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OPTIMALITY CONDITIONS FOR THE MINIMIZATION OF A
QUADRATIC WITH TWO QUADRATIC CONSTRAINTS*

JI-MING PENG' AND YA-XIANG YUANT

Abstract. The trust region method has been proven to be very successful in both unconstrained
and constrained optimization. It requires the global minimum of a general quadratic function subject
to ellipsoid constraints. In this paper, we generalize the trust region subproblem by allowing two
general quadratic constraints. Conditions and properties of its solution are discussed.
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1. Introduction. Many trust region algorithms for constrained optimization re-
quire solving subproblems of the following form:

(1.1) min{q(z) :|| Dz [|2< 6, || ATz + ¢ [|2< €, € R},

where ¢ : 8" — R is a quadratic model of the objective function in a neighborhood of
the current iterate, D is a positive definite scaling matrix, ¢ € R™ is a vector whose
elements are the values of the constraints, A7 € ™" is the Jacobian matrix of the
constraints computed at the current iterate, and the numbers § and £ are determined
by the trust region method (for example, see [1] and [11]). For unconstrained opti-
mization problems, the trust region subproblem is to minimize a quadratic function
in an ellipsoid, namely

(1.2) min{q(z) :|| Dz ||2< 6, x € R"}.

Many results for problem (1.2) have been obtained, including Gay [4], Moré and
Sorensen [10], Martinez [7], and Sorensen [12]. Most authors study the global mini-
mizer of (1.2), but Martinez [7] also studies local minimizers of (1.2). One motivation
for studying nonglobal local minimizers is that a global minimizer of (1.1) at which
the constraint ||ATx + ¢|| < ¢ is inactive must be a local minimizer of (1.2) (see [7]).

Problem (1.1) has also been studied by many researchers; for example, see Celis,
Dennis, and Tapia [1], Crouzeix, Martinez, Legaz, and Seeger [2], Heinkenschloss [5],
Yuan [15], [16], Zhang [17], and the references therein. It is interesting to note that
unlike the case of one constraint, for the two constraint case it is possible that the
Hessian of the Lagrangian has negative eigenvalues, even when only one constraint is
active at the global minimizer. For details, see Yuan [15].

Several extensions of problem (1.1) are of interest. The simplest type is to consider
the problem

(1.3) min{g(x) : c1(x) <0,ca(x) < 0,2 € R},
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where ¢(z), ¢1(z), and ca(x) are quadratic functions. Several special cases of (1.3)
have been discussed in the literature. For example, Heinkenschloss [5] considered
the case that g(z), c1(z), ca(z) are all convex quadratics; Martinez and Santos [§]
considered (1.3) with a general quadratic ¢(z) and ¢y, ¢y strictly convex quadratics.
More can also be found in [15], [16], [17]. In this paper we consider the case where
q(x), ¢1(x), and co(x) all are general quadratic functions. Our paper is motivated by
a recent work of Moré [9], in which he studied the problem of minimizing a quadratic
function subject to one general quadratic constraint which has the form

(1.4) min{q(z) : ¢(z) <0,z € R"},

where q(z), ¢(z) are general quadratic functions. Stern and Wolkowicz [13] also studied
the above problem with a two-sided (upper and lower bound) quadratic constraint;
they also discussed the characterizations of optimality and gave some conditions for
the existence of solutions.

Our paper can be viewed as a generalization of Yuan [15] from convex constraints
to general constraints. Our results are also related to Martinez [7], as his analysis on
nonglobal local minimizers of problem (1.2) are applicable to problem (1.1) when the
constraint ||ATz + ¢|| < € is inactive at the solution. However, our results are more
general because we study general quadratic functions c¢;(z) and c(z) while Martinez
[7] and Yuan [15] require convex constraints.

Throughout this paper, we assume that the object function ¢(x) and the con-
strained functions ¢;(x) and co(x) are all quadratic:

1
(1.5) qx) =y +wlz+ 2wTQx,
1
(1.6) ci(z) =y +wiz+ 2xTC’1x,
1
(1.7) co(x) = o +wix + 2xTC’2:U,

where v,v1,7v2 € R, w,wi,ws € R", and Q, C1, Cy are symmetric matrices in R"*".
We also use the following notations:

(1.8) E,={x:2eR", ¢ (x) <0},
(1.9) Ey,={x:2€R", co(x) <0},
(1.10) E = E1N E,.

Some of our results depend on the following conditions:

(1.11) xlélbﬁl{@(x)} <0< Lseug {ca(x)},
(1.12) ing {c1(z)} <0 < sup {c1(z)},
zekla r€E>

which can be viewed as a generalization of a condition given by Moré for one constraint
problem (see (2.3) below). The above conditions are not restrictive for problem (1.3).
In fact, if the left part of (1.11) is not true, it follows from Theorem 3.2 of [9] (given
as Theorem 2.3 below) that there exists A € RT such that ca(z) 4+ Ay () is equal to a
convex quadratic, which means that Cy 4+ AC; is positive semidefinite. Then problem
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(1.3) reduces to minimizing g(z) subject to ¢1(x) = 0 in the subspace N, yac, . If the
right inequality of (1.11) fails, (1.3) reduces to the one constraint problem studied by
Moré [9]. Therefore, it is no loss of generality in assuming (1.11)—(1.12).

The paper is organized as follows. In the next section we state some known re-
sults which we will use repeatedly in the paper. In section 3, we give a condition that
ensures the existence of a global minimizer and derive some optimality conditions
for problem (1.3) when both constraints are active and the gradients are zeros at the
solution. In order to further our analysis, we also explore some relations between opti-
mality and certain definiteness of matrix pencils. In section 4, we consider optimality
for problem (1.3) when ¢(z), ¢1(z), and ca(z) are all general quadratics. Necessary
conditions for local minimizers and global minimizers are given. It is shown that the
Hessian of the Lagrangian at the solution has at most one negative eigenvalue if the
Jacobian of the constraints is not zero and that for some special cases it has no neg-
ative eigenvalue. These results are not trivial, as directly applying standard second
order necessary conditions can only show that the Hessian of the Lagrangian has at
most two negative eigenvalues. A few remarks are also made in last section.

2. Some important results. In this section we state some known results which
will be used in our analysis.

THEOREM 2.1 (see Moré [9]). If A € R"*™ and C € R™*™ are symmetric matri-
ces, then A+ \C' is positive definite for some X\ € R if and only if

(2.1) w#0, w'Cw=0= w! Aw > 0.

THEOREM 2.2 (see Moré [9]). Assume that A € R"*™ and C € R™*™ are sym-
metric matrices and that C' is indefinite. Then

(2.2) wl Cw =0 = w? Aw > 0

if and only if A+ AC is positive semidefinite for some A € R.
THEOREM 2.3 (see Moré [9]). Let q(z) and c(z) be quadratic functions defined
on R". Assume that

(2.3) inf ¢(x) <0< sup c(z)
cERn sestn

holds and that V2c # 0. A vector x* is a global minimizer of the problem
(2.4) min{q(x) : ¢(z) =0,z € R"}

if and only if c(x*) = 0 and there is a multiplier \* € R such that the Kuhn—Tucker
condition

(2.5) Vaq(z*) + XM*Ve(z™) =0
is satisfied with
(2.6) V2q(x*) + \*V3c(z*)

positive semidefinite.
THEOREM 2.4 (see Yuan [15]). Let C, D € R"*"™ be two symmetric matrices and
let A and B be two closed sets in R™ such that AU B = R". If we have

(2.7) 'Cx>0,2€¢ A, z'Dx>0,z€ B,

then there exists at € [0, 1] such that the matriz tC+(1—t)D is positive semidefinite.
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3. Optimality and matrices pencils. In this section, we first give a condition
which implies that the global minimum of problem (1.3) can be attained. Then, we
study a special case of (1.3) when both constraints are active and the Jacobian of the
constraints are zero at the solution.

Denote
(3.1) Si={z:z¢€ R, 2T Ce < 0},
Sy ={z:x e R, 2T Crx <0},
S =5N285.

LEMMA 3.1. Assume that the feasible set (1.10) is nonempty; if
(3.4) r#0,zeS = 2TQx >0,

then (1.3) has a global minimizer.
Proof. If problem (1.3) does not have a global minimizer, then there exists
{z,k =1,2,...} such that limy_, ||zx|| — oo and

(3.5) q(zr) < q(x1), ci(zr) < 0; caxy) < 0.

Let di, = II?ZH' Without loss of generality (w.l.0.g.), we assume that limy_, o, di = dp.
It then follows from (1.5)—(1.7) and (3.5) that

do"Qdy <0, do" Crdy <0, do” Cady <0,

which contradicts (3.4). Thus, the lemma is true. O
It should be noted that (3.4) is not a necessary condition for problem (1.3) to have

a global minimizer. For example, let z = (z1,22)T € R?; we define q(x) = 23 — 23,
c1(z) = x2, and cp(z) = ja1 — 2. This problem has a global minimizer (0,0)7.

Obviously S = R2, but for z = (0,1)T € S, 27Qz < 0 holds.

Lemma 3.1 indicates that there are connections between @), C7, Cs, and the global
minimizer of (1.3). Moré [9] and Stern and Wolkowicz [13] have derived relations
between matrix pencils and the optimization problem with one general quadratic
constraint. In the rest of this section, we will discuss the relation between matrix
pencils and a special case of problem (1.3) when both constraints are active and the
Jacobian of the constraints are zero at the solution.

Assume that z* is a local minimizer of problem (1.3) at which ¢; (2*) = c2(2*) =0
and Ve (z*) = Vea(2*) = 0. It is easy to see that the null vector 0 is a local minimizer
of the following problem:

(3.6) min{g(z* + z) : x € S},

where S is defined by (3.3).

For any A which is an n X n symmetric matrix A € R"*", we define Ny = {z :
2T Az = 0}. Denote F = Ng, N Ng,. The following result is the first conclusion of
the main theorem of Uhlig [14].

THEOREM 3.2. Assume that A, B € R"*" and n > 3; then, there exist a, 3 € R
satisfying o® + 3% > 0 such that oA+ BB is positive definite if and only if NANNg =
{0}.

In what follows we state a result about the pair of matrices (Cy, Cs).
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LEMMA 3.3. aC; + BCy is indefinite for any o, B € R satisfying o® + 32 > 0 if
and only if

(3.7 inf {z7Cyx} <0< sup {z?Cyr},
zENC, zENC,

(3.8) inf {z7C1z} <0< sup {7 Cix}.
zENCy zENC,

Proof. First suppose that (3.7)—(3.8) hold. For any o, 8 € R satisfying o?+ 5% >
0, w.l.o.g. assume « > 0. It follows from (3.8) that

(3.9) inf z7(aC) + BCy)z <0< sup z'(aC) + BCH)z,

ze€Nc, zENC,

which shows that aCy + 8C5 is indefinite.

Now we assume that aC; + 3C> is indefinite for any a, 8 € R satisfying o + 3% >
0. If (3.7)—(3.8) is not true, there is no loss of generality in assuming that
(3.10) inf 27Cyz =0.

zE€N¢c,

Our assumption that aC; + BC5 is indefinite for any a, 3 € R satisfying a? 4+ 32 > 0
implies that Cy is indefinite; thus, it follows from (3.10) and Theorem 2.2 that there
exists A € R such that Cy + AC; is positive semidefinite, which is a contradiction.

This completes our proof. 0
For the special problem (3.6), conditions (1.11) and (1.12) are equivalent to

(3.11) inf {27 Cyx} < 0 < sup {z Oy},
€51 z€ST

(3.12) inf {z7Cy2} < 0 < sup {7 Cyz}.
€S> €S

We see that our conditions (3.11)—(3.12) are strictly weaker than (3.7)—(3.8). If

(3.13) 01<_01 (1)) 02<(1) 24),

then (3.11)—(3.12) are satisfied, but (3.7)—(3.8) fail.
One direct consequence of (3.11)—(3.12) is the following lemma.
LEMMA 3.4. If (3.11)~(3.12) hold, then

(3.14) span (S1 N Sz) = R".

Proof. By (3.11)-(3.12), both C; and Cy are indefinite. If max(z? Cyix, 27 Coz) >
0 for every x € %", it follows from Theorem 2.4 that there exists A € (0,1) such that
C1 + M(Cy — Cb) is positive semidefinite, which implies

(3.15) 27 Coz >0 whenever z7Ci2z <0
and
(3.16) z7Ciz >0 whenever 27 Coz < 0.

Inequalities (3.15)—(3.16) contradict (3.11)—(3.12). Thus, there exists Z € R™ such
that

(3.17) zrewz <0, z1Cez < 0.
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Define
(3.18) 6z, e)={x:|z—Z|<e}.

It follows from (3.17) and the continuity of quadratic functions that for sufficiently
small € > 0,

(3.19) x €S NSy Ve 6(z€).

The above relation implies (3.14). This proves our lemma. a

The above lemma implies the following result.

LEMMA 3.5. If (3.11)—(3.12) hold and if y* = 0 is a local minimizer of (3.6), then
Vg(z*) = 0.

Proof. Because y* = 0 is a local minimizer of (3.6), it follows that

(3.20) t'Vq(z*) >0 VeSS nSs.
Due to §1 NSy = —(51 N S2), (3.20) implies that
(3.21) tTVq(z*) =0 V€S NS,

It follows from (3.21) and (3.14) that Vg(z*) = 0. O

Motivated by the results of More (see Theorems 2.1-2.3), one may guess that if
x* =0 is a global minimizer of problem (3.6) and conditions (3.11)—-(3.12) hold, then
there may exist a, 8 € R such that Q + aC7 + BC5 is positive definite or semidefinite.
However, our next example shows that even when conditions (3.7)—(3.8) are true and
xz* = 0 is a global minimizer of problem (3.6), @ + aC; 4+ SC3 may be indefinite for
any «, 3 € R.

Ezxample 1.

(3.22) min{—(2? +5?)/3 + y* — 2% — 2zy : 2® —9y? <0,2zy < 0}.

For this problem, we have

om o=y (5 1)+ (9 1)-(1 o)

(3.24) 01<(1) 21> 02<(1) (1))

It is easy to show that aC 4+ BC, is indefinite for any «, 8 € R satisfying a?+ 52 > 0.
Thus, conditions (3.7)—(3.8) hold. One can also easily verify that * = 0 is a unique
solution of problem (3.22). However, for any «, 8 € R, it holds that Q + aC; + Cy =
—;’I + (o= 1)Cy + (B — 1)Cq, which implies that @ + aCy + SCs cannot be positive
definite or semidefinite.

To study the optimal conditions at a global minimizer of (3.6), we also need the
following result due to Hestenes and Mcshane [6].

LEMMA 3.6. Let C1,Cy € R™™™ be symmetric matrices satisfying (3.7)—(3.8).
Let m(«, B) be the least eigenvalue of the matriz Q + aC + Cy. Then, there exists
(ag, Bo) € R? which mazimizes the function m(a, 3).

Our next result is a small modification of Lemma B in [6]. For completeness, we
rewrite it and give a detailed proof.
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LEMMA 3.7. Assume the matrices Cy and Cy satisfying (3.7)—(3.8) and («g, Bo) €
N2 mazimize the function m(a, 3). Set mg = m(ao, By), with X as the subspace
spanned by all the eigenvectors of the matriz @ + agCy + BoCs related to mqg. Then
for any linear space L which contains X, there is no aC1+ BCy positive definite on L.

Proof. Assume there exists C = aC; + SCs positive definite on L. Let K be
the unit sphere 272 = 1, and L; is the set of points in L on K. Choose b > 0 such
that z7Cx > b on Ly, and let N be a neighborhood of L; related to K on which
2TCx > b, my is the minimum of 27(Q + aC; + BoC2)x on the closed set K — N;
then, m; > myg. It follows that for a sufficiently small positive constant ¢ one will
have

(3.25) JJT(Q + agCy + BoCs + té)l’ > myg
on K — N. But,
(3.26) 27 (Q + Oy + BoCa + tC)z > mg + tb

on N. Thus, it holds that m(ag + ta, Bo + t3) > m(ao, Bo), which contradicts the
choice of (ag, o). This proves the lemma. 0

Now we can give one of our main results in this section.

THEOREM 3.8. If (3.7)—(3.8) hold and if y* = 0 is a local minimizer of problem
(3.6), then Vq(z*) = 0 and there exist a, 3 € R such that Q + aCy + Co has at most
two negative eigenvalues.

Proof. 1t follows from Lemma 3.5 that Vg(z*) = 0. Because Vg(z*) = 0 and the
optimality of y* = 0, we have that 27Qx > 0 for all z € S.

If the theorem is not true, assume that for any «, 8 € R, @ + aCy + BC5 has
three or more negative eigenvalues. Let (g, f9) maximize the function m(a, 8), and
let L be the subspace spanned by the eigenvectors of the matrix @ + agCi + FoC>
corresponding to its negative eigenvalues. For example, L = span{z,xa,...,2; :
(Q + aoCh + BoCa)x; = ajxi,a; < 0,]|zi]|]2 = 1} and I = dim(L) > 3 . It follows that
in L, we have

l
(3.27) Q+ aoCy + BoCa = Y aiza] .
=1

If there exists g € F # 0 in L, w.l.o.g. we assume that ||zg|l2 = 1. Then, by the
definition of F', we get

(3.28) 2§ (Q + agC1 + BoCa)xo > 0,

which contradicts the definition of L. It follows that F N L = {0}. However, since
1 > 3, it follows from Theorem 3.2 that there exist «, 3 € R such that aCy + B8C5 is
positive definite on L, which contradicts Lemma 3.7. a

In fact, under the conditions of Theorem 3.8, let oy and 5y as defined in Lemma 3.6
and myg = m(a, ) denote L; as the subspace spanned by the eigenvectors of @ +
apCi + BoCs related to mg. If mo < 0, then by Theorem 3.8 we have dim(L;) < 3.
By Lemma 3.7, dim(L;) # 1; thus, it must hold that dim(L;) = 2. This can also
be verified by our Example 1, where Q + Cy + C; = —3I, m(1,1) = —1. But for
any (aaﬁ) € %27 Q +C¥Cl + 602 = 7;13]4» (a - 1)01 + (ﬂ - 1)02 It (Oé,ﬂ) # (17 1)5
then (o — 1)C; + (8 — 1)C; is indefinite, which implies that the least eigenvalue of
Q+aC1+6Cs is less than —113. Thus, for Example 1, it holds that mg = m(1,1) = —é.
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Now we only consider the case mg < 0 under the conditions of Theorem 3.8. Let
L, be the subspace defined by Ly = {z € R : (Q + aoC1 + BoC2)x = moz}. It easy
to see that in Ly, Qz = (—apC1 — foCa +mol)z. Thus, * = 0 is a global minimizer
of the following problem:

(3.29) min{z" (—apC; — BoCo +moDz : 7 Crx < 0,27 Cox <0, x € Ly}

Since mgo < 0, 27Ciz and 27 Cyx vanish simultaneously only at the point 0. By
Lemma 3.7, there is no a, 8 € R such that aCy + SC5 is positive definite. Thus, in
L1 we have

(3.30) eTClz#0 ValCox =0,2#0
and
(3.31) 2TChr #£0 VaTCiz =0,z #0.

If 27Ch2x > 0 for all 7 Cox = 0,2 # 0 € L1, then it follows from Theorem 2.1 that
there exists A € R such that C7 + AC5 is positive definite, which is a contradiction.
Therefore, there exists T € Ly such that

(3.32) 'z =0, 270z < 0.

The fact that 27 (—agCy + moI)Z > 0 implies that ag > 0. Similarly, one can show
that Gy > 0.

If conditions (3.11)—(3.12) are true and (3.7)—(3.8) fail, then we have the following
result.

THEOREM 3.9. If (3.11)—(3.12) hold and (3.7)—(3.8) fail and if y* = 0 is a local
minimizer of problem (3.6), then Vq(z*) = 0 and there exist A1, a2 € R such that
Q 4+ M C1 4+ X205 is positive semidefinite.

Proof. Tt follows from Lemma 3.5 that Vq(z*) = 0. Since conditions (3.7)—(3.8)
are not satisfied, it follows from Lemma 3.3 that there exist «, 8 € R such that
a? 4 32 # 0 and that aC; + BCs is positive semidefinite. Without loss of generality,
we assume that o # 0. Define A = §/a. First we assume that « > 0, which implies
that C7 + AC5 is positive semidefinite. This leads to the following two cases: if A > 0
then z7Ciz < 0 = 27Cox > 0, which contradicts (3.11)—(3.12); if A < 0 then
2701z < 0= 2T Cy2 <0, which contradicts (3.11).

Now we assume that o < 0, which implies that C; + ACs is negative semidefinite.
If A > 0 then 27Ciz = 0 = 27Cox < 0; y* = 0 is a local minimizer of problem
min{z?7Qx : 2TC1z = 0, * € R*}. Thus, our theorem follows from Theorem 2.2.
If A <0 then 27Coz < 0 = 27Cy1z < 0, which contradicts (3.12). Therefore, the
theorem is proved. a

If C; is positive definite then we can choose the corresponding Lagrange multiplier
A; large enough so that @+ \;C; is positive definite. But in the case that C1 is positive
semidefinite and N¢, # (), then even (3.11) holds, and there may be no Ay, Ay € R such
that @ + A\ C1 + A2C5 is positive semidefinite. This can be verified by the following
example.

110 00 0 1 0 0
Q=111 1], oa=[000], ca=[0 -1 0
010 00 1 0 0 1
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(' is semidefinite and (3.11) holds; y* = 0 is a global minimizer of
(3.33) min{zTQz : xz € 51N Sy},

but for any A1, A2 € R, Q + A1C7 + A2C5 is not positive semidefinite. For the case
where C, Cs are indefinite, if (3.11)—(3.12) do not hold, Theorem 3.9 may also fail.
For example,

1 0 0 2 1 0 010
Q=10 -1 o |, oa=[100], =120
0 0 -3 00 1 00 1

Now we give a lemma which will be used in the next section.
LEMMA 3.10. IfC' € R™*™ is a symmetric indefinite matriz, thenspan(Ng) = R".
Proof. Without loss of generality, we assume that

(3.34) C =diag(aq,...,ar;—01,...,—05;0,...,0),

where o;(i = 1,...,I) and §;(j = 1,...,J) are positive numbers and I > 1, J > 1.
It is easy to see that

(3.35) giel—keHjeNc (G=1,...,J),

(3.36) e — gje”l eNe (i=1,...,1),

(3.37) e, € No (k=I+J+1,...,n),

and these vectors are linearly independent. Thus, span(Ng) = R™. 0

The following result is a direct consequence of Theorem 2.1.
COROLLARY 3.11. If y* = 0 is an isolated minimizer of the problem

(3.38) min{z?Qzx + g7z : 2TCx = 0},

then there exists A € R such that Q + \C' is positive definite.
Proof. For any nonzero x € R" such that 7 Cz = 0, we have (—z)TC(—z) = 0;
thus, our assumption implies that

(3.39) 2T Qu = ;(mTQx +g%x) + ;(—xTQ(—x) + g7 (~x)) > 0.

Therefore, the corollary follows from Theorem 2.1. 0

Similarly, we can show the following theorem.

THEOREM 3.12. If y* = 0 is an isolated minimizer of problem (3.6) and con-
ditions (3.7)—(3.8) fail, then there exist A1, Ao € R such that Q + A\ C1 + A2Cs is
positive definite.

Proof. For any feasible point = of (3.6), the point —z is also a feasible point.
Thus, y* = 0 is also an isolated local minimizer of (3.33). Therefore, we have that
2T Qx > 0 for all nonzero x, which satisfies 27 C1z = 27 Coz = 0. Since conditions
(3.7)—(3.8) are not satisfied, w.l.o.g. we assume that (3.7) is not true. First, we assume
that

(3.40) sup z' Coz = 0.

zENc,
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Thus, y* = 0 is also the unique global minimizer of
(3.41) min{z” Qz : 27 Ciz = 0}.

It follows from Theorem 2.1 that there exists A € R such that @ + AC; is positive
definite.
To complete our proof, we assume that

(3.42) min z7 Cox = 0.
z€Nc,

We consider three different cases: C is positive semidefinite, negative semidefinite,
or indefinite.

If C} is positive semidefinite, then the feasible region {27 Cy2 < 0} is the subspace
N¢,. Thus, the null vector 0 is an isolated local minimizer of

(3.43) min{z” Qz: 2TCor =0, z€ Ng,},

which shows that there exists u € R such that @ + uCs is positive definite in N¢, .
Thus,

(3.44) r#0, 27Cix=0 = z7(Q+ uCs)z > 0.

Hence, there exists A € R such that Q 4+ uCs + AC is positive definite.
If C; is negative semidefinite, we have that

(3.45) #0, 27Cx=0 = 27Qzx > 0.

Therefore, it follows from Theorem 2.1 that there exists u € R such that @ + uCs is
positive definite.

Finally, we consider if C; is indefinite. It follows from (3.42) and Theorem 2.2
that there exists o € R such that Cy + «C1 is positive semidefinite. Because y* = 0
is an isolated local minimizer of (3.6), we have for all x € N¢,tac,,

(3.46) r#0, 7Ciz=0 = 27Qx>0.

Thus, it follows from Theorem 2.1 that there exists § € R such that @ + 5C is
positive definite in the subspace Ng,4+ac,. Using Theorem 2.1 again, we can show
that there exists v € R such that Q + 5C; + v(Cs + aC}) is positive definite. Hence,
the theorem is true. 0

4. Optimal conditions. In this section we mainly give necessary conditions for
minimizers of problem (1.3). Necessary conditions for optimality are already given in
the previous section, when both constraints are active and gradients of the constraints
are zeros at the solution.

First, the following result is obvious.

THEOREM 4.1. Assume that c1(z*) < 0 and ca(x*) < 0. z* is a local minimizer
of problem (1.3) if and only if Vq(z*) =0 and Q is positive semidefinite.

Hence, in the following we assume that at least one of the constraints is active at
a minimizer.

If only one constraint is active at the global minimizer z*, w.l.o.g. we assume that

(4.1) c1(z*) =0, ca(z™) < 0.
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THEOREM 4.2. Assume that (4.1) holds and that x* is a local minimizer of
problem (1.3). If Vey(a*) # 0, then there exists Ay € RY such that

holds and @Q + A1 Ci has at most one negative eigenvalue. If Vei(x*) = 0, then
Vq(z*) = 0 and there exists A1 € RT such that Q + M\ C is positive semidefinite.

Proof. It Vi (x*) # 0, (4.2) follows from the Kuhn—Tucker theory. It follows from
the second order necessary condition (see, for example, Fletcher [3]) that Q@ + A1 (Y is
positive semidefinite in the subspace

(4.3) W ={d: Ve, (z)'d=0, de R" }.

Therefore, @ + A1Cy has at most at most one negative eigenvalue.
Now we assume that Veq (z*) = 0, since y* = 0 is a local minimizer of

(4.4) Inin g(z* +d).
Thus, it follows that
d'Vq(z*) =0 Vde€ Ng,.

The fact that Veq(z*) = 0 and (1.12) imply that Cy is indefinite. Lemma 3.10
shows that span(N¢,) = R", which gives d? Vq(z*) = 0 for all d € R". Therefore,
Vq(z*) = 0. This shows that (4.2) holds for all A\; € R. Vq(z*) = 0, Theorem 2.4,
and the fact that y* = 0 solves (4.4) imply that there exists A\; € R* such that
Q@ + A\ (1 is positive semidefinite. |

Using the second order necessary conditions, it can be proven that the Hessian
of the Lagrangian has at most two negative eigenvalues if both constraints ¢;(z) <0
and co(x) < 0 are active at the solution.

For convex problems, Yuan [15] shows that the Hessian of the Lagrangian has
at most only one negative eigenvalue at a global minimizer. In the following, Yuan’s
results are extended to general cases. For the rest of this section we assume that x*
is a global minimizer of problem (1.3) and both constraints are active at z*, which
means that ¢ (z*) = co(2*) = 0. First, we consider the case when Ve (z*) and
Vea(z*) are linearly independent.

THEOREM 4.3. If z* is a global minimizer of problem (1.3) and if Veq(z*) and
Vea(z*) are linearly independent, then there exist A1, Ay € R+ such that

(4.5) Va(z*) + M Ve (z¥) + AeVea(z*) =0

and Q + A\ C1 + X2Cs has at least n — 1 nonnegative eigenvalues.
Proof. Let A1,A2 € RT be the corresponding Lagrange multipliers H = @ +
A1Cy 4+ A2C5. Then, by the second order necessary condition we know that

tTHr >0 VreR", x 1 Ve (z¥), x L Vea(z™).

If H has two negative eigenvalues, similar to Yuan [15], there exist e1, e € R™ such
that for all nonzero d € span{ey, es}, dT Hd < 0. Because z* is the global minimizer,
(0,0)T is the unique solution of

éi(a, B) = c1(z” + aer + Pez) =0, CEa(a, B) = co(a™ + aer + Pez) =0,
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where (o, 3) € R2, © = 2* + ae; + Pea. So the curves é(a, 8) = 0, éa(a, 3) =0
meet only at (0,0). Define F' as the set of all feasible points that are connected to
(0,0); thus, the boundary of F' consists of two curves. One is é;(«, 3) = 0; the other
is éa(a, B) = 0. Let the asymptotic direction of these two curves be d1, ds; then we
have

(4.6) dy V2edy = 0; dy Véyd; <0,

(4.7) dy' V2e1dy < 0; dy V3éady = 0.
Due to the optimality of z*, we know that
(4.8) dy V24(z%)dy > 0; dy' V24(a*)dy > 0,

where §(a, 3) = q(z* + ae; + Bes). Since dX Hd < 0 for all nonzero d € span{es, e},
it follows that

(4.9) JlTvgég(il < 0; JQTV261JQ < 0.

By considering a sequence of interior points of F, one can see that for any direction
d between dy, do,

(4.10) dT'V?¢yd < 0; dTV?é1d < 0.

Otherwise, assume there exists d € int(K), d''V2é;d = 0; then, (o, 8)V?¢1(a, 3)T
has a local maximum at d. Hence, V2¢; is negative semidefinitive, which shows that
¢1(a, B) = 0 is a parabolic curve. Because the two curves have only one cross and
the asymptotic direction of a parabolic curve is the same one, we know that d; is
parallel to do, which contradicts (4.9). Hence, there exists a cone K whose boundary
direction is d;, dy, and for any interior direction of K, (4.10) holds. Now, for large
enough ¢ > 0, —td is a feasible point. Because the two curves meet only at (0,0),
—td ¢ F. Let the connected part of the feasible set which includes —td be F'; then,
FNF = ¢. Because (0,0) is the unique cross of two curves, the boundary of F
is defined by only one curve. Without loss of generality, assume that the boundary
is defined by é(a, 8) = 0. Let the asymptotic directions of F be dH, CZQ, and the
corresponding cone is K. Since (4.10) holds for all d € K, it holds that —K C K, so
—dy € K. Furthermore, for all d € K we have

dT'V?eyd <0, d'V?ed <0.
One can also show that there exists no d € K such that

d'V2%ed =0, d'V?e,d=0

and that
T o, a T o, s
(411) d1 \Y Cldl = 0, d2 \Y Cld2 = 0,
T o, T o,
(4.12) dy V*4éadi <0, doy V4Cady < 0.

Hence, —d, is an interior direction of K , which implies that é2(a, 3) = 0 is a parabolic
curve. This contradicts (4.9). So, H has at most one negative eigenvalue. O
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The condition that the Hessian of the Lagrangian has at most one negative eigen-
value is not a sufficient condition for z* being a local minimizer. For example, point
(1,1,0)7 is a Kuhn—Tucker point of the following 3-dimensional problem:

(4.13) min — 4y + (z — 1)? + 5 — 1022
(4.14) st 2? +yt 427 < 2,
(4.15) (-2 +y*+22 <2

It is easy to see that the Lagrange multipliers are (1,1). The Hessian of the Lagrangian
is

6 0 0
06 0|,
00 —6

which has 2(= n — 1) positive eigenvalues. But one can easily show that the point
(1,1,0)T is not a local minimizer because the second order necessary condition is not
satisfied.

In the following we deal with the case when Ve (2*) and Veg(2*) are linearly
dependent. Because we have already studied the case when Ve (z*) = Veg(2*) =0
in the previous section, we can assume that either Vey(z*) or Veg(z*) is not zero.
Without loss of generality, we assume that Vei(2*) # 0 and Vea(2*) = aVe (2*) for
the rest of the section. First we discuss the case when o > 0.

THEOREM 4.4. If x* is a global minimizer of problem (1.3) and if there exists
a > 0 such that Veg(z*) = aVey(x*) # 0, then there exist A\, A2 € RY such that
(4.5) holds and the matriz Q + A1 C1 4+ A\oCy is positive semidefinite.

Proof. Since Vea(z*) = aVe(z*) # 0 for some a > 0, the optimality of z*
implies that d”Vg(z*) > 0 for all d such that d” Ve (2*) < 0. Therefore, there exists
B < 0 such that Vg(z*) = Ve (z*). If B < 0, there is no loss of generality in
assuming that Vep(z*) = Vea(z*) = —Vg(z*) # 0. First, we show that

(4.16) max(z?(Q + C)z,z7 (Q + Co)z) >0 Va € R™.
If it fails, there exists d € R" such that
(4.17) d"Ve (z*) #0, dT(Q+C1)d <0, d'(Q+ Cy)d < 0.

The fact that z* is a global minimizer of (1.3) and (4.17) imply that either d”Cyd or
d” Cyd is not zero. Thus, we can choose A # 0 € R so that

(4.18) ez +Ad) =0, cy(z* +Ad) <0
or
(4.19) cr(z* +Ad) <0, ea(x* 4+ Ad) =0.

Without loss of generality, we assume that (4.18) is true; it then follows that
(4.20) q(z* + M) — q(z*) = X2dT(Q + C1)d < 0,

which is a contradiction. Thus, (4.16) holds. Hence, our theorem follows from (4.16)
and Theorem 2.4.
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If =0, (4.5) holds for A\; = Ay = 0. The optimality of 2* implies that d”Qd > 0
for all d such that d¥Vei(z*) < 0. Since span{d : dT Vei(z*) < 0} = R", it follows
that @ is positive semidefinite. d

In what follows we will consider the case when Vea(z*) = aVep(z*) for some
a <0.

THEOREM 4.5. Assume that x* is a global minimizer of problem (1.3) and that
c1(z) and co(x) satisfy (1.11)—(1.12). If Ver(z*) # 0 and Vea(z*) = aVer (x*) for
some a < 0 and Vq(xz*) = yVey(x*), then there exist A, Ao € R so that (4.5) holds
and Q + M\ Cq + A2Cs is positive semidefinite.

Proof. First, we consider the case when Vea(2*) = aVep (2*) for some a < 0.
Without loss of generality, we assume that Vep(x*) = —Vea(2*) # 0 and v < 0. Now
we show that

(4.21) max(z7(Q — vCh)z, 7 (Cy + Co)x) >0 Vo e R
Otherwise, we can choose d € R" such that
(4.22) d'Ve (z*) <0, dT'(Q —~C1)d <0, d¥(C,+ Cy)d < 0.

If dATCch =0, then d7Qd < O,AdATC'gdA < 0. We can let A € R sufficiently large so
that \d is feasible and g(x* + Ad) — g(x*) < 0, which is a contradiction. If dTCyd # 0,
we can choose A € R so that

(4.23) cr(z* +Ad) =0, cy(z* + M) <0.
It follows that

(4.24)
g(z” + M) —yer (2" + Ad) — g(z*) = g(z" + M) — g(2") = X*d"(Q —vC1)d <0,

which is a contradiction. Thus, (4.21) holds. Since conditions (1.11)—(1.12) imply
that C7 + Cs cannot be positive semidefinite, our theorem follows from (4.21) and
Theorem 2.4.

Now we turn to the case when Vea(2*) = 0. The assumptions in our theorem
imply that Vg(z*) = 7V (2*) for some v < 0. By a similar process, we can show
that

(4.25) max(z? (Q — vCy)z, 27 Cox) > 0 Vo € R",

which means that our theorem still holds when Vea(x*) = 0. a

In the above two theorems, we have discussed optimal properties of the Hessian of
a generalized Lagrangian functions when Vg (2*) and Veg(2*) are linearly dependent
and Vq(z*) € span{Vei(z*)}. But if Vg(z*) & span{Ve;(z*)}, then the Kuhn-
Tucker theory and (4.5) fail. In this case, we need to assume that z* is a unique
solution to continue our analysis.

THEOREM 4.6. Assume that x* is a unique global minimizer of problem (1.3) and
that c1(x) and ca(x) satisfy (1.11)—(1.12). If Vey(2*) # 0 and Vee(2*) = —aVey (z*)
for some a > 0 and if Vq(z*) and Vei(x*) are linearly independent, then there exist
A1, Ao € R such that Q + A C1 + A2Cs has at least n — 1 positive eigenvalues.

Proof. Let W be defined by (4.3). It follows from the definition of z* that y* =0
is the unique solution of the following problem:

(4.26) min{z? Qz + 27 Vq(z*) : 27C1x <0, 27 Cox <0, z € W}.
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We now show that

(4.27) max(z? Ciz, 27 Cox) >0 Vo € W.
Otherwise, there exists € W such that

(4.28) 2T <0, 2T Chz < 0.

Without loss of generality, we assume that 27 Vg(z*) < 0. Therefore, we can choose
sufficiently small € > 0 such that

(4.29) #TVq(z*) <0, 27C12 <0, 70z <0, T = x — eVg(z*),

which contradicts the basic assumptions of the theorem. Thus, (4.27) is true. It
follows from Theorem 3.12 that there exist A1, Ao € R such that Q + A1C7 + A2Cy is
positive definite in W. This proves our theorem. g

5. Discussion. We have shown that the Hessian of the Lagrangian at the solu-
tion of problem (1.3) has at most only one negative eigenvalue if the Jacobian of the
constraints is not zero. For some special cases, it is shown that the Hessian is positive
semidefinite or definite. We have also derived some relations between matrix pencils
and optimality. The necessary conditions given in the paper are stronger than the
standard second order necessary condition, which says the Hessian is positive semidef-
inite in the null space of the constraint gradients. It is pointed out that the necessary
conditions obtained are not sufficient conditions for optimality. It is interesting to
investigate whether there are sufficient conditions that are weaker than the standard
second order sufficient condition, which requires the Hessian of the Lagrangian to be
positive definite at the null space of the constraint gradients. We believe that our
theoretical results will help us to understand problem (1.3) better; they also will be
useful for development of numerical algorithms for trust region subproblems.
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