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It is proved that the second order correction trust region algorithm of Fietcher [5] ensures
superlinear convergence if some mild conditions are satisfied.
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1. Introduction

Fletcher [5] presents a trust region algorithm with a second order correction to
solve the following composite optimization problem:

mxin d(x)=f(x)+h(c(x)), (1.1)

where f(x) fromR" toR and ¢(x) from R" to R™ are twice continuously differentiable
functions and h{c) from R™ to R is a polyhedral convex function of the form

h(c)= max (hlc+b,), (1.2)

I=<is]t

h; and b; being given vectors and constants respectively. The algorithm is based on
a model algorithm of Fletcher [3] and it is iterative. At the begining of the k-th
iteration, x*’, A" and p* are available, where x'*' is an estimate of the solution
of (1.1), A**" is an estimate of the Lagrangian multipliers at the solution and p'*’
is a trust region bound. The algorithm requires the solution of the following
subproblem:

min ¢“(d) = ¢'"*'(d) + h(e(x'*)+ A(x*)d) (1.3)
subject to

ld] =< p*, (1.4)
where

q(k)(d) =f(x(k))+VTf(x(k))d+%dT W«k)d,

WHE =V f(x*)+ T AV (), (1.3)
i=1
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||l is any given norm and A=V"ceR” " is the Jacobian of ¢ Let d'*' be a solution
of (1.3) and (1.4); then
. x(kb —(ﬁ(.\"k'+d”"
RTTI !k ) X +d ) (1.6)
0V =t (d )
is calculated, which is the ratio between the actual reduction and the predicted
reduction of the objective function. On some iterations the algorithm also solves
the following "second order correction’ subproblem:

min &' X' (d)= g (dF - d)+ hielx™ FdN )+ Ax)d) (1.7)
subject to

l‘d(k'+dllsp(k)~ (1.8)

Let d'*' be a solution of (1.7) and (1.8) and define

P = ko l[}"“](o) _ lf;”\)(li”‘l)
e ([/(k)((])_d/(lm(d,k,),

) d)(x(k))_(b(-\_(kn+d(k;+‘i(ky)
= Y Ky g ko
0 = (d )

Following Fletcher's notation, we let £ =x'*' +d® %' = §0 4+ g% Ay* =
R 0) — K (d* Y and A = F0) - ' (dF), and we let g denote Vf, #h denote
the subdifferential of A, and g'*' denote g(x'"') etc.

Using the above notation, the details of an iteration of the algorithm are as follows,
where k is the iteration number.

Fletcher's Algorithm
Step 1. Evaluate f/**', ¢'*', g'*' A" and W'*';
Solve (1.3)—(1.4) giving d'*'";
Evaluate r'*', if +**'>0.75 go to Step 7.
Step 2. Solve (1.7)—(1.8) giving d'*':
Evaluate \*'; if r'*'<0.25 go to Step 4.
Step 3. If /M €09, 1.1], set p™**""=2p'"" and go to
Step 9, otherwise go to Step 8.
Step 4. If 7' #[0.75, 1.25] go to Step 5
Evaluate 7'
In computation assign d'%i= d'*' +d'*!, R = 0
If r'*'>0.75 go to Step 7.
If '~ =0.25 go to Step &.
Step 5. Set p'* " =a, ||d'M)], @, £[0.1, 0.5],
If #'*'>0 go to Step 9.

Step 6. x'**"i=x'"" generate A'*""'; end of k-th iteration.
Step 7. If [[d"*'|<p'*' go to Step 8:
if r(k;>0.9 then p(k'r|):: 4[7”‘] elsc p(k'—l):: zpll\):

go to Step 9.
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(k1) (K

Step 8. p o

Step 9. Set x'*"""i=x"""+d'"" generate A'**"; end of k-th iteration.

The value of a, in Step 5 is an estimate of the number af which satisfies
d(x*' +aFd®)=ming ., .05 ¢(x'¥ + ad'*"). Fletcher [5] gives a specific choice of
a,, which does not require any line searches but only depends on the value of r
Further, he lets A" be A'" in Step 6 and A'*""" be the multipliers from either
the subproblem (1.3)-(1.4) or the subproblem (1.7)-(1.8) in Step 9.

Fletcher [5] shows that if {x,} (k=1,2,...) are all in a bounded set in R" then
{x;} is not bounded away from the Stationary Points, where a stationary point x*
means a point at which

F(x®)+ h(e(x®) = Ax*)+ VT f(xM)d+ h(e(x*)+V e(x*)d)

holds for all d e R". The condition that {x,.} is bounded is usually satisfied, specifically
if x, 1s so chosen that

X plx)<p(x))

is a bounded set. Let x* be an accumulation point of {x,}. Since our interest is in
the rate of convergence, we asume that strict complementarity and second order
sufficiency conditions are satisfied at x*, and that Rank(A*) = m. Due to the second
order sufficiency condition it is easy to show that x, - x*, since x* is an accumulation
point of {x,}. We assume that the functions f{ - ) and ¢{ - ) are three times continuously
differentiable. Without loss of generality, we also assume that h(c¢*)=h]c*+b; for
alli=1,2, ..., L Let A®e ah™ (ah* is the convex hull of the vectors h, i=1,2,..., 1)
be the Lagrangian multipliers at x* such that

gF+(AF)TA* =0. (1.10)

The full rank of A* ensures the uniqueness of A* and the second order sufficiency
condition states that

d"W*d>0 forallde G* (L.11)

where

Acah*

G*:{d: max d (g% +(A"YTA) =0, d#()},
(1.12)

W=V f(x*)+ L AFValx®).
i=1

Under the above assumptions, Fletcher [5] proves that, if the trust region bound
is inactive for all large A, then the algorithm converges quadratically. Yuan [16],
however, gives examples of trust region methods that converge only linearly, so it
is important to investigate the effect of the trust region bound when k is large.

Since our result is stongly dependent on the condition A**’> A*, and since we
are not able to prove that the original choice of A'*’ in Fletcher [5] ensures this
condition, throughout this paper we assume that the generation of A'*™"' gives the
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limit:
/\[A)—>/\*. (113)

Many suitable methods for estimating Lagrangian multipliers are known, for example
Murray and Overton [10, 11]. The condition (1.13) admits many estimation tech-
niques, such as

AN =arg min gt —(A*)TA. (1.14)
A

Some lemmas are stated and the main theorem is proved in the following section.
The proofs of the lemmas are given in the Appendix.

2. The result

In this section, we demonstrate superlinear convergence of the algorithm by
showing that the trust region bound is eventually inactive. To make the prool of
the main theorem straightforward, we give some lemmas without proofs, and only
prove the main theorem. The proofs of the lemmas can be found in the Appendix.
The following Lemma 2.1 is due to Fletcher [5], Lemma 2.2 is a generalization of
Lemma 4.3 of Yuan [15], and Lemma 2.3 is the main result which indicates that
the trust region bound is bounded away from zero.

Lemma 2.1 (Fletcher [5]). There exists a positive constant ¢, and a neighbourhood of
x*, such that for all x in the neighbourhood the inequality

b (x)—d(x*)= ¢ |x~x*|° (2.1)
holds.

Lemma 2.2. For any given a,< (0, 1), there exists a neighbourhood of x* such that,
for all x in the neighbourhood,

d(x)= min  [flx)+g(x)d+h(e(x)+Ax)d)]= a[d(x) — d(x*)]

e ll=lx=x=ll

(2.2)

holds.

Lemma 2.3. Let d'* solve (1.3)-(1.4) and d'*' solve (1.7)~(1.8), then
(1) [d* I =0(]|x"" ~x*|):
(2) [d™ = O(x*' ~x*|:
(3) AY'M =y d™||* for some positive constant ¢,
(4) rM' 51 as k- +oo;
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(5) For any subsequence {k;}, if r'*’ < a, <1 for some constant «,, then

1d) = o(ld* ), (2.4)
lim FRI= 1, (2.5)

Corollary 2.4. For all sufficiently large k, p'**"' = p**".

Proof. Let @, in Lemma 2.3 have the value 0.75. Hence for all sufficiently large k,
either r'*'>0.75, or r'*’€[0.9, 1.1] and #*'€[0.9, 1.1]. Therefore by the definition
(k*'l), we have p(k+|12p(k). D

of p
Theorem 2.5. If A" > A*, the algorithm converges superlinearly.

Proof. Corollary 2.4 ensures that {p'*'} is bounded away from zero, therefore for
large k, the trust region bound is inactive. So from (2.8) and (2.9) of Fletcher [5]

we have that
4" = 2]

= O(max[||x"* = x*|, [[A"* — A ¥ ]). 2.6
x5 ] (max[[x™" —x*||, | I (2.6)

Thus the superlinear convergence result follows.

Corollary 2.6. If A'*' is chosen to be a value of A that minimizes ||g'*' — (A“)TA ||,
then the algorithm either terminates within a finite number of iterations of converges
1o x* quadratically.

Proof. Since A* has full rank, for large k, A" also has full rank. Therefore
AR =((A")T)"g'*' Because A*=((A")T)"g* and Rank (A*)=m, we have that
A" =A% = O(| x"*) = x*||). Thus, the quadratic convergence follows from (2.6). [

3. Discussion
By modifying the proof, one can show that the superlinear convergence result
remains valid if W'*' is replaced by any matrix B, that satisfies
B> W* k-, (3.1)

Further, the same is true if W'*' is replaced by any matrix B, that tends to W*
along directions d'*’, d'*’ and x'*'— x*, which means

1B, — W¥)z|/||z]| >0 (3.2)

for z=d'®, d and x'*'— x*, since to ensure the proofs in the Appendix valid we
only need that

W(klz: W*z—}-O(“z“)’
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holds for z = d'*’, d'*' and x'*’— x*. Therefore the sequence {B,} can be generated
by updating using function values and first order derivatives, which is usually much
easier than calculating second order derivatives. The PSB formula (Poweli [13]) is
recommended, which works well in trust region algorithms for smooth optimization
(Powell [14]). In order to satisfy (3.2) the PSB formula has the form

UIA»S(MT_’_&:A:O_(MT 6ck)5(l\1‘l'(a_<k)T5\k))

Bi. =B+ 2 : , (3.3)
! [ 81
where
0"“: z )\riki[VL,,(xfk;_.r_Slk))_Vcl(x(k))]_*_vf(x(k)_’_alk))_Vf(xn'k))
i=1
_BkS(M 6tk>___dtk> (34)
and {A'"'} (i=1,2,..., m) are estimates of the Lagrangian multipliers A¥. It is

expected that { B, } updated by (3.3)-(3.4) ensures (3.2), but we are not able to prove
it.

If the norm ||| in (1.4) and (1.8) is the infinity norm or the l-norm, the
subproblems (1.3)-(1.4) and (1.7)-(1.8) can be solved by using technigues such as
in Bartels, Conn and Sinclair [1], and they can also be rewritten as linearly con-
strained quadratic programming calculations. For the solving of QP problems, see
Fletcher [2], Gill et al. [9], Gill and Murray [8] and Goldfarb and Idnani [6].

Instead of updating the full matrix B,, as pointed out by a referee, we can update
just the projected matrix. For details of the projected update methods, see, for
example, Fletcher [4], Gill and Murray [7] and Nocedal and Overton [12].
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Appendix — Proofs of Lemma 2.2 and Lemma 2.3

Proof of Lemma 2.2. If the lemma is invalid, then there exist a,€(0,1), and a
sequence {x'*'} (k=1,2,...) such that

Mo xt (A1)
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and
¢(x(kl)_ min [f(x(k))+g(kJTd+il(clk)+A(k)d)]
ld = xt* =]
<aglo(x™M)— o (x*)]. (A.2)
Since

¢(x(k))_[f(x(k))+g(k)T(x*_x(k))+h('c(k)+A{k)(x*_x(k))]

= ¢(xM) = B (x*)+ O] x* — x|, (A.3)
we have that, using (A.2)
(Jb(x(k))—d)(‘x*):O(Hx(k)—x*H:). (A.4)
Hence
g (k= x*)+ max hTA*(x'™M = x*) = O(| x** = x*|7), (A.5)

using the assumption that h(e¢*)=hlc¢*+ b, for all i, | <i< I Moreover, the strict
complementarity and the definition of A(-) imply that there exist u7 >0 such that

!
g+ Y urhfA* =0, (A.6)

i=1

and

I
DETHES (A7)
i=

From (A.5)—(A.7), it follows that

®T (W lR) gy ot _._, hTA* (kY _ %
lim inp 85 ZX MmNy AT T (A8)
EREek

which gives
g (xM = x*)+ AR —x*) = O 2N - xF|). (A.9)

forall i=1,2,..., 1L
Consider

min [f(x”"')+g""Td+lz(c""’+A”‘"d)]

- Ay ol
=" —xm)

= min {uma"‘,[f'(x*‘)+l1.rc'(x*)+b;+'zg*"’(x'“’—x*)
Vafl= ™ - L=
+7Lg(k)T(x1k| _x:‘:)+g1k)Td+h‘ir(%A::<(x(k-)_x*)

+éA(I<)(x(k)_x*)+A4k)d)]}+0(||x(k)_x*||2)

<  min { max [f(x*)+hlc*+ b+ g*+ A% Th) T (x* = x¥)
i< pa'® oxmy LI=i=d

Y, (A.10)

_‘_é(g(k]_’_(Ankl)’l’hi)‘rd]}+o(llx(k1_x*
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wflere the last part is obtained by forcing d in the middle part to have the form
Yd+x*—x"") for [|d]| < |x"*—x*|. Let B(x) be the I Xn matrix

g'(x)+h|A(x)
B(x)=| & ¥ ThAW | (A1)
g7 x)+ hTA(x)
It follows from (A.9) that
B(x*)(x"™ —x*) = O] "™ — x*|"). (A.12)
Hence the vector
d'*' = —(B(x*))" B(x*)(x'*' - x¥), (A.13)
satisfies
14 = O(l* — x|, (A1)
and
B(x*)d"™ = — B(x*) (x*' - x*). (A-15)
Therefore
B(x*)(x'" = x*)+ B(x'*)d'*" = o(||x® — x*||*). (A.16)

(k)

Because, for sufficiently large k, (A.14) implies [|[d'*’|| < ||x'*'— x*|, it follows from

{A.10), (A.14) and (A.16) that

min U(x(k)+g(k)Td+ h(c(k)+A(k)d)]

i x"* ==
=S+ h(e®) + 3 BO*)(x) = x%) + B(x)d |l + o6 = x*[%)
=f(x*)+ h(c®)+o([|x'* —x*||?). (A.17)

(A.2) and (A.17) imply that

(1 - a)[d(x™ = d(x*)]< o([|x"" — x*||*), (A.18)

which contradicts Lemma 2.1. Therefore Lemma 2.2 is true. [

Proof of Lemma 2.3. If (1) is not true, then there exist k; (j=1,2,...) such that

" —x* = o(] ') (A19)
and
(//(k’)(d(kl))Z min l,/ftk"(d). (Azo)
fdlj=p'"’

Thus we have, for sufficiently large k;,

PN < g0k = xt) = ¢ (%) + O([lx ) — x¥|]?). (A.21)



Y. Yuan / Trust region algorithms 277

Choosing a subsequence if necessary, we assume

d*d% > d. (A.22)
which gives

(x4 d ) =) 4] > d (A23)
Since

B(x*+d*) = g R (@ E) +O(|d ), (A.24)

it follows from (A.21), (A.24) and the fact that x* is a minimum of ¢(-) that
B (x*+d'") = p(x*) +O(|| x5+ d — x*|)?). (A.25)
Therefore the definition (1.12) of G*, (A.19), (A.23), (A.25) and the inequality

¢ (x) = d(x*) = max (x—x*)"(g*+(A*)"A*)+O(|x —x*|*)

Asah®
imply that
d' e G*, (A.26)
so the second order sufficiency condition ensures
d"W*d'>0. (A.27)
Hence, using (A.23)
(xS +dS —x*) W+ d' S - x*) = 1 d T W[ (A.28)

for sufficiently large j. Thus, remembering that h is convex and A*edh*, and
remembering equation (1.10), we have, using (A.23)

lp(k’)(d(k’]) :f‘(xikl)) +gT(x(k-’))d(k’)"I"%d(k')Tsz(x(k‘j)d(k’)

+%d(k’)T Z’: A('k’)V2C>(x(k’))d(kf)+h((.'(k"‘l'A(ki)d(k’))
2 ot i i
zf(x(k"ﬁ'd(k’))'i‘h(c*)
+ 2,: /\*[C(.k,)_{_VTC(_kJ:d(k,)_C* +zld(k’)'r\72c(»k1)d(k’)]+0(||d(k’)||2)
i=1
= p(x*)+f (xS +dM) - f(x*)
T

+ L AT+ %) — o (x)]+o([4))

= d>(x*)+~%(x”‘/’+d”"r’—x*)TW*(x”‘"+d”‘f’—x*)+o(||d‘ki‘||2)
= ¢ (x*)+3dTWHL| )P+ o(|dN)) (A.29)

for all sufficiently large k. (A.29) contradicts (A.21) (using {A.19)) since d'" W*d' >0,
which proves that (1) is true.
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The proof of (2) is similar to that of (1). Assuming that (2) is not true, there exist
ki {j=1,2,...) such that

x™ x| = o(| "), (A.30)
and consequently, from (1),
= o(d ). (A3D)

(k)

Recalling [[d'%'+d"'|| < p'*’, we have |x'*' = x*| = a(p'""), so it follows that

l['/\(k’}('(i'k'))sl]/\(k'\(ﬂ):df‘k"(d(k")+O(||d(k’)H2)

S(Zl(k’)(x*—x(k'l)+O(||d‘k") :)s(b(x*)+0(|]x‘k»‘—x* 2).
(A.32)
Choosing a subsequence if necessary, we assume that
dhdn) - d!, (A.33)
and consequently
(x(kll_‘_dlk‘,)_*_lim,v_x*)/”‘i(f"»”_)dl. (A34)

Since (A.30)-(A.32) imply

d)(x(kf)"‘d(k"—f'(i(k"):([;‘k"(a(k’))+O(||J(k’)||2)S¢(X*)+O(|lli(ki)“2),

(A.35)
it follows that
d' e G¥. (A.36)
Therefore
(x4 d™ 0+ d ) — ) TWH R g d R -ty = d) TR | d R,
(A.37)
for all large j when (d')"W*d’' >0. As in (A.29), we have
Gy = b () +oll[d 1)
+;l—(x‘kf'+d”‘«‘-ﬂi”‘f’—x*)TW*(x"‘v’-!-d‘k"+ti“"f'—x$)
= p(x*) +4(d") WE'||d5 |2+ o([dH), (A.38)
for all large j, which contradicts (A.32) (using (A.30}). Therefore (2) is true.
We now prove (3). By (1), there exists M, =1 such that
@< M| x"* = x*| (A.39)

for all k. Noticing that h(-) is a polyhedral convex function, that { W**’} is uniformly
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bounded, and that '*’(+) is defined by (1.3), we have that
y(0) = min ¢*(d)=y(0) — min [¢(d) = 2d W d 4 Mo]ld]]

[[d]i=e

= max [1A% —IMya’r?)

==
=3min[A%, (A5)7/ Mya?) (A.40)
for all @ >0, where M, is an upper bound on {[d' W'*'d|: |d|| =1}, and where

1= w‘k’(O)—min [0'5(d) - 1d" W d]

=¢™(0) = min [f(x")+g"Td+h(c'+AM)]. (A.41)

ldlj=

Since for a general convex function F(-),

Hm.al)( [F(x)—~ F(x+d)]=min ,:l E] X[max [F(x)— F(x+d)]

holds for any «a, 8 =0, the convexity of '*'(d) —3d"W'*'d gives
Ajary = min[1, [d) /|2 = x| JA R0y,

consequently Lemmas 2.1, Lemma 2.2 (using a, =3), (A.39), and the fact that M, = |
give the following inequality, which holds for all large k,

‘ua‘“nfz—Al,]I [ —x* ] ). (A.42)

It follows from (A.40) and (A.42) that there exists M,> 0 such that

(kY _ %
w\k)( ) d/”"(d”")>c—m1n[l, Clnx X H :l”x(k)_x*” “d1k)||

4M, MM, |4
(A.43)
for all k= M,. Thus (3) follows from (A.43) and (A.39).
We now prove (4). For all sufficiency large k, since
C(x(k)—}-d(k)) _c(x(k)) _A(kld(k) =O(“d(k)“2), (A44)
and since Rank(A™) = m for all large k, there exists d'*' such that
c(x(k’+d'k’)~c(x(k))—A‘k)d(k)zA(k)J(k) (A.45)
and
9] = o d"™ ). (A.46)
Define

B = max[|d®|, ||d* +d"*||), (A.47)
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then by the definition (1.9) of r\*’, it follows that

5o | _ 0L gk
re! = 10 {¢(x“’) —d(x"+d* )+ g @) + h(e(xM +d'))

¢

lld'* e d= gy

—  min [q””(d”"+d)+h(c(x‘k’-i-d”‘")-I—A“‘"d)]}

:Ad/(k){qs(x:ku)_*_q4A)(d<ko)_j(x(k)+d(k))

_ min [qlk)(d(k)+d)+h(c«k)+A(k)(d+d(k)+‘i(k)))]}

o't dl= By

f . NN
:Aw(m |:d>(x”")+q”"(d"")—f(x"‘)+d I\»)

+g™TdFM — min ¢(1<1(d)+0(||d"”||2)], (A.48)

Nd~d" "= py
By the definition (1.5) of ¢'*'(-) we have that
q(k)(d(k))_f(xlm_’_d(kb):édlki'l' S /\(‘klvlc(‘_k)d{kl_+_O(Hd(k)n2), (A49)
=1

and from (1.10), (1.13), (A.45) and {A.46), it follows that

glk)Tli(k]:— g: )‘(II\)V I‘C<ik|J4k1+O(||d(k)“2)

i=1

[ E )\(ik)[ci(x(k!+d(k))_Ci(x('k))_V1'C(ide(k)]+O(||d(k)||2)

i=1

:_%dlkw 'Z /\liklvzcl'k)dlk)_'_O(”d(k)”z). (A.50)
i=1
Hence from (A.47)-(A.50) and (3), noticing B8, < p'*’, we have that

o MaxXpa_gep [0700) =0 (d) +o(d M)

Te = Ad/‘k‘

maXjg-4'*'j=g, [lfllkl(o)_d/(kl(d,)]+ (k) (k)
= d d'|. A5l
IHBXHst_Bk [d/(kJ(O)_wM)(d)] O(” H)/” H ( )

For each k we define

Ap= max [4'(0) — ¢ '(d)], (A.52)

which is a monotonically increasing function of positive 8 and for any 8> 8>0
we let d,, satisfy

A5, =0 0) =y (dy), | dll < Bo (A.53)
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Thus, by the convexity of h and the definition of ¢‘*’(-), we have that
Ak = 0000 — ¢t B
e (0 =y d,
IBU
B
Bo

:ﬁdz“_{_%ﬁ(ﬁoz_ﬁ)
Bo Bo

=B£Ag‘_,[1+o<ﬂ°—_§)], (A.54)

¢} a

(00 - 0y L w - () drwa

diw'®d,

where the last line depends on (3). Using (A.54) and (A.51), we deduce that

r(k) < Agk + || d(k)”

s Iy +o(1)
Bi
Bt lld™ |
Bi[1+0([d™||/B:)] oth ot
and
ko1 gk
;"’aéﬁk—Aﬂd—”+o(l)
Bx
gtk .
Eﬁk*g“d—“fl+0<||d“"||//3k>]+o<1>=1+o<1>~ (A.56)
k

Therefore (4) follows.
Finally we prove (5). If (2.4) is not true, there exist a,€(0,1), k; (j=1,2,...)
such that r'*’ < «, and

[d%( =od™|). (A.57)
To simplify notation, we denote k; by j. Since {k;} is a subsequence of {k}, without
loss of generality, we assume that

4/ > a,  dV/)dv) - d. (A.58)
Since our continuity assumption shows that

L['(’/](O)—llt(‘”(d(j])Z(b(x(j))—¢(x(”+d(‘i')+()(H(l(‘”||2),

“'< @, ensure that

the definition (1.6) of "' and the assumption r
$9(0) = I (d9) = O([|dY'|). (A.59)
Consequently the bounds (A.59) and (A.43) imply

[xY = x| = O(||d"|). (A.60)
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It follows from Lemma 2.2, (A.41), (A.60), the fact that (A.40) gives the condition
Ao < max[24¢ ™, QM ™| d %)), (A61)

(A.59) and (1) that

: . | I | x4 — x*
H(x") = p(x*)=— A e = — A g max l:l, “ u ”]
@

0 0 (el
=0V = O([d"[?) = O(fix"" = x*||*). (A.62)
Consequently
d(x +d") =y (d"") +O(|d']])
< &(x")+0([[d"']*) < ¢ (x*) +O(|[d"[|*) (A.63)

Without loss of generality, we assume that
(x(j)+ d(f)_x*)/HdU‘” - a'. (A64)

From (A.63) and (A.64), if J’#O, d' e G*. Therefore for both zero and nonzero
values of d',

d e G* (A.65)
since, due to (A.62), d —d'cG* Similarly, it can be shown that

d' e G*. (A.66)
From (1.7), (1.5), (A.45), and (A.46), we deduce that

Gy = gV(d + d)+ (e + AV (d+dYV + dD))

= ¢ (d+dV +d9) - gu' Tdu +o(|[dV ) + O d| | d9)?).  (A.67)

Consequently, it follows from (A.54) that

GO (—dV = d) =g (d )

= max [§V(=dV'=d")-§"(d))]

fd-d' =g,
= max [¢V(0)—- ¢ (d+d”+d)])+o(]|dV])
lld+d"=g,
= max_ [¢V(0)— ¢ (d)])+o(]d]*)
lal=pg,—d"|
= (,[l(j)((])-—ljll'“(d('“)‘f‘o(”d‘j) 2)
= (—dV = d") = g (—d) +o([[dV]). (A.68)

Thus,
G9(d9Y < §U(~dy +o()d|P). (A.69)
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Let ¥V’ be defined by
PV +dV) = v (d)+1dT WG, (A.70)

and note that ¥"'(-) is a polyhedral convex function. Since yY'(d) attains its
minimum on {d: |d| < p'’} at 4,

vY(d)= vIN0) (A.71)
for all d satisfying

[d+dV|<p™*. (A.72)
In particular, if

[d9+d9'+d9| < p'™, (A.73)
then

\PU‘(JUW ‘j(n) = PYI(0) = yY'(d). (A.74)

Consequently, it follows from (A.67), (A.70), (A.74) and (A.66) that
l/;(j)(‘im)_ (1;(’[’(—3"”) _ wu)(du>+‘2<_n+‘]<j)) _ d/(_ib(d(j))+O(||d(j)||2‘)

%)

=i(d") W*d'|dV >+ o(]|d”|?) (A.75)

2%(&”#J‘v"’)TW‘-"’(ﬁUUrJ‘j’)+o(||d‘”

for all large j, which, due 1o (A.57), contradicts (A.69). Therefore we assume that
14+ ' G0 > ot (A76)

for all j. Remembering (A.57) and that {j} is a subsequence of {k}, we assume
without loss of generality that

(d+d")/||d ) - d”, (A.77)

i'e G*. (A.78)
Define

dY'=(dV+d"+d")(1-2|dV|/ p). (A.79)

Then, it follows that for sufficiently large j
12<p, @y >, (A%0
since [|[d"'+d"' +dV'|| < pU+ || dY||. Similarly to (A.75), it can be shown that
PO~ d9) = O (=d )= (d ) W[4+ o([[d]).
(A.81)
Now (A.79), (A.77), (A.46) and (A.57) imply that
dv/||dv|| - d’. (A.82)
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Using (A.67), (A.46), and the continuity of ¢/(d)—id' W"d, we deduce that
lr/;(j;(_dm_‘]u)) —(/;U’(JU’—d‘j’—JU’)
— w(j)(o) _ (/J(‘j)((iu)) +O(||d(j)”2)
=(1-2d"])/ 0" [ (0) - df‘~”(d‘j'+¢i"’+ 5‘"")]+0(||d"”||2)
I)(O) (jl(d(/l | d(/l+d(l) +0 ||

= (—d" — ‘iu»)_d;(j)(‘iul)+O(||d‘j)||3') (A.83)

(A.81) and (A.83) show that (A.75) holds, which contradicts (A.69). The contradic-
tion shows that (2.4) is true.

Remembering our notation that &*' = ¢(x*'+d*'), by the definition (1.7) of
v (), we have

Ad;(k):qm)(d(k)) , }(A«A)) [q\k)(d(kb+"1‘(k))+’T(CIk}+A(k)d(k))]

_f( A(kl)_’_h A(I\)) éd(k)T { /\(ik)VZC(ik)d(k)_[f(i(k))+h(c(£(k\))

i=1

g gonyT T ABIT2 (gt g Gk

i=1

+o(d™)+0(]

dmp+o([d™
=(i)(x(k’er"")—¢(x‘k)+d'k'+ﬁ"“)
+o([[d"™ 1) +O([[d* | d“]) +O(d¥|?). (A.84)

Hence (2.5) follows from (1.9), (2.4), (3) and (4). This completes the proof of
Lemma 2.3. [
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