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Abstract

In this paper, we review the trust region algorithms for nonlinear optimization. The
philosophy and the fundamental ideas of trust region algorithms are discussed. Model
algorithms for unconstrained optimization, constrained optimization, and nonsmooth
optimization are given. Main techniques for global convergence and local superlinear
convergence are analyzed.
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1. Introduction

Nonlinear optimization is to minimize a function, possibly subject to finitely many algebraic
equation and inequality conditions. It has the following form

min  f(x) (1.1)
zeR™
subject to ci(x) = 0, 1=1,2,...,m; (1.2)
ci(x) > 0, i=me+1,...,m, 3)
where f(x) and ¢;(z) (i = 1,...,m) are real functions defined in R", at least one of these

functions is nonlinear, and m > m, are two non-negative integers. If m = m, = 0, problem
(1.1) is an unconstrained optimization problem, otherwise it is a constrained problem.
Numerical methods for nonlinear optimization problems are iterative. At the k—th
iteration, a current approximate solution xj, is available. A new point 41 is computed by
certain techniques, and this process is repeated until a point can be accepted as a solution.
The classical type of methods for optimization are line search algorithms, which obtain
a search direction in each iteration, and search along this direction to obtain a better point.
The search direction is normally computed by solving a subproblem that approximates the
original problem near the current point, therefore it guarantees that there exist better points
along the direction. Most of the known methods for optimization are line search algorithms.
Trust region algorithms are relatively new algorithms. The trust region approach is
strongly associated with approximation. Assume we have a current guess of the solution
of the optimization problem, an approximate model can be constructed near the current
point. A solution of the approximate model can be taken as the next iterate point. In
fact, most line search algorithms also solve approximate models to obtain search directions.
However, in a trust region algorithm, the approximate model is only “trusted” in a region
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near the current iterate. This seems reasonable, because for general nonlinear functions local
approximate models (such as linear approximation and quadratic approximation) can only
fit the original function locally. The region that the approximate model is trusted is called
trust region. A trust region is normally a neighbourhood centered at the current iterate.
The trust region is adjusted from iteration to iteration. Roughly speaking, if computations
indicate the approximate model fit the original problem quite well, the trust region can be
enlarged. Otherwise when the approximate model works not good enough (for example, a
solution of the approximate model turns out to be a “bad” point), the trust region will be
reduced.

The key contents of a trust region algorithm are how to compute the trust region trial
step how to decide whether a trial step should be accepted. An iteration of a trust region
algorithm has the following form. At the beginning of the iteration, a trust region is available.
An approximate model is constructed, and it is solved within the trust region, giving a
solution s; which is called the trial step. A merit function is chosen, which is used for
updating the next trust region and for choosing the new iterate point.

Most researches on trust region algorithms are mainly started in the 80s. Hence trust
region algorithms are less mature then line search algorithms, and by now the applications
of trust region algorithms are not as widely as that of line search algorithms. However, trust
region methods have two advantages. One is that they are reliable and robust, another is
that they have very strong convergence properties.

2. Levenberg-Marquardt Method

Levenberg-Marquardt method, first given by Levenberg[15] and re-derived by Marquardt[21],
is a method for solving nonlinear equations. This method is often mentioned when the his-
tory of trust region algorithms is discussed. The reason is that the technique of trust region
is, in some sense, equivalent to that of the Levenberg-Marquardt method.

Consider a system of nonlinear equations

filz) =0, i=1,..,m, (2.1)

where f;(z)(i = 1,...,m) are continuous differentiable functions in . We try to compute a
least square solution, which means that we need to solve the nonlinear least squares problem

; 2
Jnin [[F(z)]]3 (2.2)

where F(z) = (fi(z),....fm(z))T. The Gauss-Newton method for problem (2.2) is iterative,
and at the current iterate xy, the Gauss-Newton step is

dk = —(A(mk)T)JrF(xk) (2.3)

where A(z) = VF(2)T is the Jacobi matrix, and A" is the generalized inverse of A. It is
easy to see that the Gauss-Newton step is the minimum norm solution of the subproblem

: T 2
in [|F(zx) + Alzi)" dll2 (2.4)

which is an approximation to the original problem (2.2) near the current iterate x. One
difficulty of using the Gauss-Newton step is that the Jacobi matrix A(zy) may be ill condi-
tioned, which normally leads to a very big step di. And a very long step dj usually causes
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the algorithm to break down, because of either numerical overflows or failure in line searches.
The Levenberg-Marquardt method chooses the step as follows

dy = —(A(zp)A(zr)T + M) Az F () (2.5)

where Ay, > 0 is a parameter which is updated from iteration to iteration (see, [18]). The
original idea of Levenberg-Marquardt method is introducing the parameter A; to overcome
the ill condition of A(xy), or in other words, to prevent ||dg||2 being too large.

It is easily seen that dj, given by (2.5) is a stationary point of the convex function:

P(d) = ||F(zr) + A(ze)"d|3 + Nl |d][3 - (2.6)

Thus, (2.5) is a solution of
min ||F(zk) + Alzp)Td|2 + Mel|d]]3 (2.7)
Subproblem (2.7) is a modification of (2.4). The additional term A||d||3 can be viewed as

a penalty term which prevents ||dg|| from being too large.
Define

Ag = [[(Alwr) Alze) " + M) ™ Alwr) F ()2 (2.8)

then for any ||d||2 < Ak, because dj, is a solution of (2.7), it can be shown that

1E(ax) + Azx) T d|f = P(d) — Melld|3quad > P(di) — Awl|d][3
= 1F (xx) + Alar) " dill3 + Mn([[i |13 — lld]]3)
> [|F(xx) + Alar) " dil13. (2.9)

This verifies that dj, is also a solution of the following problem

: T 7112
Iin [|F(zx) + Alzi) " dll2 (2.10)
s.t. |ldl]s < Ag . (2.11)

Now it is obvious that problem (2.10)-(2.11) is a trust region subproblem, as condition (2.11)
is clearly a trust region type constraint. It is in this sense that we can view the classical
Levenberg-Marquardt method as a trust region algorithm. Indeed, a trust region algorithm
for nonlinear least squares is similar to the Levenberg-Marquardt method, except that the
bound Ay is updated from iteration to iteration instead of the parameter \;. The following
is a trust region algorithm for nonlinear least squares problems:

Algorithm 2.1 (Trust Region Algorithm for Nonlinear Least Squares)
Step 1 Given z1 € R, A1 > 0.

Step 2 Solve (2.10)-(2.11), giving si;

I | F(@lls = 1F o + Aax)"sill> then stop;

Compute
__ F@)l = |IF (s + 5|2
~IF@ill2 = [1F (2x) + A(zi) Tsell2”

rh (2.12)
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Step 8 Let
_ )@+ sk if r >0,
Thtt = {xk otherwise; (2.13)
Set
IEAIE if ri < 0.1,
A1 = 24% if ri. > 0.9 and ||sk||l2 > Ar/2, (2.14)
Ag otherwise;

Step 4 k:=k+1, go to Step 2.

In the above algorithm, the trust region radius Ay is updated from iteration to iteration
directly, while the Levenberg-Marquardt method updates the parameter A\r, which in turn
modifies the value Ay from (2.8) implicitly. Modifying Ay directly has the advantage of
controlling and monitoring the length of dj, easily. Hence, nowadays it is regarded that trust
region approach is better than the original Levenberg-Marquardt method. For more details,
see [18].

Algorithm 2.1 can be modified for solving L; norm minimization ([9]) and general norm
minimization problems([10]).

3. Unconstrained Optimization

In this section, we consider trust region algortihms for unconstrained optimization prob-

lem:

nin f(z) (3.1)

where f(z) is a nonlinear continuous differentiable function in ™. At each iteration, a trial
step is calculated by solving the subproblem

1
Ty LT _
Imin gi d+ 2d Brd = ¢r(d) (3.2)

st ||dlla < Ay (3.3)

where g, = Vf(xr) is the gradient at the current approximate solution, By is an n X n
symmetric matrix which approximates the Hessian of f(x) and Ay > 0 is a trust region
radius. Let s; be a solution of (3.2)-(3.3). The predicted reduction is defined by the
reduction in the approximate model, that is

Predy, = ¢x(0) — ¢r(sk)- (3.4)

Unless the current point z is a stationary point and By, is positive semi-definite, the pre-
dicted reduction Predj is always positive. The actual reduction is the reduction in the
objective function:

Aredy = f(xg) — f(x + sk). (3.5)
And we define the ratio between the actual reduction and the predicted reduction by
Aredy,
= 3.6
"k Predy, (36)

which is used to decide whether the trial step is acceptable and to adjust the new trust
region radius.
A general trust region algorithm for unconstrained optimization can be given as follows.
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Algorithm 3.1 (Trust Region Algorithm for Unconstrained Optimization)

Step 1 Given x1 € R", A1 >0, € >0, By € R"*"symmetric;
0<m<mu<l<m,0<7p <<, m>0k:=1.

Step 2 If ||gkl|2 < € then stop;
Solve (3.2)-(3.3) giving sp.

Step 8 Compute ry;

_ ) Tk ifry <710,
= { Tk + s, otherwise ; (3.7)
Choose A1 that satisfies
[73|sk]l2, Talk] if i < T2,
Bkt € { Ak, T1A] otherwise; (3.8)

Step 4 Update Bjy1;
k:=k+1; go to Step 2.

The constants 7; (i=0,..,4) can be chosen by users. Typical values are 79 = 0,717 =
2,79 = 13 = 0.25,74 = 0.5. For other choices of those constants, please see [13], [11], [19],
[27], etc.. The parameter 7y is usually zero (e.g. [13], [26]) or a small positive constant
(e.g. [9] and [31]). The advantage of using zero 79 is that a trial step is accepted whenever
the objective function is reduced. Hence it would not throw away a “good point”, which is
a desirable property especially when the function evaluations are very expensive. Another
intuitive argument for preferring 7o = 0 is as follows. Consider the case that r; > 0. No
matter how small the ratio 7 is, the objective function f(x) has a smaller function value at
T + sk than at xx. Hence intuitively one would expect that the minimum of the objective
function should be closer to xx + si than to xx. In other words, it is more likely that the
solution of the original problem is in the half space S1 = {s | ||zx + sk + s|| < ||zk + s||}
instead of So = {s | ||lzx + s|| < ||zx + sk + ||} (see Picture 3.1). Normally trust region
algorithms reduce the new trust region bound to at most a half of ||sg|| whenever si is
rejected (zp4+1 = 2k ), Hence for those algorithms that reject si, the trust region for the next
iteration will be {s | ||zr+s|| < Agt+1 <||sk||/2} which is a subset of Sy. That contradicts
to our above rough analyses that indicate the solution is more likely in S;. Hence we believe
it is better to set xx11 = xk + Sk in this case, which will enable the next trust region in Sj.
That is to say, intuitively it is better to set xx4+1 = xx + s whenever r; > 0.

SQ Sl

|z + s|] < Aggr |z + sk + || < Agpr

Picture 3.1
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But, the price we pay for letting 7y = 0 is that the global convergence result is only

likminf llgxll2 =0 (3.9)
instead of
lim [|gil|> = 0 (310)

which can be achieved if 79 > 0. However, given a positive tolerance €, (3.9) is also sufficient
to guarantee a finite termination of Algorithm 3.1, namely (3.9) ensures that the convergence
test ||gk|l2 < € in Step 2 of Algorithm 3.1 will be satisfied for some k.

The subproblem (3.2)-(3.3) has been studied by many authors. And the following lemma
is well known (for example, see [14] and [20]):

Lemma 3.2 A vector d* € R" is a solution of the problem

1
1 T —_ T =
in g d+ 2d Bd = ¢(d) (3.11)
subject to [ld]|2 < A (3.12)

where g € R, B € R™*" is a symmetric matriz, and A > 0, if and and only if there exists
A* >0 such that
(B+ X' Dd" =—g (3.13)

and that B + X*I is positive semi-definite, ||d*||2 < A and
A (A = ||d*]]2) = 0. (3.14)

Let d* be a solution of problem (3.11)-(3.12) and A* be the multiplier satisfying conditions
in the above lemma. If B + \*I is positive definite, then d* is uniquely defined by

d*=—(B+X\I)'g. (3.15)

The case where B + A\*I has zero eigenvalues is called “hard case”. In this case, relation
(3.13) implies that g is in the range space of B + A*I and d* can be written in the form:

d*=—(B+XNI)Tg+u, (3.16)

where v is a vector in the null space of B+ A*I. On other hand, if g is in the range space of
B + A\*I then any vector d* given by (3.16) is also a solution of (3.11)-(3.12) provided that
[|[d*]|2 < A and that \*(A — ||d*||2) = 0.

Unless in the hard case, A\* is also the unique solution of the following equation

1 1

Y(A) = m AT 0. (3.17)

Function ¢(\) is well defined for A € (—o,(B), +00), where 0,,(B) is the least eigenvalue of
B. ¥()) is concave and strictly monotonically increasing in (—o,(B),+00) (For example,
see [8]). In fact, the first order and second order derivatives of ¥(A) can be easily computed,
thus Newton’s method can be used to calculate A*. The Newton’s iteration is

PN
SETIPY
N gT(B+\)73g 1 1 (3.18)

B HADE LB+ Al A
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Based on Newton’s iteration (3.18), numerical algorithms for problem (3.11)-(3.12) have
been given by [14] and [20].
In the hard case, we have that
A = —0,(B), (3.19)

where o, (B) is the least eigenvalue of B. If —,(B) = 0, we can easily see that —B%tg is
a solution of problem (3.11)-(3.12). Hence the “real” hard case is that (3.19) is satisfied
and 0, (B) < 0. For any A € (—0,(B),+0), Newton’s step will normally make the matrix
B + A; I have negative eigenvalue. Hence Newton’s step (3.18) can only be used to adjust
the lower bound Aj. Based on these observations, we suggest to use the Newton’s step for
an equivalent equation

B = w(L) =o. (3.20)

Lemma 3.3 (Powell, 1970) Let S be any subspace in R™, and let dg be any solution of the
following problem
i d) . 3.21
desfﬁﬁﬁzgqﬁ( ) (3.21)

If g € S then the inequality

¢(0) — ¢(ds) = %IIgllz min[A, [|g[[2/||Bll2]. (3.22)
is satisfied.

Specifically, when S = R" we have that

$(0) — ¢(d”) = %Ilgllz min[A, [|gll2/[|Bll2]- (3.23)

This shows that the reduction in the trust region model will not be very small unless either
llgl|2A or ||g||3/||B||2 is very small. This property is very important for proving convergence
of trust region algorithms.

The global convergence analyses of trust region algorithms depend on the fact that the
predicted reduction satisfies (3.23). Hence, instead of solving (3.2)-(3.3) exactly, we can
compute a trial step si that satisfies

Pk (0) — Pr(sk) > Tmin{Ay, ||gkll2/|| Brll2} (3.24)

where 7 is some positive constant. A trial step sy satisfying inequality (3.24) is called a
“sufficient reduction” step. To compute a vector sy satisfying (3.24) is usually much easier
than solving (3.2)-(3.3) exactly. The vector sy can be calculated by dog-leg type techniques
or by searching in the two dimensional space spanned by the steepest descent direction
and Newton’s step. For more details, please see [6], [25], [30] and [34]. The subproblem
(3.2)-(3.3) can also be solved approximately by a preconditioned conjugate gradient method
which can be regarded as a generalized dog-leg technique (see [32]).

Lemma 3.4 Assume that f(x) is differentiable and V f(x) is uniformly Lipschitz continu-
ous. Let xy, be generated by Algorithm 3.1 with sy, is so computed that (3.24) is satisfied for
all k. If there exists a positive constant 6 such that

lgrll2 =6 >0, ¥k, (3.25)
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then 15h616 61‘2@1&8 a Constant 77 > 0 Such that
k an '

holds for all k, where My, is defined by

M, =1+ lréllagxk ||Bk||2 (3.27)

Proof If the lemma is not true, then (3.25) holds and there exist a subsequence {k;} such
that

1— 00

Because M > 1 for all k, (3.28) indicates that Ay, — 0. Due to the monotonicity of Mj,
we can assume that Ag, < Ay, for all i. Using the notation i = k; — 1, from (3.25), (3.24),
(3.28) and the fact that Agy1 > 73||sk||2 for all k, we can show that

hm ||Sg||2Mg =0. (3.29)
Inequalities (3.29), (3.25) and (3.24) imply that
¢71(0) — ¢i(s7) = 7l s3] (3.30)

holds for all large 7, where 7 is some positive constant. Due to the uniformly Lipschitz
continuity of V f(x) and relation (3.29), we have that

Ared; = f(w7) = f(a; +57) = —g] si + O(||si[3)
= ¢;(0) = ¢i(s3) + Ollsill3) + O(lIsill3]1Bsll2)
= ¢3(0) = ¢i(s7) + o[lsi]2)
= Pred; + o(||s7l|2). (3.31)

The above relation and inequality (3.30) show that

Ared:
li = | .32
1320 Thi—1 Pred; (3.32)
which shows that
Ap, > Ak,—1 (3.33)

for all large ¢. This contradicts our assumption that Ay, < Ay, _1 for all . Hence the lemma
is true. O

The first convergence result for Algorithm 3.1 was given by [24]. Later he showed that
global convergence is always guaranteed provided that the matrices By satisfy that

k
1Bill2 < Br(1+ > llskll2), V& (3.34)
=1
([26] or
|[Billz < Bk, Yk (3.35)

([27]), where f3; is any positive constant. To prove the global convergence of Algortihm 3.1
under condition (3.35), the following lemma is needed.
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Lemma 3.5 (Powell, 1984a) Let {Ay} and { My} be two sequences such that Ay, > v /M), >
0 for all k, where v is a positive constant. Let T be a subset of {1,2,3,...}. Assume that

App1 < 1A, kel (3.36)
Apr < 14l kT (3.37)

Mys1 > My, vk (3.38)
> 1My < o0 (3.39)
kel

where 71 > 1, 74 < 1 are positive constants. Then

oo

> 1My < oo (3.40)
k=1

Theorem 3.6 Assume that f(x) is differentiable and V f(x) is uniformly Lipschitz contin-
uous. Let xy be generated by Algorithm 3.1 with sy satisfies (3.24). If My, defined by (3.27)
satisfy that

oo

1
> Y (3.41)
k=1

if € =0 is chosen in Algorithm 3.1, and if {f(xk)} is bounded below, then it follows that
likminf llgkll2 = 0. (3.42)
Proof If the theorem is not true, there exists a positive constant ¢ such that (3.25)

holds for all k. Hence, Lemma 3.4 shows that there exists a positive constant v such that
Ay > v/Mj, holds for all k. Define the set

IT={k| >}, (3.43)

then inequality (3.36) and (3.37) follow from our update formula (3.8). The assumption
that f(xg) is bounded below also implies that

o0

too > Y (f(xk) = flari))

k=1

> Y 7[6r(0) — dr(se)]
kel

> ) mprémin[Ay, /|| Bll2]
kel

> ) mrdminfy, §]/My (3.44)
kel

which shows that inequality (3.39) is also true. Now inequality (3.38) follows from the
definition of My. Therefore, from Lemma 3.5, inequality (3.40) holds, which contradicts
(3.41). The contradiction shows that the theorem is true. O

Powell’s result is strengthen by Shultz, Schnabel and Byrd (1985) with some additional
conditions:

Theorem 3.7 Under the conditions of Theorem 3.6, if 19 > 0 and {||Bkl||2} is bounded,
then the sequence {xy} generated by Algorithm 3.1 satisfies

Tim [lgilz = 0. (3.45)
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The condition (3.41) is weaker than the uniformly boundedness of By, and it allows
the matrices By to be updated by some known quasi-Newton formulae such as Powell’s
symmetric Broyden (BSP) formula (see, [24], [26]) or by the BFGS method.

Powell(1970a) shows that the superlinear convergence of his trust region algorithm where
By, is updated by the PSB formula under the assumption that the trial steps sx(k = 1,2, ...)
satisfy a “strict linear independence condition”. Similar to that of [7], Powell(1975) estab-
lishs the superlinear convergence property of Algorithm 3.1. The following theorem is a
slightly generalized form of Powell’s superlinear convergence result.

Theorem 3.8 Assume the trial step s, computed in Step 2 of Algorithm 3.1 is a solution
of subproblem (8.2)-(3.3). If e = 0 and the sequence {xx} generated by Algorithm (3.1)
converges to x*, if V2 f(x) is continuous in a neighbourhood of x* and V2 f(x*) is positive
definite, and if the condition

Jim (V2 f(2*) = Bi)sll2/l[skll2 = 0 (3.46)
is satisfied, then the sequence xy converges to x* Q-superlinearly in the sense that
A [lzper =272/ ||k — 272 = 0. (3.47)

Proof Due to (3.13), for each k, there exists a Ay > 0 such that

(B + Ael)si = —gi- (3.48)
Hence we have that
S{Bksk + sggk = _)\k”Sk”% <0. (3.49)
The positive definiteness of V2 f(x*) implies that there exists a positive constant 7 such that
sTV2f(x*)s > n||s|3, ¥V seR™ (3.50)
The inequalities (3.49), (3.50) and relation (3.46) show that
lIskllallgrllz > —spgr > s Busi
= s; V2f(x")si +o(||s]f3)
> nllsk|l3 + o(l|skll3) (3.51)
Thus, it follows that
2
lIskll2 < E||gk||2 (3.52)
holds for all large k. Similarly it can be shown that
1
or(0) = dr(sk) = —ghsk— 58531@81@
1
= —g,{sk — s;{Bksk + §S;€Bksk
1 1
> §8£Bk5k > §Tl||8k||§ +o(]|sk]3)- (3.53)
and that
1
Predy, — Ared, = f(x + sk) — f(xr) — 92 s — §S£Bksk

= STV FG") — Bo)s + ol lsel )
= o(llskl5)- (3.54)
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Now relations (3.53) and (3.54) imply that

klim rp =1, (3.55)
which shows that Axy1 > Ag and xp41 = x + s for all large k. Therefore ||sk|la < Ag,
consequently

Bysi = —gk (3.56)

holds for all sufficiently large k. Now (3.56), (3.46), (3.52) and the fact that z541 = zx + sk
for large k shows that
lim 19eill (3.57)
k=00 ||gkll2
Due to the positive definiteness of V2f(z*), it can be shown that (3.57) is equivalent to
(347). O

The above theorem requires weaker conditions than the original superlinear convergence
result of [26]. For example, we do not assume any boundedness conditions for By.

It is also shown by [26] that Bj updated by the PSB formula gives the limit (3.46),
consequently superlinear convergence follows. However, Powell’s superlinear convergence
result requires that By is updated at every iteration, even at a failed iteration. As updating
By, requires the evaluation of g(xy + si), therefore even at an unacceptable point xx + sg
which satisfies f(zr + sg) > f(xg) we still have to compute g(zx + si). To avoid the
evaluation of g(zy + sx) when si is unacceptable, Khalfan (1989) suggests to update By by
the following formula

1 spst
By41 = B + 2[f(xk + Sk) — f(a:k) - Sggk — §S£Bk8k] ||§kﬁ4 (3.58)
2

whenever f(xg+sk) > f(zk), thus there is no needs to compute g(x+sg) at such iterations.
Superlinear convergence remains true after this modification. More details can be seen in
[16].

If By, = V2f(xy) for all k, Algorithm 3.1 is called Newton’s method with trust regions.
In this special case, a stronger global convergence result can be established.

Theorem 3.9 Assume that By, = V2 f(x) for all k, and assume that sy is an approvimate
solution of subproblem (3.2)-(3.3) such that the predicted reduction is at least a fraction
of the mazimum reduction of the model, If ¢ = 0, then the sequence {x} generated by
Algorithm 8.1 satisfies that

timinf {l[gel|2 +maa[—on (V2 (z)), 0]} = 0. (3.59)

Moreover, if 1o > 0, then we have that
Tim {llgill + mazl-o0 (V2 (1)), 0]} = 0. (3.60)

A direct corollary of the above theorem is that if Newton’s method with trust regions
converges to z*, then Vf(2*) = 0 and V2 f(z*) is positive semi-definite. Similar to Theo-
rem 3.8, it can be shown that Newton’s method with trust regions converges quadratically.
More details about Newton’s method with trust region techniques can be found in [13], [30],
[31] and [32].

A solution sy of the trust region subproblem (3.2)-(3.3) is also a sufficiently descently
direction. Hence simply throwing away s whenever f(zy+sk) > f(x) may not be the best
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choice, as condition sggk < 0 implies that a line search can be carried out along sj. [22]
gives a trust region algorithm that carries a backtracking line search whenever the computed
trial step s is unacceptable.

4. Constrained Optimization

For constrained problems, most trust region subproblems can be regarded as some kind
of modification of the SQP subproblem of line search algorithm, which has the following
form:

1
o Ty LT _
in g d+ 5d" Brd = ¢i(d) (4.1)
s.t. ci(wy) +d'Vei(ry) = 0 i=1,2,...,me; (4.2)
ci(ry) +d"Vei(zy) > 0 i=me+1,...,m (4.3)

where g, = g(xr) = Vf(x) and By is an approximate Hessian of the Lagrange function.
The first type of trust region subproblems, being a slightly modification of SQP sub-
problem (4.1)-(4.3), have the following form:

1
o T LT _
min g d+ 5d" Brd = ¢i(d) (4.4)
s.t. Opci(zy) +d Vei(zy) = 0 i=1,2,...,me; (4.5)
Opci(zr) +d Ve (er) > 0 i=me+1,...,m (4.6)
Il < Ag (4.7)

where 65, € (0,1] is a parameter (see Byrd, Schnabel and Shultz [2] and Vardi [35]). Pa-
rameter 0 is introduced to overcome the possible nonfeasibility of the linearized constraints
(4.2)-(4.3) in the trust region (4.7). Trial steps of the trust region algorithms that apply
null space techniques can also be reviewed as solutions of (4.4)-(4.7) (for example, see [23]).

Another trust region subproblem is obtained by replacing the linearized constraints (4.2)-
(4.3) by a single quadratic constraint. It can be written as:

, 1
min giid+ Sd" Brd = ¢x(d) (4.8)
st N+ ATd) b < & (19)
l[dllz < Ay, (4.10)

where ¢, = c(zx) = (c1(2), ..o, em(2))T, Ar = A(zr) = Ve(zr)T, & > 0 is a parameter and
the superscript “-” means that v; = v;(i = 1,...,m.), v; = min[0,v;](i = m. + 1,...,m).
Algorithms that use (4.8)-(4.10) are given by Celis, Dennis and Tapia [3] and Powell and
Yuan [29].

Trust region subproblems can also derived by using exact penalty functions. The follow-
ing trust region subproblem ([39]) is based on the Lo, exact penalty function:

1
Inin gid+ §dTBkd+ x| (er + AL d) " ||oo = Pi(d) (4.11)

s.t. ||d|| < Ar. (4.12)
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Trust region subproblems based on exact penalty functions are closely related to subproblems
of trust region algorithms for nonlinear systems of equations. Trust region algorithms that
compute the trial step by solving (4.11)-(4.12) are also similar to trust region algorithms for
nonsmooth optimization.

Once a trial step si is computed by solving the trust region subproblem, the predicted
reduction Predy, is defined by the reduction of some approximate function ¢ (d). It should
be noted that in general ¢,(d) — ¢(d). A merit function Py (z) is used to define the actual
reduction Aredy. Py(x) is normally some penalty function. And the functions ¢ (d) and
Pi.(x) are so constructed that

or(d) — ¢r(0) = Pi(zy + d) — Pe(zy) + o(||d]]) (4.13)

when [|d|| is very small.
The algorithm can be stated as follows:

Algorithm 4.1 (Trust Region Algorithm for Constrained Optimization)

Step 1 Given x1 € R", A1 >0, € >0, By € R"*"symmetric;
0<m<mu<l<t,0<7p <<, m>0,k:=1.

Step 2 If ||gr|l2 < € then stop;
Solve a trust region subproblem, giving sg.

Step 3 Compute r, = Predy,/Aredy;
Set 41 by (3.7);
Choose Apy1 that satisfies (3.8)

Step 4 Update Byy1;
k:=k+1; go to Step 2.

Similar to unconstrained optimization, convergence of trust region algorithms for con-
strained optimization depends on some lower bound condition of the predicted reduction,
such as

predy > O€, min[Ak,ek/HBkH] (4.14)

where § is some positive constant, and ¢ is the violation of the KT conditions which is
defined by
ek = [leg | + [lgr — ArAel| (4.15)

and A\, being an approximate multiplier at the current point x and it satisfies that (Ag); >
0, 4 > me. Then it is shown that the merit function will remain the same for all large k.
That is, there exist a integer ko and a merit function P(x) such that Py(x) = P(z) for all
k > ko.

If €4 is bounded away from zero, it can be shown that

predy > 0Ay (4.16)

for all k, where ¢ is a positive constant. Using the above inequality and certain condition
on the merit function P(x), we can prove that

D Ag < oo (4.17)
k=1
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Thus Ay — 0. This and relation (4.13) imply that

T = Plar) — Ploy + o) — 1. (4.18)
predy,

The above limit shows that Agy1 > Ag which contradicts (4.17). Hence it is shown that
there exist a subsequence such that {e;} converges to zero.

Global onvergence results of trust region algorithms depend on the sufficiently reduction
condition (4.14) instead of requiring that the trial step sy solves the trus region subproblem
exactly. Hence global convergence is also true when s is any approximate solution of the
trust region subproblem provided it satisfies condition (4.14).

Local convergence of trust region algorithms are shown by establishing the equivalence
of the trust region trial step and the SQP step. To analyze local convergence, it is al-
ways assumed that the sequence {z}} generated by the algorithm converges to z*. Global
convergence results imply that z* is a KT point.

Let dj be the SQP step that is computed by solving the QP subproblem (4.1)-(4.3). It
is well known that under certain conditions the SQP step dj is superlinearly convergent in
the sense that

ler&||xk+dz—x*||/||xk—x*||:0. (4.19)
Therefore to prove local superlinear convergence
A |z —2%|/]lze — 27| = 0, (4.20)
we need to show that
s — di[| = o(l|d|]) (4.21)
Thtl = Tk + Sk (4.22)

holds for all large k. In order to have the property (4.21), the trust region subproblem
should be a good approximation of the SQP subproblem. The validity of (4.22) depends on
suitable choice of the merit function.

For most algorithms, it can be shown that

sp = d (4.23)

if k is sufficiently large and if ||sg|| < Ag. Thus it is sufficient to show that the trial step sy
is acceptable and inactive with the trust region bound for all large k. These are not true for
some algorithms. For example, the SQP step will not be acceptable if the merit function is
nonsmooth. This is the so called Maratos effect. To overcome the Maratos effect, we can
either relax the condition for accepting trial steps or compute a second order correction step.
Relaxing conditions for accepting trial step can be traced back to the watch-dog technique
[4], and second order correction step was first suggested by Fletcher [12].

A second order correction step §; is computed by solving another subproblem that is
called second order correction subproblem. The second oder correction subproblem is a
slightly modification of the trust region subproblem that used to compute the trial step.
Assume that a trial step sj is calculated. Normaly a second order correction subproblem
can be constructed by replacing c(xx) by c¢(z + sx) — AL sj in the trust region subproblem.
For example, if the trial step sj is computed by trust region subproblem (4.11)-(4.12), the
second order correction subproblem can be as follows

1
min g,zd + EdTBkd + oil|(c(zk + sk) + Ag(d —5k)) |loo (4.24)
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s.t. ||d|| < Ar. (4.25)

A second order correction step satisfies that ||3x|| = O(||sx||?). One nice property of second
order correction step is that inequality

Pz + sk + 8k) < P(zy) (4.26)
holds for all large k. Hence if condition (4.21) is satisfied, it follows from (4.19) that that

klim llzk + sk + 8k — 2*||/]|xx — 2*|| = 0. (4.27)

Relation (4.26) imply that xx1 = xi + si + S if & is large and if the second order correction
step is computed. Trust region algorithms with second order correction techniques compute
the second order correction step whenever the trial step s is unacceptable. Therefore it can
be shown that, if k is large, either xx11 = x + Sk or xx41 = T + Sk + Sx. Consequently
the superlinear convergence (4.20) follows from (4.27), (4.21) and (4.19).

5. Nonsmooth Optimization

If one of f(z), ¢;(x)(i = 1,...,m) is nonsmooth, or in other words nondifferentiable, prob-
lem (1.1)-(1.1) is called a nonsmooth optimization problem, or a nondifferentiable optimiza-
tion problem. From exact penalty function theory, under certain conditions the constrained
nonsmooth problem (1.1)-(1.3) is equivalent to a unconstrained nonsmooth optimization

min f(z) + ollc” (2)]]. (5.1)
zeR™
Therefore, it is quite common to study nonsmooth optimization by considering only uncon-
strained nonsmooth optimization problems.
A special class of nonsmooth optimization problems are “composite nonsmooth opti-

mization” problem

min () = [(x) + H(F(@), (5.2)
where F(z) = (f1(z), f2(x), ..., fm(x))T, h(.) is a convex functioned defined in R™, and f(x),
fi(x)(@ = 1,...,m) are m+1 continuous differentiable functions defined in R™. It is quite clear
that one direct application of (5.2) is to solve constrained smooth optimization problems.
This form of the objective function in (5.2) occurs frenquently in discrete approximation
and data fitting calculations. Another special subclass of (5.2) is the minimization of some
norm of a set of nonlinear equations (see, [9], [10], [17], and [28]). Algorithms for (5.2) can
be extended to general nonsmooth optimization (for example, see [5] and [33]).

For the simplification of notation, we denote g(z) = Vf(z), A(z) = VF(z)?, and

Yp(x) = h(F(2)) — Hrg‘l‘igp[g(x)Td +h(F(z) + A(z)"d))], (5-3)
DF(z;d) = g"d+ sup M A(z)"d, (5.4)
ACOR(F(x))

where p > 0 and where Oh(F(x)) is the subgradient of A(.), evaluated at F'(z). z* is called
a stationary point of f(z) if

DF(z*;d) >0, VdeR", (5.5)
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which is the same as the first order condition of [13].
One can prove that a sequence {zy | k = 1,2,...} has an accumulation point at which
the first order condition holds is equivalent to the limit

likminf P1(zg) = 0. (5.6)

A model trust region algorithm that is first given by Fletcher (1982a). The subproblem
in the k-th iteration is

1
min g'd + 7d" Byd + h(Fy + A d) = ¢(d) (5.7)
s. t. l|d]| < Ag (5.8)
where ||.|| is a given norm in " and A > 0 is the trust region bound in the k-th iteration.

It is easy to see that function ¢y (d) defined in (5.7) is the sum of a quadratic function and
a convex function. ¢ (d) is also convex if By is positive semi-definite. Another special case
is that A(F) is a polyhedral convex function of the form

h(F) = max (u F + ), (5.9)

where u; € R™, 5; € R (i = 1,...,I) are given vectors and constants respectively, and where
I is a positive integer. In this case, ¢x(d) is a piecewise quadratic function. If the norm ||.||
in (5.8) is the infinite norm or the 1-norm, subproblem (5.7)-(5.8) can be solved by using
techniques such as in [1], and it can can also be rewritten as linearly constrained quadratical
programming calculations.

Let si be a solution of subproblem (5.7)-(5.8). The prediction reduction and the actual
reduction are defined by

Pred, = ¢k(0)—¢k(sk) (5.10)

Aredy, = f(xr) — f(ar + sp). (5.11)
The algorithm can be stated as follows.
Algorithm 5.1 (Trust Region Algorithm for Composite Nonsmooth Optimization)

Step 1 Given x1 € R"™, A1 >0, € >0, By € R"*"symmetric;
0<7’3<7‘4<1<7‘1,0§7’0§7’2<1,7‘2>0,k‘:=1.

Step 2 If ¥1 (k) < e then stop;
Solve (5.7)-(5.8) giving sy.

Step 3 Compute r, = Predy/Aredy;
Set 41 by (3.7);
Choose Apy1 that satisfies (3.8)

Step 4 Update Byy1;
k:=k+1; go to Step 2.

Similar to (3.23), the following descent condition for the trust region trial step holds.

Lemma 5.2 Let si be a solution of (5.7)-(5.8), then inequality

O (0) — dr(sk) = %mk(m)min{l,%k (z)/|1Brll2A%} (5.12)

holds.
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Using the above lemma, we can easily establish the following global convergence result.

Theorem 5.3 Let € = 0 in Algorithm 5.1, if there exist positive constants 15 and Tg such

that
k

||Bk||2§T5+TGZAi (5.13)

i=1

holds for all k, if Ay is bounded above and if f(xy) is bounded below, then (5.6) holds, or
in other words, {xy} is not bounded away from stationary points of f(x).

Similar to Lemma 3.4, we can prove the following lemma (Details can be found in [37]):

Lemma 5.4 If there exists a constant 6 > 0 such that 1¥1(xy) > § holds for all k, then there
exists a constant n > 0 such that

1
>n— .
Ak > M, (5.14)
holds for all k.

Now, using the above lemma and Lemma 3.5, one can show the following convergence
result.

Theorem 5.5 Theorem 5.3 is still true if condition (5.13) is replaced by

— 1
k=1

where My, is defined in the previous section.
Unfortunately, Algorithm 5.1 may not converge superlinearly.

Lemma 5.6 (Yuan, 1984) For any given 0 < 19 < 170 < 1 < 11, there exist 13,74 € (0,1)
such that by suitable choices of initial point and initial trust region bound, Algorithm 5.1
applied to the problem given in the beginning of this section may converge only linearly,
though B = G%,, and strict complementarity and second order sufficiency conditions are
satisfied.

To overcome this difficulty, Fletcher (1982b) presents a trust region algorithm with a
second order correction. On some iterations, the following “second order correction” sub-
problem

fé%@z br(d) = dp (s, + d)

+h(F(xy, + k) + AFd) — h(F(x1) + AL (s) + d)) (5.16)

s. t. ||Sk + d|| < Ag, (5.17)

is also solved. It is shown that Fletcher’s second order correction method is superlinearly
convergent ([38]).
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