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Abstract

In this paper we present a trust region method of conic model for
linearly constrained optimization problems. We discuss trust region
approachs with conic model subproblems. Some equivalent variation
properties and optimality conditions are given. A trust region algo-
rithm based on conic model is constructed. Global convergence of the
method is proved.
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1. Introduction

Trust region methods have very nice global and local convergence proper-
ties, and it has been shown that they are very effective and robust for solving
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unconstrained and constrained optimization problems ( for exampel, see [2],
3], [4], [6] , [8], [9], [11], [12], [13], [15], [17] and [22]). Conic model methods,
a generalization of quadratic model methods, possess more degree of free-
dom, can incorporate more information in the iterations, and provide both
a powerful unifying theory and a effective means for optimization problems
1 4] (5] [10] [16] [19] [21]

In [4], we present a trust region method of conic model for unconstrained
optimization problems. As a continuing work, in this paper, we describe a
trust region method of conic model to solve linearly constrained optimization
problem

min  f(x) (1.1)
st. ATz =0, 1.2

where f : R" — R is continuously differentiable, A € R x € R",b €
R™ rank(A) = m. Our method is iterative, and the trust region subproblem
solved in each iteration is the minimization of a conic model subject to the
linear constraints and an additional trust region constraint.

Normally , numerical methods for solving optimization problem (1.1)-
(1.2) are reduced gradient method, projected gradient method and reduced
quasi-Newton method which are based on quadratic model. Using null space
techniques, the constrained problem (1.1)-(1.2) can be transformed to an
unconstrained problem. In order to incorporate more useful interpolation
information in constructing subproblems, Davidon [5] suggested a new model
— conic model. A typical conic model for unconstrained optimization is as

follows: . 74
9i S 1 5% Ags
= = 1.3
$6) = fot T2+ G, (13
where f, = f(zr), 9x = Vf(zr), Ax € R™™ is a symmetric matrix, the vector
a € R" is a vector satisfying 1 —a’s > 0. If a = 0,(s) is quadratic.
The conic model (1.3) can be also written as the following form of the
collinear conic model:

1
W(s) = fitgiw+ §wTAkw (1.4)
w
C T Traw 0



It follows from (1.4)-(1.5) that

— A g

§= "
1—aTA gi

is a minimizer of ¢ (s) if Ay is positive definite.
Sorensen [16] discussed collinear scaling methods for unconstrained opti-
mization. For the scaling function
w
1+ i qw

Prpr(w) = f(z(w)) = f(wrn + );

the corresponding quadratic model is

Yisr () = 9iis(0) + Ghs (O + 07 B,

which satisfies the following interpolation conditions
Ur41(0) = Gr+1(0), 1441 (0) = G4 (0),
Uk (=0) = Q1 (=0), Ypya (—0) = G (—v),

where v € R" is chosen such that 1 — hi, v > 0.
Di and Sun [4] consider a trust region method of conic model for uncon-
strained optimization. They give the following model

T T
) Ji S 1 s"Bgs

= - 1.6

min. (s) = fir + 1—aTs  2(1—a's)? (1.6)

s.t. || Ds|| < Ay (1.7)

or equivalently
1
min  fj + gf Jyw + §wTBkw (1.8)
ka

They construct a trust region algorithm based on the above model, and give
convergence analyses.



In this paper we generalize the trust region method of conic model for
unconstrained optimization to solve linearly constrained optimization prob-
lem (1.1)-(1.2). In Section 2, the motivation of a detailed description of our
method are given. Convergence analyses of the new algorithm are presented
in Section 3.

2. Motivation and Description of the Algorithm

Assume that the current point z; is feasible, namely ATz, = b, it is
easy to see that the constrained condition is equivalent to ATs = 0 if we let
x =z + s. Therefore it is reasonable to use the following subproblem:

min  ($) (2.1)
st. ATs=0 .
Isll < Ay (2.3)
where . 15
S 1 s S
d(s) = T2 4 2 k (2.4)

1—-hTs  2(1—hTs)?’

and gr = g(zx) = Vf(xy), By is an approximation of the Hessian matrix
V2f(xy) and h € R" is a horizon vector such that 1 — h%s > 0.

Comparing the above subproblem with (1.8)-(1.9), one can easily see that
we have choose D = I and J, = I for all k. It should be pointed out our
results in the paper can be extented to general D and Ji, and we make
these special choices for the convenience of convergence analyses. Though
theoretical analyses are nearly identical for general D and Ji, numerical
performances of the algorithms will vary for different choices of D and Jj.

We will use a null space technique to handle the constraint (2.2). Let
Y € R™™ and Z € R™ (™) be two matrices that satisfy

ATy =1, ATz =0, 72772 =1

with rank(Z) = n —m. For example, Y and Z can be obtained from the QR
decomposition of A. Assume that

1=e| ¢ |-l f]
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where ) is n X n orthogonal matrix, R € R™*™ is a nonsingular upper
triangular matrix, and @; and Q2 are n x m and n x (n — m) matrices
respectively. We can choose

Y = (A" =R,

Z:Q27

where AT is a Moore-Penrose inverse (see [6] [7]). Since A is a column full-
rank matrix, then A* = (AT A)"'AT. Obviously, the columns of Z form an
orthogonal basis for the null space of AT. Therefore condition (2.2) reduced
to s = Zu , where u € R" ™. Therefore our subproblem (2.1)-(2.3) can be
rewritten as

- gL 1 "B
min ¢y (u) = Ik U - ok
1—hTu  2(1— hTu)?
st lull < Ay, (2.6)

(2.5)

where g, = Z7g;, is a reduced gradient, B, = ZTB,Z is a reduced Hessian
approximation and h = ZTh is a reduced horizon vector. In fact the above
subproblem (2.5)-(2.6) is a conic trust region subproblem for the uncon-
strained optimization

A~

min f() (2.7)

zepn-—m

where f(2) = f(xx + Z&). Problem (2.5)-(2.6) can be solved by techniques
given by Di and Sun [4]. It is easy to see that a solution wuy of (2.5)-(2.6)
satisfies

(By — " + mpux = —gy + A2, (2.8)
pr([Jug|l — Ax) = 0, 2.9)

which, in fact, is the first order optimality condition for problem (2.5)-(2.6),
where p, > 0 is a Kuhn-Tucker multiplier.

Lemma 2.1 Conic model subproblem (2.1) with trust region in constrained
form can be transformed to a quadratic model subproblem with trust region
i unconstrained form.



Proof. Let w = 1—j7; (i.e., s = {337, ), then (2.1) becomes
T L r
min g, w + Jw Byw (2.10)
st. ATw=0 (2.11)
w
— | <A 2.12
Il < A (212)

which is to minimize a quadratic function subject to linear constraints and
a conic type trust region constraint. This trust region always lies in {Z €
R 1+ hT(z — z) > 0} for any Ay, and T = 7}, + w.

Set w = Zi, gy = Z%ge, B, = ZT'ByZ,h = ZTh, then (2.10)-(2.12)
becomes

1 R

min - b + 5 o B (2.13)
/\T A~

st —0 U < A2, (2.14)

(14 hTw)? ~

Note that the conic trust region (2.14) can be written as an ellipsoid trust
region. In fact, (2.14) is equivalent to

0T < (14 hTw)2 A (2.15)
Let @ be the orthogonal rotation matrix such that
Qh = [|Alles, (2.16)

where e; = (1,0,...,0)T. It can be shown that (2.15) is equivalent to

O(w) — w)? +ws + - + w2 < A, (2.17)
where {w;,i =1,---,n} are components of the vector w = Qw, and
’ hlAZ A,
6:1—h2A2,w:” kA= —. 2.18
Iha w =12, 5, = (218)
Define
Z=w—wey, V =diag(,1,---,1), (2.19)



(2.17) reduces to )
Vi< AL (2.20)

Therefore, subproblem (2.13)-(2.14) becomes

1
min gi 2 + 5,%TB,W% (2.21)
st. 2TVE <AL (2.22)

where g, = Qii, Br = QB,Q7T. Setting z = Viz (2.21)P-(2.22) yield

1 .-
min ggz—kizTBkz (2.23)

st ||z] < Ay, (2.24)

where G, = V2 g, By = V2B V3. (2.23)-(2.24) just is the desired quadratic
model subproblem with trust region in unconstrained form, which can be
solved by algorithms by [9]. O

From the above analyses, it can be seen that five supbproblems, (2.1)-
(2.2), (2.5)-(2.6), (2.10)-(2.12), (2.13)-(2.14), and (2.23)-(2.24), are equiv-
alent. Therefore in the algorithm we can solve any of them. Since our
subproblem is based on conic model, these models possess more degree of
freedom to incorporate interpolation information in iterative processes.

In the following we give a description of our algorithm. Reduced quasi-
Newton methods are used to update the conic model. In the reduced form
of updating By, updating formula is written as

BkJrl = U<Bkavka7"k)a

where updating relation U is BFGS or DFP formula. The conic model sat-
isfies the following generalized quasi-Newton equation:

> T
Bryive = 1r, Uk = WUk, vk =1 — 7,

where

Th = Jkt1 — 7[1 + hgeyrul Gn,
Kk



where p;, € R" such that u} py # 0.

Generally, we have two choices for py.
(1) Set pr = gk, then
L —

st = — Gk 200drs T = Y/ Voo
TEU Gk

where Y, = ViGr+1 — %Qk-
(2) Set px = Gr+1, then
=% . .

A
— 7 9k+1 = Qkt10k+1,

hk+1 = T
VU k41

. 1,
Ty = ﬁkgkﬂ — — 9k,
Yk

where .
L — e ug g
2 T~ -
Ve Uk Gk+1

Br=1-

In the following algorithm the ratio of the actual reduction and the pre-

dicted reduction is defined as

_ Aredy _ flax) — f(@n + si)
Pred, _@Lk(uk) ’

Pk

Note that s = 0 if and only if z, is a Kuhn-Tucker point of (1.1).

Algorithm 2.2 (Conic Trust Region Algorithm for Linear Constrained Op-

timization)

Step 0. Given a starting point xg, an initial approximation to the
reduced Hessian BO € R™™ an initial trust region radius Ay
and ¢ > 0. Given Z satisfying ATZ = 0 with rank(Z) =
n—m. Set p€[0,1),n€ (u,1),0 <& <& <1<&. Set

k=0.

Step 1. Compute f(xr),9(xx) and gr = Z% g If ||Grl| < €, stop.

Step 2. Solve the trust region subproblem (2.5) of conic model for uy

and s;.



Step 3. Compute
flzr) — fan + sp)

Pk = = .
—r(up,)
Step 4. Set
 fxp -tk if pe >,
Tht1 = {:Ek otherwise ; (2.25)

and let the new trust region bound satisfy
Apy1 € [Ag, QAL if pr =1 (2.26)
Arya € [Sollskll, §1A%], if pr < 1. (2.27)

Step 5. Update By,

ov = [(f (@) = f(@r41))? — GF unglywel?

_ gL un
Tk = T Fan—Fra)ter’
U = VkUk,
Yk = YeJk+1 — %f]k,
Th = ykl/%
Ak = Wkugf?k:

ABk-‘rl = U(Bk7 Vg, Tk)v
hiv1 = oG-

Step 6. k:=k+1, go to Step 1.

In our algorithm, we can allow p = 0. By setting u = 0, the algorithm
has the nice property that any “better” point will be accepted. However the
convergence results are not the same for the case =0 and p > 0.

3. Global Convergence

In this section, we give the convergence results of our algorithm given in
the previous section.

The following lemma is important for convergence analyses of trust region
algorithms, which is a generalization of a result by Powell [11] for uncon-
strained optimization.



Consider
AT TP
. Ji U 1 u' Byu
min u) = - - -
vrlu) 1—hTu  2(1—hTu)?
st ul| < Ag.

(3.1)

Lemma 3.1 If uy is the solution of (3.1) and if || - || is the ly norm, then

Prediun) = ~¥it) = glawlmin{Bs, {50 (32
k
where A
Ay = - (3.3)
1+ AphT gr/ || gl
Proof. Let v = ;=7 then u = -—+ and (3.1) becomes
A 1 T 5
g,V + v Bv.
Let v(1) = ”g 77 >0, then
— TGk
u(r) = (3.4)
19&l = ThT g
and ]
() = ¢(u(r)) = =7llgull + 577, (3.5)
where .
_ Gk Bidn
my = NETERE
19
T = % is the minimizer of (3.5).

If ||u(7*)]] < Ay, then

Ulgll® _ 1l

o(t") = < 3.6
T, 2| Bl 39
If ||u(r)]| = W% > Ay, we choose 1y such that
7ol 9| _ A,
1G]l = 70h™ gl

10



ie.,

A -
= = kA - = Aka
1+ Akh® i/ 1wl

To

then 7% > 79, that is
Il 5
my

Then

my

1 ~ y
) < —— ||| Ak (2 — Ap—
P(t7) < 2||9k” g ST

) (3.7)

1 ~
< ——|grl|Ak.
< —5lalA

Since Uy (uz) < ¢(7*), the result follows from (3.6) and (3.7). O

The condition (3.2) is quite general. First, it allows the step u; to be
obtained by several methods. Second, the reduced horizon vector h can be
chosen as long as it satisfies 1 — hTu > 0. In above algorithm we use h = Jk.-
Third, it allows choosing [y, [l or [, norm.

If the accumulation point z* of the sequence {z;} generated from Algo-
rithm 2.2 satisfies
ZTV f(z*) =0,
ie., Vf(z*) € N(ZT), where N(-) denotes null space, then there is A\* € R™
such that
Vf(z") = AN,

which means any accumulation point z* of the sequence {x;} generated from
Algorithm 2.2 is a Kuhn-Tucker point of the original problem (1.1).

Next we give the global convergence theorem which says the reduced
gradients converge to zero. Hence, any accumulation point of the sequence
of iterates satisfies the first order necessary condition for a solution to (1.1).

Theorem 3.2 Let f : R" — R be continuously differentiable and bounded
below on an feasible region. Assume { By} bounded uniformly, i.e., there is a
positive constant M such that

|By|| < M, Vk.

11



Then, Algorithm 2.2 will terminate after finitely many iterations provided
that {f(zx), k = 1,2,...} is bounded below . In other words, if ¢ = 0, then

either

lim () = —oc. (3.8)
or
lign inf || gx|| = 0. (3.9)

Proof. If the theorem is not true, then f(zj) is bounded below and there
exists a positive constant d such that

1gll = 6 (3.10)
which, togehter with Lemma 3.1, implies that
Predy(uy) > 7min[l, Ag] (3.11)

for some positive constant 7.
Define the set

Ko = {klpx = n}. (3.12)
Inequality (3.11) and the assumption that f(zy) is bounded below give that
keKo

Because Ay < &4 for all k& ¢ Ko, if follows from (3.13) that

> Ay < 0. (3.14)
k=1

Therefore Therefore there exists T such that

%im Ty = I. (3.15)
Relation (3.14) shows that Ay — 0. Thus it follows from (3.11) that
P?"edk(uk) Z TAk (316)

for all sufficiently large k. (3.16) and the fact that Predy, = Aredy + O(A2)
indicate that
lim p =1, (3.17)

k—oo

12



which yields that, for sufficiently large k,
Ay > Ay (3.18)

The above inequality contradicts (3.14). The contradiction proves the theo-
rem. |
If i > 0, the convergence result can be further improved.

Theorem 3.3 Under the conditions of Theorem 3.2, if u > 0, then every
accumulation point of {xy} is a Kuhn-Tucker point of (1.1)-(1.2).

Proof If the theorem is not true, there exist an accumulation point z*
which is not a KT point of problem Thus, there exist positive constants 7
and € such that

Predy(uy) > 7min[l, Ag] (3.19)

provided that ||z, — 7*|| < €. Define the sets
Ky = {k[ pr > n} (3.20)
K = {k| ||zx — 77| <€} (3.21)

Because p > 0, the set K has similar properties as K given in the proof of
the previous theorem. Therefore it can be shown that

Z Ay < 00. (3.22)
keK1NK
Hence there exists k such that
1
l|lzg — 27| < & (3.23)
and )
Z A < 56. (3.24)

keK1NK k>k

The above two inequalities imply that z;, € K for all k > k. Therefore

> A, < o0, (3.25)
k=1

which implies that
limzy, = z*. (3.26)

From the above relation, we can obtain a contradiction as in the proof of the
previous theorem. This completes our proof. O

13
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