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Abstract

The Nash equilibrium problem is fundamental in economics and it is also a very special
optimization problem. In this paper, we consider the application of trust region methods
to Nash equilibrium problems. We propose a Jacobi-type trust region method for their
solutions. The method includes different trust regions for each player, and the trial step is
computed and accepted (or rejected) based on each individual utility function. An overall
merit function is used and a non-standard technique is suggested to update the trust region
bounds. Under certain conditions, we prove the global convergence and local superlinear
convergence of the method.
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1 Introduction

The Nash Equilibrium Problem[18] is about N players (v = 1,...,N), where each player v
controls variable x, € ™ and wants to minimize his own utility function wu,. Let n = Zf\i 1 M
be the total number of variables and x be the vector of all variables

€,
c=| : |ewn. (1.1)
TN

The utility function w, for the v-th player depends on all the variables x. Since the v-th player
controls variables x,, it is convenient to partition the variables z into two subsets: z, and x7Y,
where x¥ are all the variables in = except those in x,. Thus, (z,,x") is a decomposition of z.

Using such notations, the utility function u,(z) for the v-th player can be written as

Uy (T, x 7). (1.2)
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The aim of the v-th player is to minimize u,(z) by controlling the variables in x,, namely

xiréi)r(lv Uy (Ty, X)), (1.3)
where X, C R™ is the set of possible strategies of player v. Normally X, is compact convex
set. Often, X, is given by

Xy ={zy| cl(zy) =0, hy(zy) <0, 2, € R™}, (1.4)

where ¢, € Rl and h, € R™ are continuous vector functions defined in R™ with I, and m,
being two positive integers. A Nash equilibrium point is a point z* such that (z*), is a solution
of

min (T, (x*)7Y) (1.5)
Ty E€Xy

forallv=1,2,...,N.

The Nash equilibrium problem (NEP)is fundamental in economics, and it has been studied
extensively with many extensions, for example see [4, 8, 12, 13, 14, 15, 17, 20]. In this paper
we propose a trust region algorithm for solving NEP. Trust region algorithms have been used
successfully for nonlinear optimization, following the pioneer work of Powell [21, 22] and Fletcher
[10, 11]. The general frame of trust region algorithms is at each iteration the original nonlinear
(difficult) problem is replaced by an approximate model which is easy to solve, and then the
approximate model is solved with the “trust region” constraint (requiring the solution of the
approximate model in a region that is trusted). The solution of the model problem is called the
trust region step, and it is either accepted or rejected, depending on whether the trust region step
gives an acceptable improvement to the original problem. The trust region itself is also updated
from iteration to iteration based on the goodness of the trial step. Trust region algorithms for
nonlinear optimization have attracted many researches, for example see [1, 2, 3, 5, 6, 23, 24].
For detailed discussions on trust region algorithms, readers are referred to the nice monograph
of Conn, Gould and Toint [7].

The NEP can be formulated as a variational inequality (VI) problem or a complementarity
problem (CP), which, by differentiable merit functions, can be cased as either constrained or un-
constrained optimization problems to which trust region methods can be applied. For example,
see Facchinei and Pang [9] and Majig and Fukushima [16]. But, such indirect approaches need
to minimize objective functions that depend on the gradients of the utility functions. Hence
the application of standard trust region algorithms for optimization would require the Hessian
matrices of all the utility functions. Another possibility is to reformulate the NEP into an opti-
mization problem by using the Nikaido-Isoda function, and then to apply a standard trust region
method for the corresponding optimization problem. In this approach, the objective function is

N

Vv — vy 1 -v . 1.6

=3 [uv<xv,x )~ min (") (1.6)
v=1

The definition of V' (x) depends on miny, ¢x, %y (yy, x~¥) and the application of a standard trust

region for min V' (x) will be very complicated because the evaluation of the objective function

itself need to solve N minimization problems miny, cx, wy(yy, X~ "), not to mention that the

gradient VV () is very difficult to obtain.

To the author’s knowledge, no trust region methods have been proposed to solve equilibrium
problems directly. We believe that it is an interesting question to ask whether trust region



algorithms, a class of widely applied algorithms for nonlinear optimization, can be made suitable
for these problems. This is the motivation of the current paper, and we will give a Jocobi-
type trust region algorithm for solving Nash equilibrium problems and study the convergence
properties of the method.

The paper is organized as follows. In the next section, we give a Jacobi type trust region
algorithm for Nash equilibrium problems. Our trust region method uses different trust regions
for each player, and the trial step for the variables controlled by each player is computed and
accepted (or rejected) based on the corresponding individual utility function. Then, an overall
merit function based on all the utility functions is defined for the updating of the trust regions.
A non-standard technique is suggested to update the trust region bounds. In Section 3, we prove
the global convergence of the method, and local convergence result is established in Section 4.
In Section 5, possible generalizations of our method are discussed briefly.

2 A Jacobi-type Trust Region Algorithm for NEP

The trust region approach imposes constraints on the step-lengths of the changes to the variables.
At the k-th iteration, assume that the current variables of the player v is (2(*)),. Let the bound
on the norm of the changes to the variables controlled by the v-th player at the k-th iteration
be denoted by A, ;. Thus the trust region subproblem for the v-th player at the k-th iteration
is

min gy u(dy) (2.1)
s. t. ||dv”2 < A’UJC
(x(k))v + dv S Xv ) (23)

where ¢, 1,(d,) is an approximation to the utility function u,((z®)), + d,, (x*)™), d, € R™.
Define

Ouy(x)
= 24
gv,k 8.%,, ‘z:m(’@? ( )

A natural choice for ¢, (d,) is the second order model

1
Go,k(dy) = up(2®) + gy 1k + 5dev,kdU, dy € R™, (2.5)
where B, j, € "™ is a symmetric matrix which approximates the Hessian matrix 825;%(3”) | o) -
Let d, i be the solution of problem (2.1). We denote the predicted reduction of the v-th utility
function by

Pred, 1 = ¢p,1(0) — ¢u, k(do, 1), (2.6)

and the actual reduction by
Ared,, i, = up((2M)y, (xM)7) = uy (W), + dy, 1, (x39)77). (2.7)

The ratio between these two reductions plays an important role in a trust region algorithm.
Letting
B Ared,, i,

_ 2.8
Pred, )’ (2.8)

Tv, k



we define
k .
(Jf(k+1))v — {(x( ))v + dv,ka if To k > 0, (2.9)

(z®)), otherwise.

The above definition of the new iteration point ;41 is based on the reduction of the utility
function of each player, but, when an overall step is taken, we can have uv(w(k“)) > uv(x(k))
even when 7, > 0, because of the contributions to z* D from the other players. Hence
we need to use criteria other than r, , to update the trust region bounds A, ;. One natural
merit function is V' (x) defined in (1.6), but the calculation of V(z) requires the solutions of N
minimization problems. Thus, we have to find an easy to compute merit function.

Define IIx, to be the projection mapping from " onto X,, namely

[x,(y) = argmin,c x ||z — yll2, VyeR™. (2.10)

Define the vector function

1_[)(1 L1 — ag;(lw) -
Ouaz ()
Iy, (w2 — =5~ ) — 2
F(z) = ? o e R, (2.11)

My, (xN - ngl(f)) — N

and the merit function

N

Y(z) = |F@)& =)

v=1

2

, (2.12)
G

Ouy ()
IIx, (x P > -

where G = Diag(G1,Ga,...,Gy) with G, € R"**™ (v =1, ..., N) being fixed symmetric positive
definite matrices, and the norm ||g||¢ denotes \/¢g7Gg. Because the step definition (2.9) does
not ensure a reduction of the merit function, it seems reasonable for us to reduce the trust region
bounds if no sufficient reduction has been achieved for the best merit function up to the current
iteration. Let

Mk = élilélklb(xi) ; (2.13)
and
N
Pred;, = Z Pred, j . (2.14)
v=1
We define the ratio o )
Nk — P\ Tk+1
=1rF ~\rra/ 2.15
Pk Pred, (2.15)

and we we always reduce all the trust region bounds A, j unless

Pk = B, (2.16)
where 31 € (0,1) is a constant, We let the trust region bounds have the form

1

Appe—t
vk Tv+tv,k

lGv,kll2 (v=1,2,...,N), (2.17)



for some positive constant 7, > 0, where ¢, ; > 0 is updated from iteration to iteration and

gv,k = (x(k))v - HXv((x(k))v - gv,k) . (2.18)

It is easy to see that g, r = gu, & if both (x(k)),, and (a:(k))v — v,k are in X,. We call g, , the
projected partial derivative. We adjust the ratio between the trust region bound A, ; and the
normal of projected partial derivative ||g,, x||2 instead of the trust region bound itself. Further,
the ratio between A, 1 and ||Gy, 1|2 is not be increased unless both (2.16) holds and r,, j, is larger
than certain small positive number. Specifically, for each v € {1,2,..., N}, we let

ty, k41 =ty + O (U =1,2, ...,N), (2.19)

if (2.16) fails, where each 4, is a positive constant. Alternatively, if inequality (2.16) holds, we
let
max[t’v,k - 51)7 0]7 if T’U,k Z ﬁ?)

Lo, k+1 = X to, ks if 7, 1 € (0, Ba); (2.20)
tv7k+6v, if?“v’k <0,

where 2 € (0,1) is a constant. On the other hand, in a classical trust region algorithm for
nonlinear unconstrained optimization, if a reduction in the trust region bound is needed, the
trust region bound will be reduced by a fraction (say, a half). The idea for the classic approach
is to force a bound on the sum of the trial steps that do not give a sufficient reduction in the
objective function in order to ensure the iterates converging to a stationary point. The update
formulae (2.19) and (2.20) imply that, even the trust region bound is reduced at every iteration,
we have

Z Ay g = 00, (2.21)
k=1

provided that ||g, k|2 is bounded away from zero.

Algorithm 2.1. (A Jocobi-Type Trust Region Algorithm For NEP)

Step 1 Given an initial feasible point V) € X1 x Xo--- x Xy.
Choose positive constants Ty, Oy, ty1 (v =1,2,...,N);
Choose 1 € (0,1), B2 € (0,1). Set k := 1.

Step 2 If Zf)\;l |Gu, k|2 = O then stop.
Solve (2.1) obtaining d, i, for allv=1,...,N.

Step 3 Compute r,, i, by (2.8), and define the next iterate point 2+ by (2.9).
Step 4 If (2.16) holds define t, y+1 by (2.20) otherwise by (2.19).
Step & Generate By p41. Set k:=k+1. Go to Step 2.
The algorithm terminates if an iterate (%) satisfies
Gox=0, Yo=12 N (2.22)

We define such a point as a stationary point.



Definition 2.1. We call x* is a stationary point of the Nash equilibrium problem if x* satisfies
that
F(z*) =0, (2.23)

where F(x) is defined by (2.11).
The solution of the Nash equilibrium problem is also a stationary point. If, for each v, the

utility function wu,(x,, x~) as a function z, is convex, a stationary point is also the solution of
NEP.

In the next section, we show that under certain conditions, the iterates generated by the
above algorithm are not bounded away from stationary points.

3 Convergence Properties

One nice property of trust region methods for nonlinear optimization is that the predicted
reduction of the trust region subproblem can be estimated by the residual of the optimality
conditions. Here, we establish a similar result for the trust region subprolems for the NEP.

First we need the following simple result.

Lemma 3.1. Assume that (z®)), € X,,, we have that
o,k > 190, k[l3- (3.1)
Proof. For any y € X,, it follows from the definition of the projection Ilx, that
(y —Tlx, (y) (& — TIx,(y)) <0, Vz € X,. (3:2)

Let y = (), — G, and z = (z(*)), in the above inequality, we obtain that

(@8 = gok ~ T, (@) = 90)) " (@0~ T, (W)~ o)) <0, (33)

which can be rewritten as
2
g0 (@®)o = Iy, (@) = 90.0)) = | @) = x, (@) = gon)| - B4)
This shows that the lemma is true. O
In order to analyze the convergence properties of our algorithm given in the previous section,
we need the following fundamental result which is an extension of a result given by Powell [21].

Lemma 3.2. Let d, j be the solution of subproblem (2.1). Expression (2.4) has the property

L. . Go, & |l2
Pred > — A : . 3.5
redy, k Z 2Hgv7k||2mln|: v, k> max[l, ||Bv,k”2] ( )

Proof. From the previous lemma and the definition of d, , we have

¢U,k(d’l},k‘) = min ¢U,k(dv)
”dU”QSAv, k> (w(k))v+dv€Xu

< min k(—ady &
ae<o,1},uagv,k||2§av,k¢’“’ (=agu.)
1
< min wy (2", = allgw £l12 + =a?|| B o 2. (3.6
S o A o((@)y) = allgu, k15 5 | By, kll2l|gv, k12| - (3.6)



If Ay & < 9w, kll2, it follows from Powell [21] and the above inequality that

1. . Go, k
Predy 1, > =||Go, k||2 min [Av,k, ||gv||2} ; (3.7)
2 1 Bu, k|2
which implies (3.5). Now we assume that A, p > |G, x||2. In this case, we have that
Predy i > 0 4(0)— o L
re - -
v,k = v, k v, k max[l, HBv,kHQ]gv’k
_ 1 | Bu, k|2 -
— — ”gv,k |2
max(L, || By, k[|2] 2max[L, || By, k|l2]
1 s 2
- ”gv,kH2 ) (38)
2 max[1, || By, 2]
This completes our proof. o

Similar to trust region algorithms for unconstrained optimization problems, we do not need
to solve the subproblem (2.1) exactly as long as we can compute an approximate solution d,
that satisfies a weaker form of condition (3.5). Specifically, it is quite common for some practical
trust region algorithms to solve the trust region subproblem (2.1) approximately so that Pred, j
satisfies the condition

(3.9)

. . Jv, k|2
Predv,k > ﬁ3”gv,kH2 min [Av,ka HUH:| )

1+ [[Bu,kll2
where 33 € (0, 0.5] is a constant. This inequality implies the following result:

Corollary 3.1. Let d,  be an inezxact solution of subproblem (2.1) such that (3.9) holds. Then
we have the bound

Predv,k > /83Hgv,k

1 1
2 .
min , . 3.10
£ [Tv+tv,k 1+||Bu,k||2] (3.10)

Lemma 3.3. Let d, j, be an inexact solution of (2.1) such that (3.9) holds. If B, i and %
are uniformly bounded and if

lim ¢, 1 — oo, (3.11)
k—oo
then
lim r, ,=1. (3.12)
k—oo

Proof. Since B, j are bounded uniformly, it follows from (2.17) and (3.10 ) that

Pred, i > ﬁ:stJv,k |§m = ﬁ3\|§v,k||2Av,k = B3(7y + tv,k)Ag,ka (3.13)

for sufficiently large k. The uniformly boundedness of B, j and 82;;7“%@) imply that
|Ared,,  — Pred, | = O(A%,k) . (3.14)
Therefore, from (3.11), (3.13) and (3.14) we deduce that (3.12) is true. O

We make the following assumptions:



Assumption 3.1. Let {x(k), k=1,2,...} be generated by our algorithm. We assume that

1. There exists a bounded convex set S C R such that z¥) € S for all k,

2
2. The functions u,(z) are continuously differentiable in S for all v. Furthermore, g g;Q(I)

are uniformly bounded for all x € S.

3. By, are bounded uniformly for all v and all k.

Now, we are going to show that under certain conditions the points {z;} generated by our
method are not bounded away from stationary points.

Assumption 3.1 implies that there exists a positive number G4 such that

0%y (x)
—1 < Ve eS =1,2,.... N 3.15
‘ 8IE12) ) = ﬁ47 T ) v ) Ly ) ) ( )
and
14+ |Boglla <61, Vhk=1,2,.., v=1,2..N. (3.16)

Lemma 3.4. Assume that all the conditions in Assumption 3.1 are satisfied, and that every
dy. i, satisfies (3.9). Then formulae (2.9) provides

(@k+1)0 = (Tk)v + do, (3.17)

B3 i
Ay < Tﬂiﬂgv,k |2, (3.18)
where By is the positive constant in (3.15) and (3.16).
Proof. Because A, i < 33]|Gv, kll2/(284) < ||Gv, k|l2/ B4, it follows from (3.9) and (3.16) that

Pred, 1, > 33||Gu, &

12y & - (3.19)
On the other hand, the agrement between the first order terms of Ared,, j, and Pred, j provides
|Ared,, , — Pred, 1] < Balldyill3 < 122 ;. (3.20)

Inequalities (3.18)-(3.20) imply

/84 A'u k 1
1—ry g < 2222k <2 3.21
‘ > ‘ /83 Hgv,kHQ 2 ( )
S0 Ty, 1 is at least 0.5 in formula (2.9). This completes our proof. O

The projected Cauchy step is the best point along the negative projected directional derivative
direction within the trust region ball. Namely the Cauchy step dvc K = —0Q, 1Gv,k is define by

bo,k(dS}) = min Gv. 1 (— G 1y )- (3.22)

O‘>07”a§v, kH?SAv, k

We also assume that the computed trial step d,, ; is not worse than the projected Cauchy Step,
which is the condition:



Assumption 3.2. Assume that every trial step d, . generated by our method has the property
qbv,k(dv,k’) < ¢’U,k‘(d5k) (323)

Now we can establish our main global convergence result as follows.

Theorem 3.1. Denote the Jacobi matriz of F(x) by J(x), if Diag(61G1,02G2,...,0nGy)J ()
is uniformly positive definite for all x € S, and if all the conditions in Assumptions 3.1 and 3.2
are satisfied, then the iterate points {x} generated by our method are not bounded away from
stationary points, namely either ¥ (xy) = 0 for some k or

lim n =0. (3.24)
k—o0o

Proof We prove the theorem by contradictions. If the theorem is not true, there exists a
positive constant G5 such that

V(zk) = Bs (3.25)

for all k. Thus, there is another positive constant B such that

N
> o kll3 > Bs (3.26)
v=1

holds for all k.

First, we assume that there are only finitely many k such that pi > (1. In this case, there
exists an integer k£ such that

tok =ty +0u(k—k) Vk>k v=12..,N. (3.27)

The above relation gives that

G0,k l2 v, kl2 G, k12
k= , _ ' o) : 0. 3.28
o k—k) ok o) (3:28)

Thus, Lemma 3.3 implies that there exists k > k such that (3.17) holds for all k£ > k and all
v=1,2,..., N. Moreover, for sufficiently large k, it follows from (3.27) that

dy'y = T +‘(§;’fk s (3.29)
e o 130,12 s lgerld | (ol
Gv, k(dy 1) = _TU,;; - 5;,(14 7 +O(A% ;) = — (w +0 ( 12 > : (3.30)
Our assumption ¢, i(dy, 1) < ¢U7k(dfk) implies that
G pdy i+ O(A2 ) < — ”%;ZH% +0 (‘%; ‘%> . (3.31)
which gives
07 oy < _HQ;,J/;I% ) <H§2§II§) ‘ (3.32)



Due to the fact that ||d, |2 < Ay, k, we have that

dy, 1. = —%l’; +0 (”%5”2) . (3.33)
This relation can be rewritten as
F(xr) = —kDiag(611,021,....,0Nn1)dy + O <Hgvkk‘|2>
= —kDiag(011,021,...,0N1)dy + O(||dg]|2) - (3.34)

Equation (3.33) also implies that

Predys = 108 o, 48, (339
and o SR
a1 = el o (10ealE 556
The above two relations yield that
Hdl > ————Predy + O(dy )

maxi<y<n Oy

N ~
o 2 UG sl3

sk, 1 0ldu). (337)

On the other hand, under the assumption on J(z) in the theorem, there exists a positive
constant 7 such that

dT Diag(6,G1, 062Gy, ..., onGp)J (z)d > B7||d||? (3.38)
holds for all x € S and all d € R". Thus, from (3.34) and (3.38) we can obtain that

P(rrr) = [F(rre)lE = 1F (e + di)l1E

IF (k) + J (zk)dill& + Ol dil13)

|F(ze)ll& + 2F (2) " GJ (wi)di, + O(||di]|3)

= (x1) — 2kdl Diag(6:G1, 625G, ..., SN G ) J (zk)dy, + O(||dk||3)

< () — 2kBrlldil5 + O(lldx|3) (3.39)

for all large k. Inequalities (3.39) and (3.37) show that

N ~
B B7 Zv:l Hgv,k”%
k:maxlSvSN (53 ’

Y(zpy1) < Y(xp)

(3.40)

for all sufficiently large k, which is impossible because of (3.26) and the facts that 57 > 0 and
dy > 0 for all v. The contraction shows that (3.24) is true if there are only finitely many k such
that pp > 5.
To complete our proof, we now assume there are infinitely many k such that pi > 1. Define
the set
T—{k| p>0). (3.41)

10



The definition implies that

Mk — Mk+1 > B1Predy, (3.42)
Thus
> Predy, < +oo, (3.43)
keT
which in turns shows that
> Predy, i, < +oo, (3.44)
kel

for all v =1,2,..., N. Because A, < %ngk”g, we can see that

D Ay kllgo, kll2 < 4o, (3.45)
kel
for all v =1,2, ..., N. Therefore
sl sy )
iz To T ok
Thus,

190,113 _
ZZ ot < T (3.47)

keZ v=1

1 A
> > lgukl3 < +o0. (3.48)

max T, t
kel 1§v§N[v+ v,k} 1<v<N

which gives that

The above inequality and (3.26) imply that

Z B < 400. (3.49)

o maXlgvgN[Tv + t’u,l] + kmaxi<y<n Oy

Therefore, it follows that

> % < 0. (3.50)

kel

Let I, = |[ZN{i|1 < i < k}| the be number of indices that in Z which is not greater than k.
Due to relation (3.50), we have that

I,
lim —= =0. .51
Jim % =0 51

This shows that ’

. v, k
1 = = (. .52
hoo k (3:52)

Thus, we have
a Mol (el |

v, k 5ok +O( 3 (3 53)

Now, the above relation is very similar to (3.28). Hence, similar to the first part of our proof,
we can also derive that (3.40) holds for all large k. This is a contradiction because 1(zy) is
bounded below. Thus, we see that the theorem is true. O

11



For the special case when J(x) is positive definite, we can choose G = I and §; = d3 = ... = .
Then, we can easily see that the convergence result follows.

Corollary 3.2. If J(x) is uniformly positive definite for all x € S,and if all the conditions in
Assumptions 3.1 and 3.2 are satisfied, we can let G, = I for all v and let 6, = & for all v so that
the iterate points {xy} generated by our method are not bounded away from stationary points.

4 Discussion

We have given a Jocobi type trust region algorithm for Nash Equilibrium Problems. One natural
extension is to consider a Gauss-Seidel type of trust region method. The obvious difficult is that
the each player v will have their individual up to date point for defining the merit function to
adjust the trust region, which would make the adjusting of trust regions more complicated.

Another possible extension of the current work is to applying trust region to the general
equilibrium problem|[19], namely finding z* € C such that

flz*,y) >0, VyeC, (4.1)

where C' is a nonempty closed convex subset of R™ and f(z,y) is a continuous function from
C x C to R with the following properties: 1) f(z,.) is convex on C for all x € C and f(z,z) =0
for all x € C.
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