and (2.39), we have
AL

. 1ag * « ) =adlag(rsz ) =
2.40 diag( X3 ZaTP)L(I* di T

tr(ZY Hreze (X35.)Za) + tr((X3) Y Z,A2- ZF X5)
(2.41) —tr(ZY X5 Are (X2) T Zy) — t2(ZaAz- ZF) < a®(N — M) =

It follows from our definition of strong local minimizers that
(2.42)
tr(ZY Hrez+ (X*) Za) + tr(X5) Y Z N ZE X5
—tr(Z X5 A (X5 ) Z,) — tr(Zu N Z))

+ 2diag(X2. ZTPL)T (LTM* - %Diag ((p%*)_%)) diag(X5. ZTP%. ) > k.
which together with (2.41) gives
(243) ding(X;.ZIP%. )T (LTI*I* - %Diag ((p%*)_%)) diag(X5. Z1P%. ) > 0.
Substituting (2.40) into (2.43), we obtain

Y x \—2

(2.44) 667_i) (LTI*I* — §D1ag ((pz*) 3)) ej,—i) = 0.

Expending the terms of (2.44) yields

2
3

.
(245)  (Lpg)ss = 2Lz )si + (rog)ii = 3(07);
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which implies

Wi

Yow N\
(2.46) (Lhoz)is = 2(LEez)ji + (Ehoz)u > 5 (03); °.
Therefore, we obtain
3
7 2
(2.47) (p%*)jz< ) > ¢j,
B((LYoz)is — 2(LYeza)ji + (Lhz.)is)

where ¢; is defined in (2.29). Similarly, we can prove (2.47) holds for any j € J. This
completes the proof. O

3. Analysis of the KS equation.

3.1. Formulating the KS equation as a fixed point map. The KS equation
(1.5) constitutes a nonlinear system with respect to X. Note that the Hamiltonian
matrix (1.4) is a symmetric matrix function with respect to p as

. 1 . .
(3.1) H(p) := 5 L+ Vion + Diag(L'p) + Diag(pze(p) " e),

and the KS equation becomes

(3.2)

H(p)X = XA,
XTx =1,

where X € R"P and A € RP*P is a diagonal matrix consisting of the p smallest
eigenvalues of H (p). The eigenvalue decomposition of H (p) is determined once p is
given. Hence, we can write X as X(p) to reflect the dependence on p and the KS
equation (1.5) can be viewed as a system of nonlinear equations with respect to the
charge density p as

(3.3) p = ding(X (p) X (p)").
Alternatively, the function
(3.4) Vi=V(p) = LTp+ pze(p) e

is called the potential and the Hamiltonian matrix H (p), by slight abuse of notation,
can be expressed as

1
(35) H(V) = §L + ‘/ion + Dlag(V)

Obviously, it holds H(p) = H(V(p)). Therefore, X can be interpreted as an implicit
function of V. Let X (V) € R™*P be the eigenvectors corresponding to the p small-
est eigenvalues of H(V). Then, the fixed point map (3.3) is a system of nonlinear
equations with respect to V' as

(3.6) V =V(Es(V)),

where Fy (V) = diag(X (V)X (V)1).
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The fixed point map (3.6) is well defined if there is a gap between the pth and
(p + 1)st smallest eigenvalues of H(V). However, when these two eigenvalues are
equal, there exists ambiguity on choosing the eigenvectors X (V') since the multiplic-
ity is greater than one. A common approach is to revise Fyg(V') in (3.6) by constructing
a proper filter function. Let ¢1(V),...,¢,(V) be the eigenvectors of H(V') associated
with eigenvalues A\ (V), ..., A\ (V), respectively. A particular choice of the filter func-
tion is the Fermi-Dirac distribution of the form

1
(3.7) fu(t) = T i’
where p is the solution of the equations
(3.8) > fuhi(V)) =p.

Since the left-hand side of (3.8) is monotonic with respect to p for a fixed 3, the
solution to (3.8) is unique for any choice of 8 and );. Then the fixed map (3.6) is
replaced by the approximation

(3.9) V =V(Fy, (V)

where Fy, (V) = diag(} 1, fu(Ni(V)@i(V)@:(V)T) and p satisfies (3.8).

3.2. The Jacobian of the fixed point maps. We first reformulate the func-
tions Fy (V) in (3.6) and Fy, (V') in (3.9) by spectral representation. Using the differ-
entiability of spectral operators, they can be proved to be differentiable under some
conditions. Let {\;(V),q:(V)} be the eigenpairs of H(V) and assume that the eigen-
values A\ (V),..., A, (V) are sorted in an ascending order, i.e., A1 (V) <--- < A (V) <
Apt1(V) <+ < X (V). The eigenvalue decomposition of H(V) can be written as

(3.10) H(V) =QW)I(V)Q(V)",
where Q(V) and II(V') are

Q) =In(V), ¢2(V), ...,qn(V)] € R"*" and

(3.11) (V) = Diag(A\1 (V), Ao (V), ..., A\ (V) € R™*™,

Hence, the function Fy(V') in (3.6) is equivalent to
(3.12) Fy(V) = diag(Q(V)o(IL(V)Q(V)"),
where ¢(II) = Diag(¢(A1(V)), ¢(A2(V)), ..., ¢(An(V))) and

1 fort< Ap(V)+>\p+1(V)’

L 2
(313) o(t) = {0 for t > 2B (V)

Similarly, the function Fy, (V') in (3.9) in the spectral operator form is

(3.14) Fy, (V) = diag(Q(V) fu(IL(V)Q(V)T).

Let 1, ..., piy(vy be the distinct eigenvalues among {Ai(V),..., A (V)}, 7(V) be
the total number of distinct values, and r,(V') be the number of distinct eigenvalues



1772 X. LIU, Z. WEN, X. WANG, M. ULBRICH, AND Y. YUAN

no greater than \,. For any k = 1,...,r(V), the set of indices 7 such that \; =
ug is denoted by ay := {i | \i = pk, @ = 1,...,n}. The next lemma shows the
directional derivative of Fig(V') by using the differentiability of the spectral operators
12, 15, 23, 29, 28].

LEMMA 3.1. Suppose that Assumption 2.5 holds at H(V'), i.e., Apr1(V) > Ap(V).
Then Fy(V') is continuously differentiable and its directional derivative at V' along
z€ R" is

(3.15)  OvFy(V)[z] = diag (Q(V) (96 (I1(V)) © (Q(V) " Diag (2) Q(V))) Q(V)") ,

where “o” denotes the Hadamard product between two matrices, and g4(IL(V')) € R"*"
is the so-called first divided difference matriz defined as

W ificag jea,k<r,(V),l>r,(V),

0 otherwise.
Proof. The chain rule gives
ddi me”*
(3.17) oy Folv )] = 2B QL) e,

By applying the continuous differentiability of the spectral operators in Proposi-
tion 2.10 of [15], the function Q@(I)QT is differentiable with respect to H and its
directional derivative is given by

dQo(I)Q™
(3.18) %[S] = Q (g0(I) © (QTSQ)) QT forall Ses™,
where, for any i,j = 1,...,n,
i (V) =N\ (V)) if 4 . k4]
(3.19) (go(II(V)))ij =4 NN ifi€ag, jea,k#I,
0 otherwise.

Substituting (3.13) into (3.19) yields the specific form of g, (7(V)) in (3.16). Since
diag(-) is a linear function, we obtain

ddiag (Qa(A)QT) g _ ddiag (Qo(MQT) dQp(M)QT

dH 15 = dQo(N)QT dH [5]
(3.20) = diag (Q (go(II) o (QTSQ)) QT) for all S € S™.
It follows from (3.5) that
(3.21) Ov H(V)[z] = Diag(z).

Plugging (3.20) and (3.21) into (3.17), we obtain (3.15). This completes the
proof. a

We should point out that the Jacobian (3.15) is an alternative expression for the
polarizability operator or linear response operator often used in the physics literature.
It is the same as the well-known Adler—Wiser formula [1, 31].

Remark 3.2. Computing 0y Fy3(V)[z] requires all the eigenvectors Q(V) and all
eigenvalues II(V'). Let E;, (O,,) be the j x p matrix with ones (zeros) at all its
entries. Then the matrix g4 (II(V)) € R™*™ takes the specific form

(I(V)) Op G
94 "\ Oppny )
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where
1 1
= Fry (V)41 Ejo, [, (vy+1l B — (V) Ela, Ller vy |
G = : )
1 1
Ly (V) — o (V)41 Ela,, )l o w1l Hrg (V) —Hr (V) Ela,, )l larw)|

The directional derivative of Fy, (V')[z] can be assembled in a similar fashion.
LEMMA 3.3. The function Fy, (V') is continuously differentiable and its directional
derivative at 'V along z € R™ is

(3.22) v Fy,(V)[2] = diag (Q(V) (g9, (IL(V)) o (Q(V)"Diag (2) Q(V))) Q(V)") ,

where gy, (IL(V')) € R™™" is defined as, for any i,j =1,...,n,

SV =N (V) g . ey
(3.23) (g7, (V) = 4 wO=x@y i€ an jean k7L
fn(i(V) otherwise.

We next compute the Jacobian of V(Fy(V)) and V(Fy, (V)).
THEOREM 3.4. Let J(p) be defined as (2.3).
1. Suppose that Assumption 2.5 holds at H(V'), i.e., \px1(V) > A, (V). Then
the Jacobian of V(Fy(V)) at 'V is

(3.24)  OV(E,(V))[e] = J(Fs (V) Es(V)[z]  for all z € R™.
2. The Jacobian of V(F, (V) at V is
(3.25) O V(Fy, (V))[z] = J(Fy, (V))Ov Fr, (V)[2]  for all = € R™.
Proof. Note that
(3.26) 0,(V(p))[z] = J(p)z for all z € R™.

Applying the chain rule to v V(F,(V))[z] and using (3.26) and (3.15), we obtain
(3.24). This completes the proof. O

4. Convergence of the SCF iteration.

4.1. The SCF iteration and the simple mixing scheme. Starting from
an initial vector V? € R", the SCF iteration for solving the fixed point map (3.6)
recursively computes the eigenpairs {X (V**1), A(Vi*1)} as the solution of the linear
eigenvalue problem

H(Vi)X(ViJrl) _ X(ViJrl)A(ViJrl),
X(Vi+l)TX(Vi+l) _ I,

and then the potential is updated as
(4.1) Vit = Y(F,(VY).

When the difference between V? and Vi*! is negligible, the system is said to be
self-consistent and the SCF iteration is terminated.
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The SCF iteration often converges slowly or even fails to converge. One of the
heuristics for accelerating and stabilizing the SCF iteration is charge or potential mix-
ing [18, 20]. Basically, the new potential V?*! is constructed from a linear combination
of the previously computed potential and the one obtained from certain schemes at the
current iteration. In particular, the simple mixing scheme replaces (4.1) by updating

(4.2) VAFL =V — (V= V(F,(VY))),

where « is a properly chosen step size. Similarly, the SCF iteration using simple
mixing for solving the fixed point map (3.9) is

(4.3) VIt = Vi — (V= V(Fy, (VY))).

4.2. Global convergence analysis. We first make the following assumptions.

Assumption 4.1. The second-order derivatives of the exchange correlation func-
tional €,.(p) are uniformly bounded from above. Without loss of generality, we assume
that there exists a constant 6 such that

(4.4) lJ(p)]ly <@ forall peR™

Although we cannot verify Assumption 4.1 for any X € R™*P it holds at a strong
local minimizer using our lower bounds for nonzero charge densities in subsection 2.5
if the exchange correlation energy is (2.11).

It can be verified from the definition of the operator dy Fy(V)[-] in (3.15) that it
is a linear map. The induced ¢2-norms of Oy V(Fy(V)) and Oy Fy(V)[-] are defined as
(4.5)

_ [0vV(Fs (V) [=]ll2 _ 10y Fs (V) [2]ll2
[OvV(EL(V))|2 = nax EE and |9y Fo (V)2 = gy Iz ||2

respectively. The next lemma shows that their fo-norms are bounded if Assump-
tion 2.5 holds at H(V).
LEMMA 4.2. If Assumption 2.5 holds at H(V') for a given V' € R™, then it holds

1 0
(4.6) |ovFo(V)lla < 5 and 1oy V(Fs(V))z < =

Proof. For any z € R™, we obtain

[0v Fy(V)[2]]l2 = || diag (Q(V) (94(IL(V)) o (Q(V)Diag () Q(V))) Q(V)™") |2
< 1Q(p) (95(11(p)) o (Q(p) " Diag(2)Q(p))) Q(p)"|
= [l9¢(IL(p)) o (Q(p) " Diag(z)Q(p)) I|lr

(7) < $1Q() Diag()Q(lr < 52l

2

where the second inequality is due to |(gg(II(p)))i;| < 1/d. Then the first inequality
n (4.6) holds from the definitions (4.5) and (4.7). It follows from (3.24) and (4.7)
that

(4.8) 10vV(Fs (V) [2ll2 < 1T (Es(V)ll2[l0v Fo (V)[=]]l2 < €||Z||2~

This completes the proof. a
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The set {H(V) | V € R"} is called uniformly well posed (UWP) [3, 32] with
respect to a constant 6 > 0 if Assumption 2.5 holds at H(V') with ¢ for any V' € R™.
We next establish the convergence of the simple mixing scheme (4.2) when UWP
holds.

THEOREM 4.3. Suppose that Assumption 4.1 holds and {H(V) | V € R"} is
UWP with a constant ¢ such that

0
(4.9) bii=1-2>0.
Let {V'} be a sequence generated by the simple mizing scheme (4.2) using a step size
« satisfying

(4.10) 0<a<

2—b’

Then {V*} linearly converges to a solution of the KS equation (1.5) with linear con-
vergence rate no worse than |1 — a| + a(l —by).
Proof. For any V', it follows from (4.8), (4.9), and (4.10) that

(1= )] +advV(Fs (V)2 < [1 = af + el [0 V(Fs (V)2
<{1—o¢+a%=1—o¢b1 fo<a<l,
a—l—l—a%:a(Z—bl)—l ifa>1
<1,

which completes the proof. d
Remark 4.4. When the step size a = 1, the simple mixing scheme (4.2) becomes

the SCF iteration (4.1) with a convergence rate %. Since neither p nor n is involved

in (4.9), it is much weaker than Lﬁ < 1 for global convergence and 2‘/550 < 1 for
local convergence required by Theorems 3.3 and 4.2 in [25], respectively. In section 6,
we numerically verify that condition (4.9) is satisfied on some practical examples.
We next establish convergence to the solutions of the modified fixed point map
(3.9) without assuming the UWP properties.
THEOREM 4.5. Suppose that Assumption 4.1 holds and

Let {V'*} be a sequence generated by the simple mixing scheme (4.3) using a step size
a satisfying 0 < a < ﬁ. Then the sequence {V'} converges to a solution of (3.9)
with linear convergence rate no worse than |1 — a| + a(1 — ba).

Proof. Using the mean value theorem and the fact that

B
4 )

—BePt—n)

1201 = | | <

we obtain [(gy, (II(V')));| < B/4, which yields ||[OvV(Fy,(V))|l2 < %. Then, the

convergence of (4.3) is proved similarly to that of Theorem 4.3. O
Remark 4.6. Suppose that UWP holds and f,, is chosen such that
—te=y > 117
(119) oy 2
: 1
T =
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where v < 1 is a constant. It can be shown that § > % -In 1777 Hence, we have

% > 1 and the condition (4.9) is implied by (4.11) when In 1777 > 2 or, equivalently,
v < ﬁ ~ 0.12. On the other hand, the closer  is to zero, the closer f, is to ¢ from
(4.12). Therefore, the convergence rate of the fixed point iteration using Fy; is better
than that of Fy, when FY, is sufficiently close to F.

Remark 4.7. The convergence of the SCF iteration without simple mixing for
solving a special KS equation without the exchange correlation energy is established
in [32] under the condition n*B||LT||2 < 2. We can see that our condition is weaker
since n? is not required.

Remark 4.8. Tt is necessary to make it clear that the solution to the modified
problem (3.9) with a finite nonzero S is not the same as the solution to problem (3.9)
with 8 = oo (zero temperature).

4.3. Local convergence analysis. Suppose that VV* is a solution of the fixed
point map (4.2). Let B(V*,n) :={V | ||V — V*||2 < n} be a neighborhood of V* for
a given 1 > 0. The Taylor expansion at V* yields

VIR v = VE —a(VE = V(F4(VY) = (V= a(VF = V(F (V"))
(4.13) = (I —a(l =wV(F;(V)NIVF =V +o(|[VF = V*[|)
for all V¥ € B(V*,n).

If the spectral radius of the operator I — a(I — vy V(Fy(V™*))) is less than one, there
must exist a sufficiently small 1 so that the simple mixing scheme (4.2) initiating from
a point in B(V*,n) converges to V* linearly.

We first present a few properties of the linear operators. Denote the space of
linear operators by L(R",R") := {P | P : R" — R" is a linear map}. For a given
P € L(R™,R"), if a scalar A € C and a nonzero vector z € C" satisfy P[z] = Az, the
scalar A and the vector z are called the eigenvalue and eigenvector of P, respectively.
Then the spectral radius, denoted by o(P), is the largest absolute value of eigenvalues
of P. A linear operator P is called symmetric if yTP[z] = 2TP[y] for any z,y € R",
and is called positive semidefinite if 2TP[z] > 0 for all z € R".

The next lemma shows that dy Fy,(V)[-], as a linear operator, is negative semidef-
inite.

LEMMA 4.9. For any z € R™, it holds zY0v Fy(V)[z] < 0.

Proof. For any z € R", we have

2o Fy(V)[2] = 2" diag (Q(V) (95 (I(V)) o (Q(V)" Diag (2) Q(V))) Q(V)")
= ((Q(V)"Diag (2) Q(V)) , g4 (II(V)) o (Q(V)" Diag () Q(V)))

=" (g6(1(V)) © (Q(V) " Diag (2) Q(V)) o (Q(V)" Diag () Q(V))) e
Sov

—_

where the third equality uses the properties of the Hadamard products and the in-
equality is due to

(Q(V)"Diag () Q(V)) o (Q(V)"Diag () Q(V)) = 0 and g4(IL(V)) < 0.

This completes the proof. a
The next lemma shows that the eigenvalues of the product of a symmetric matrix
and a symmetric positive semidefinite linear operator are real.
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LEMMA 4.10. Suppose that M € R™*" is a symmetric matriz and P € L(R™,R"™)
is a symmetric positive semidefinite linear operator. Then all the eigenvalues of the
linear operator M'P are real. Furthermore, it holds

(4.14) Amax (MP) < max(M Jmax(P) - if Amax (M) 2 0,
' e T Amax (M) Amin (P) otherwise,
(4'15) Mo (pr) > H(M))‘min(P) Zf )\min(M) >0,
o T | Amin (M) Amax (P) otheruwise.
Proof. The proof is omitted since it follows by standard arguments. |

We now establish the local convergence result for the simple mixing scheme.
THEOREM 4.11. Let V* be a solution of the KS equation (1.5). Suppose that As-
sumption 4.1 holds and Assumption 2.5 is valid at H(V*) with a constant § satisfying

(4.16) 0> —Ains
where An, = min{0, Amin(J(F(V*)))}.  There exists an open neighborhood 0 of

min

V*, such that the sequence {V'} generated by the simple mixing scheme (4.2) using
VO e Q and a step size

20
(417) o€ <0, m)

converges to V* with linear convergence rate no worse than

5+ Aoy 9+5
Smin o= 1]},

Proof. The Taylor expansion (4.13) implies that local convergence of the scheme
(4.2) holds if

max{|l — «

(4.18) oI —aA) <1,

where A =1 — J(Fg(V*))0y Fy(V*). According to Lemma 4.9, —0y Fy(V*) is sym-
metric positive semidefinite. Using Lemma 4.10, we conclude that all the eigenvalues
of A are real. Hence, (4.18) is guaranteed if

(4.19) Amin (A) > 0,
(4.20) Amax(A) < 2.

Note that Amin(A) = 1 4+ Amin(J(Fp(V*))(=0v Fp(V*))). Using Lemma 4.10,

Amax (—0v Fy(V*)) < % from Lemma 4.2, and the definition of A, , we obtain
Amin(A) — 1> Amin (J (£ (V) Amin (—0v Fo(V*)) i Amin(J(Fp (V7)) > 0,
e ) i (J(Fs (V) Amax (—0v F4(V*))  otherwise
0 if Amin(J(Fy(V*))) >0,

| 3 Amin(J(Fu(V*)))  otherwise

)\*
> mln’
)

which yields (4.19) from the assumption (4.16).
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Using Lemma 4.10 again, we have

Amax (A) < 1+ Amax (S (F5 (V7)) (=0v F (V7))
0
(4.21) < 1+ max{0, Amax(J (Fop (V) Amax (—0v Fp (V) } <1+ 5
which together with (4.17) gives (4.20). O
COROLLARY 4.12. Suppose that Assumption 2.5 holds at H(V*) and J(Fy(V*))
is positive semidefinite. Then the condition (4.16) holds.
Remark 4.13. Suppose that Assumption 2.5 holds at H(V*). The condition
0 > —A\*. is much weaker than the condition § > 6 for ensuring global convergence

min

required by Theorem 4.3. In fact, it is clear that the condition (4.16) holds when

J(Fs(V*)) is positive semidefinite. Since J((Fy(V*))) = LT + 22l e and LT is
positive semidefinite, the second-order derivative of the exchange correlation energy
plays a more important role when Ayin (J((Fg(V*)))) < 0.

We can obtain the following local convergence result for the modified fixed point
map (3.9) in the same manner as Theorem 4.5.

COROLLARY 4.14. Suppose that Assumption 4.1 holds and = > =\ where

min’

Mg o= min{0, Amin(J(Fy, (V*)))}. Let V* be a solution of the KS equation (1.5).

min

There exists an open neighborhood Q of V* such that the sequence {V'} generated by
the simple mizing scheme (4.3) using V° € Q and a step size

8
4.22 0, ——
(122 ac (0.5557)
converges to V* with linear convergence rate no worse than
mm5+4 Qéié

max{|l — o( 22—

) la ) =11}

5. Convergence analysis of approximate Newton approaches. The gen-
eralized Jacobian dy V(F(V)) in (3.24) suggests that Newton’s method for solving the
fixed point map (3.6) is

VI = Vi (1= J(Fs(V)ay Fy (V) (V= V (Fs(V))),

where « is a step size. Obviously, this method is not computationally practical for
solving the fixed point maps due to the presence of all eigenvectors and eigenvalues in
Oy Fy(V)[-]. In this section, we propose two approximate Newton approaches in the
form

(5.1) VL= Vi (1- DY) (V=Y (F4(VY)),

where a > 0 and D’ € R™*" is a matrix for approximating the Jacobian dy V(F(V")).
THEOREM 5.1. Suppose that Assumption 4.1 and UWP hold. Let {V'} be a
sequence generated by (5.1) using {D'} and a step size « such that

2 ) )
0<a< b 0 < Ymin := Omin(I — D"), and Ymax := Omax(I — D),
2

where by := 1+ %, and Omin and omax are the smallest and largest singular values of
I — D?, respectively. If by :=1 — 'Ym"‘ Q > 0, then {V'} converges to a solution of the
KS equation (1.5) with linear convergence rate no more than

max(|1 — a"/;ixbﬂ, |a’y;ilnb2 —1]).
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Proof. For any V| it follows from the definitions of D?, «, and by that
[ —a(I = D)1 = v V(Fp(V)))l2
= I —a(l = D") +a(l = D) "oy V(F (V"))
<|I =l = DY)z + |al[(T = DY) LI (Fs (V) T (V)2

< 1- a’\/r;ix + a’\/r;nln% =1- a’\/r;ixbl ifa < Ymax >
a 0"7;11111 -1+ aw;i% = O['yr;ilan —1 otherwise

<1

This completes the proof. a

Remark 5.2. Although § > 6 is also required for the global convergence of the
approximate Newton method similarly to Theorem 4.3 and the theoretical choice of D?
should satisfy Yy‘r’nﬁ < §/6, these conditions may be relaxed in practical computation.

5.1. Approximate Newton method I. Our first approach replaces the op-
erator Oy Fy,(V*)[-] by a diagonal matrix 7'/, where 7° is a nonpositive scalar. It is
chosen to be nonpositive since 9y Fj;(V?)[-] is negative semidefinite from Lemma 4.9.
Consequently, we set D := 77.J(p) and the scheme (5.1) becomes

(5.2) VAL = Vo (T = J(Fy (V) (VI V (Fy(VY)) .

The next theorem presents the local convergence analysis for the method (5.2).

THEOREM 5.3. Let V* be a solution of the KS equation (1.5). Suppose that
Assumption 4.1 holds with a constant 6 and Assumption 2.5 is valid at H(V*) with a
constant § satisfying

52
. —\*.
where X, = min{0, Amin(J(Fs(V*)))}. Let {V'} be a sequence generated by the

scheme (5.2) using lim; o 7' = 7* € (—%,0) and a step size

(5.4) o€ (O, %) .

If the initial point VO is selected in a sufficiently small open neighborhood of V*, then
{V*} converges to V* with linear convergence rate no worse than

5 X 0+0
) = U}

0+5+5+/\* )|’|a(5+A;‘nm

min

max{|1 — «f

Proof. The convergence of the iteration (5.2) is guaranteed by
(5.5) oI —aM) <1,

where M = M (I — J(Fy(V*)oy Fy(V*)) and My = I — 7*J(F4(V*)). A direct
linear algebraic calculation yields M = I + M J(Fy(V*) (I — Oy F4(V*)). By
Lemma 4.10, the symmetry of J(Fy(V*)), and the symmetric positiveness of 71 —
Ov Fy(V*), we see that all eigenvalues of M are real. Then in order to obtain (5.5),
it suffices to have Apin(M) > 0 and aApax(M) < 2. Using 0 > 7% > —% and the
definition of A} . ., we have

(5.6) Amin(M1) > % > 0 and Apax (M) < ef—:d
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Using the fact that the smallest eigenvalue of a summation of two matrices is larger
than the summation of the smallest eigenvalues of these matrices, we obtain

)\min(M) Z )\min(Ml_ )"’Amln(Ml 1J(F¢( ))( aVFé‘b( )))

5 — * *

(57) > 2 (M (V) (<00 Fo(V))
Applying Lemma 4.10, Apax(—0v Fy(V*)) < 1 from Lemma 4.2, and the definition
of A!;,, we have

Amin (M7 (Fy (V) (=0v Fy (V7))

> )‘min( 1 1)/\mm( ( ¢>( *))))‘min(_aVEﬁ(V*)) if /\min(J(F¢(V*))) >0,

T Amax(MT D) Amin (J(Fp (V) Amax (—Ov F (V*))  otherwise

_fo i Auin (I (F5(V))) > 0,

- 7)‘““%Jr(f*¢(v*))) otherwise

Arnln
> N
N 5 + )\:fnll'l

which together with (5.7) gives Apin(M) > 0. Tt follows from Lemma 4.10 and (5.6)
that

)‘maX(M) < )‘maX(Mfl) + )‘maX(Mfl)AmaX(J(F¢(V*))) maX( 8VF¢>( ))
(5.8) <o 0+0 0+0
i

min

Combining (5.4) and (5.8) yields aApmax(M) < 2. O
Remark 5.4. The condition (5.3) implies that § > —2X%, . Hence, it is much
weaker than the condition required by global convergence in Theorem 5.1. Similarly to

the simple mixing, the condition (5.3) holds when J(Fy(V™*)) is positive semidefinite.

5.2. Approximate Newton method II. The matrix J(p) has to be calculated
for each p in the approximate Newton method (5.2). If the computational cost of
second-order derivatives of the exchange correlation function is expensive, a simpler
choice is to approximate J(F;(V*)) by LT and 0y F,;(V) by 71, that is, D' = 7°LT.
Hence, the approximate Newton method (5.1) becomes

(5.9) VAl = Vi — o (T = L) (VI Y (F, (VD))

where {7'} is negative. In fact, (5.9) is the Kerker preconditioner [18, 24].
THEOREM 5.5. Let V* be a solution of the KS equation (1.5). Suppose that

Assumption 4.1 holds with a constant 6 and Assumption 2.5 is valid at H(V*) with

a constant & satisfying & > 0. Let {V'} be a sequence generated by the scheme (5.2)

:
using lim; oo 7; = 7% € (—%, 0) such that & > %, and a step size

2
1+

If the initial point VO is selected in a sufficiently small open neighborhood of V*, then
{V*} converges to V* with linear convergence rate no worse than

t  —Dllai+ ) - 1))

max{|1 — a(m
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Proof. Let M = (I—7*LY)~Y(I—0yV(Fy(V*))). The convergence of the iteration
(5.9) is guaranteed by
(5.11) oI —aM) < 1.

We can decompose M = M; — My, where M; = (I — T*LT)_l and My =
(I —7* LT3y V(F,(V*)). Since LT is positive semidefinite and 7* < 0, we have

v €
5.12 /\min M D T AT
042) M) > T e
(5.13) Amax(M7) < 1.
Using Assumption 4.1 and Lemma 4.2, we have
v * — * 9
(5.14) Mol = [|(I = 7 L)t av V(Fs (V) |l2 < 5

Using (5.12) and & > ”Léf#, we obtain Amin(Mi) > 4, which together with (5.14)
yields

(5.15) (1 — admin(M1)) < 1 — af|Ma|s.

On the other hand, it follows from (5.10), (5.13), and (5.14) that

(5.16) (@Amax(M1) — 1) < 1 — a||Ma]|2.

Combining (5.15) and (5.16) gives o(1 — aM;) < 1 — a||Ma||a. which guarantees
(5.11). O

Remark 5.6. Although Theorems 5.3 and 5.5 can hardly be considered satisfac-
tory, they might be valuable for understanding the behaviors of these approximate
Newton approaches.

6. Numerical results. In this section, we verify the assumptions of our global
and local convergence on a few simple examples in a MATLAB toolbox KSSOLV
[33]. The continuous problem is discretized by using the planewave discretization
scheme. Throughout what follows, we adhere to the convention used in the imple-
mentation of the KSSOLV toolbox. Roughly speaking, the variable X is represented as
[F(X,),...,F(X,)], where each X; corresponds to a 3D matrix of size n; X ng X n3 and
F is the 3D discretized Fourier transform operator such that F*F = NI, FF* = NI,
and N = nynaons. Let g; € R? be frequency vectors arranged in a lexicographical
order and D, be a diagonal matrix whose diagonal entries d; are

g = Mlasl® it lgsl* < 2B,
/ 0 otherwise,

where E.,; is the kinetic energy cutoff value. Then the Laplacian operator can be dis-
cretized as L = - F*DyF and the operator LT is defined as  F* D} F. Furthermore,
KSSOLV only saves the components of X; whose indices correspond to the nonzero
elements of d;. The number of nonzero elements of d; is denoted as the dimension n.
SCF in KSSOLV is performed with respect to X and the corresponding Hamiltonian
matrix is

. 1 1
(6.1) H(V):= 3Ds+ 5 F (Vion + Diag(V')) F™.

Clearly, the eigenvalue \;(H (V)), where H(V) is defined in (1.4), is equal to NX;(H(V)).
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TABLE 1
Numerical results of the SCF using the simple mizing scheme (4.2) with o = 0.5.

name|(ni, n2, n3)| n |pl|iter| res d; ‘diag (8“3—;(’))6)‘ ratiol | ratio2
206 |( 32, 32, 32)|2103|7| 17 |1.140-06(1.976-01, 4.99e+01)|(5.97¢-01, 1.116+04)| 1.2860 | 1.2860
co2 [( 32, 32, 32)[2103|8| 22 [9.98e-08|(1.97e-01, 4.99e+01)|(3.83e-01, 1.85e+04)| 2.7901 | 2.7901
h2o |( 32, 32, 32)|2103|4| 17 |1.31e-06|(1.97e-01, 4.99e+01) |(4.02e-01, 1.87e+05)|33.7847|33.7847
hnco |( 32, 32, 32)|2103|8| 22 |1.81e-07|(1.97e-01, 4.99e+01)|(3.62e-01, 1.05e+04)| 4.1224 | 4.1223
nic |( 16, 16, 16)| 251 |7] 20 |2.036-07|(7.900-01, 4.900+01)](5.21e-01, 4.260+00)| 0.0067 | 0.0047
si2h4 | ( 32, 32, 32)[2103|6| 18 [1.69e-06|(1.97e-01, 4.99e+01)|(5.60e-01, 4.67e+03)| 0.9864 | 0.9864
sih4 |( 32, 32, 32)|2103|4| 16 |1.12e-06|(1.97e-01, 4.99e+01)|(8.92e-01, 2.32e403) | 0.2954 | 0.2954

The exchange-correlation potential is computed by the Perdew—Zunger formula.
Let 4 = €2(2)'/3 and ¢; = (47mp;/3)~/3. The function €, in (1.2) is defined by
1

(€xc)i = ((€ex)i + (€cc)i)pi, where (€cr)i = —%:}/pf and

) {Al + Ao + (As + Asgi) log(y)  if ¢ < 1,
ec)i — B .

1+B2\/¢_1i+33¢i if i 2 1,
where A; = —0.096, A, = —0.0232, A3 = 0.0622, A, = 0.004, B; = —0.2846, B, =
10529, and By = 0.3334. The matrix 22:C)e in J(Fy(V)) is a diagonal matrix in
this case.

We apply the SCF using the simple mixing scheme (4.2) with a = 0.5 to solve
seven problems including ¢2h6, co2, h2o, hnco, nic, si2h4, and sih4. The value “FE..;:”
is set to 25 in all examples. A summary of numerical results is presented in Ta-
ble 1. In the table, “iter” denotes the number of iterations performed by the SCF,

and “res,” “ratiol,” and “ratio2” are the values of ”V_V(Fd)(v))l‘, HJ(Fd)(V))'h, and

: v d
7mm{0”\“‘“{§(‘l(F"’(V)))} computed at the final iteration, respectively. The smallest and

largest values of the nonzero elements of d; and | diag(a“g—‘;)(p)eﬂ at the final iteration

are also reported. From this table, we can see that the SCF solves all problems suc-
cessfully to an accuracy of order 1076, For a further illustration of the convergence
properties, the values of W and o yé((f,‘i’)g‘:))\)jl(lil(v)) at each iteration of
¢2h6, nic, and sih4 are depicted in Figures 1 and 2, respectively.

Our gap assumption holds on nic, si2h4, and sih4. Although it fails on ¢2h6, co2,
h2o0, and hnco, this assumption might be further improved given the good perfor-
mance of the SCF on these examples and because our estimation [|0y Fy(V)|2 <  in
Lemma 4.2 is not tight.

Remark 6.1. Our current conditions may not hold for large systems. As one
referee pointed out, the primitive supercell on which the computations take place can
be quite large in many scenarios. This is the case, for instance, for a simulation box of
liquid containing many atoms, or for a complex crystal, or even a simple crystal under
nonideal situations. Then the norm of LT can become quite large and our assumptions

on the gap d can hardly be realized since J(p) := LT + 8“3—;@)6.

7. Conclusion. The equivalence between the KS total energy minimization
problem and the KS equation is ambiguous in the current literatures on KS DFT.
A simple counterexample shows that the solutions of these two problems are not nec-
essarily the same. We examine the equivalence based on the optimality conditions for
a specialized exchange correlation functional. We prove that a global solution of the
KS minimization problem is a solution of the KS equation if the gap between the pth
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F1G. 2. Numerical results on the convergence of TEHV ) =Ap(H (V)
P

TABLE 2
Equivalence between the KS total energy minimization and the KS equation using the exchange

1
correlation function eTegzc(p) = —%’yprg.

Properties Eigenvalue gap ¢ Other assumptions

A global minimizer Assumption 2.5 holds at H(X*) with

X* solves
T, — X
the KS equation 0>p (HL 2 3)

A local minimizer

Assumption 2.5 holds at H(X*) with

X* solves S 0.i=1....m
Ty = X Pi ) I
the KS equation 6>2 (HL [l2 3)
. *
pl();—i (?XG* )[0:’6()) - - X* is a strong local minimizer

and (p + 1)st smallest eigenvalues of the Hamiltonian H(X) is sufficiently large. The
equivalence of a local minimizer requires that the corresponding charge densities are
all positive. For strong local minimizers, the nonzero charge densities are bounded
below by a positive constant uniformly. These properties are summarized in Table 2.

We improve the convergence analysis on the SCF iteration for solving the KS
equation by analyzing the Jacobian of the corresponding fixed point maps. Global
convergence of the simple mixing scheme can be established when there exists a gap
between the pth and (p+ 1)st eigenvalues of the Hamiltonian H (X ). This assumption
can be relaxed for local convergence analysis and if the charge density is computed
using the Fermi—Dirac distribution. Our results require much weaker conditions than
the previous analysis in [25]. The structure of the Jacobian also suggests two ap-
proximate Newton methods. In particular, the second one is exactly the method of
Kerker preconditioner proposed in [24]. Although our assumption on the gap is very
stringent and is almost never satisfied in reality, our analysis is helpful for a better un-
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TABLE 3
Convergence results for solving the KS equation under Assumption 4.1.

. Eigenvalue gap ¢ or .
Properties smoothing parameter 3 Step size a
Analysis of |global convergence UXVP holds and 1
SCF in [25] > 12pynd
Assumption 2.5 holds at
local convergence the local minimizer with 1
d > 24/nb
global convergence UWP holds with 0. .26 )
. » 0+5
Analysis of loballlségﬁvff ence =0
SCF with [810P% fOnvers 150 (0, 52%4)
simple mixing using Fy, -
local conversence Assumption 2.5 holds at
usinvFg the local minimizer with (0, %)
&5 o> — min{O, )‘min(J(Fd>(V*)))}
local convergence . B
using Fy, 4> = minf0, Amin(J(Fs(VO} | (0, 587)
UWP holds with
global convergence 5 »yﬁmxs wi (0, ﬂ)
. > tmex . f) 0+9
Analysis of “min
Approximate Assumption 2.5 holds at i
Newton local convergence the local minimizer with (0 M)
on D' :=71"J(p) | 52 . . A
methods 25+6 > — mln{(]: )‘min(J(Fd>(V )))}
local convergence Assumption 2.5 holds at
. . . ﬂ
on Di = it the local I;n:l;nlzer with (O, 6+6)

derstanding of the KS minimization problem, the KS equation, and the SCF iteration.
A summary of our convergence results is presented in Table 3.
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