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It is shown in this paper that the infimum of the Q-order of the convergence of
variable metric algorithms is only 1, even though the objective function is twice
continuously differentiable and uniformly convex. It is shown by example that the
g-order can be 1 + 1/N for any large N, though the fl-order is (1 +N)U2.

1. Introduction

THE PROBLEM is about the Q-order of convergence of variable metric algorithms for
minimizing a differentiable function of several variables. Let F(x) from R" to R be
the objective function to be minimized. Assume F(x) is convex, twice continuously
differentiable, and attains its minimum value at a point where V2F is positive
definite. Variable metric algorithms are iterative. At the kih iteration an estimate of
the solution at which F(x) obtains its minimum, xk say, and a n x n positive definite
matrix Bk are available. Since dk = —B^VFfxJ is the solution of the following
problem

, (1.1)

and to ensure a reduction in the objective function, we let

xk+i = xk+akdk, (1.2)

where the step-length ak is such that

(1.3)

One special choice of ak is called the "perfect" (or "exact") line search (Dixon, 1972),
that is,

F{xk+akdk) = min F(xk+adj. (1.4)
a

Throughout this paper, the perfect line search is used at every iteration. Bk+1 is
updated by any formula in Broyden's family (Broyden, 1970). Due to Dixon (1972), if
perfect line searches are used, then the sequence of points {xk} is independent of the
choice of formula in Broyden's family, and we have

0 (1.5)
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where
&k = xk+l-xk = akdk. • (1.6)

Superlinear convergence of the algorithm, that is,

x*|| = 0, (1.7)

was first proved by Powell (1971, 1972) and Dixon (1972), where ||.|| is any vector
norm in R" and x* is the solution at which F(x) attains its minimum value.
Burmeister (1973) proved the n-step quadratic convergence condition

| |x t + n-x*| | = O(||xt-x*||2), (1.8)

and Ritter (1980) improved the result to

lk + B -x* | | = o(||xt-x*||2). (1.9)

Recently, Powell (1983) proved that

||xk+B-x*|| = 0(| |xk+1-x*|| ||x t-x*||), (1.10)

and when n = 2 his result is optimal. From (1.10), the .R-order of convergence is at
least the root in (1,2) of the polynomial equation

0"-0-l=O, (1.11)

see Powell (1983). Powell (1983) also showed that the Q-order of convergence can be
less than the .R-order, where .R-order and Q-order are denned by Ortega &
Rheinboldt (1970). We establish that the infimum of the Q-order is only 1 for any
fixed n > 2 even if V2F(x*) is positive definite. However, if unit-steps (oct = 1) are
used instead of perfect line searches, the .R-order of convergence of the BFGS
formula may also equal 1 (Powell, 1983).

2. The Result

Since the algorithm attains the solution after the first iteration when n = 1, we
require n ^ 2. In this section, the result is stated and an outline of proof is given.
THEOREM 2.1. For any fixed n > 2, the infimum of the Q-order of convergence of the
variable metric algorithms with perfect line searches is only 1, if the class of objective
functions is all convex, twice continuously differentiable functions, and the Hessian
matrix at the minimum is positive definite.

Outline of Proof. Obviously it is sufficient to prove that for any fixed n ^ 2 and any
fixed c > 1, there exists a F(x) from W to U, which satisfies all the conditions stated
in section 1, and there exist a x, e U" and a positive definite matrix Blt which
generate {xk}, such that the Q-order of convergence of {xk} is less than c. The proof
of the theorem is constructive, and the idea of the proof is due to Powell (1983).

It is sufficient to prove the theorem for n = 2. We construct a sequence {xk}
converging to x* = (0,0)r, which has the Q-order of 1 + l/N. It is proved that there
exist a twice continuously differentiable function F(.), a starting point xt and a
positive definite matrix B^ such that the variable metric method generates the
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sequence {xk}. Since variable metric algorithms with exact line search are invariant
under nonsingular linear transformations'(Powell, 1971), we assume that F(.)
satisfies V2F(x*) = 1. Thus the angle between VF(xi+1) and xk+1 — x* tends to zero.
The angle between Sk and xk—x* also tends to zero because {xk} converges
superlinearly. Consequently from (1.5) it follows that the angle between xk—x* and
xk+1—x* tends to a right angle. This guides us to define {xk} such that the iterates
lie on two smooth curves that intersect perpendicularly at x*:

1)1" (2.1)

and tt e (0,1), N being a very large integer. Since the conditions (1.5) and (1.6) define
the sequence {xk} uniquely when n = 2 and F(.) is convex, it is sufficient to prove
that there exists a twice continuously differentiable function F(.) satisfying (1.5)-
(1.6) and (2.1). The Appendix shows the existence of F(.), and a choice of Xj and Bx

which make (1.5), (1.6) and (2.1) hold for all k.
From (2.1), we have that \\x2k\\ « ||x2t_il|1 + 1/''. So for any c > 1, we can choose N

such that 1 + 1/N < c. Hence the Q-order is less than c. Therefore the theorem is
true.

3. Discussion

Though we only prove our result when, n — 2, for any n > 2 we can let Fn(.) be

Fn(x) = F(tlt t2) + i t3
 ll * = (h, • • , tn)

T 6 R".

Further, we choose the initial point so that its first two components are those of x t

defined in (2.1), and its other components are zero, and we let the initial matrix be

Then the sequence generated by the variable metric algorithm is the same as xt

defined by (2.1), if we ignore the zero components of the points. Thus the Q-order is
the same as that when n = 2, which shows our theorem holds for n > 2.

It is noted that in our example ||x2fc+1|| « ||x2t_1||JV+1, so the K-order of
convergence is (JV + 1)*. Therefore the .R-order can be arbitrarily large, though the
Q-order is arbitrarily close to 1.

Let T be the set of all twice continuously differentiable functions which solve
(1.5)—(1.6), where {xk} is defined by (2.1). It is not known to the author whether T
contains any many times differentiable functions. If there exists a many times
differentiable function F(.) which satisfies (1.5), (1.6) and (2.1), the given theorem is
not analogous to the result, pointed out by the referee, that Newton's method
without line search has the Q-order of 1 + l/N if the Hessian is Holder continuous
with exponent l/N (Ortega & Rheinboldt, 1970). Otherwise for variable metric
methods there might be some relations between the Q-order and the continuity
properties of the Hessian.
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Appendix

LEMMA A.I For s e U and teU, let x(s), g(s), y(i), h(t) be once differentiable paths in
W such that at t = 0 = s

x'(O), y(0) are linearly independent, g'iO), h'(0) are linear independent and

(A.2)

Then there exists a differentiable function F(.) defined in a small neighbourhood ofx(0)
such that

VF(x(5)) = gis), VF( At)) = Kt) (A.3)

holds for all small s > 0, t ^ 0.
Proof. Since x'(0) and /(0) are linear independent, we can make a differentiable and
invertible transformation in a small neighbourhood of x(0) if necessary, in order to
assume without loss of generality that x(s) = (s, 0,0,.. .)T = seu

y(t) = (0, t, 0, . . .)T = te2. The transformation makes an adjustment to
9(s) = (9i(s), g2(s%.. .)T and h(t) = (M0, h2(t),.. .)T, but it is easy to show that (A.2)
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remains valid, which ensures that ^2(0) = /i',(0). Let
r*i n (**2

f(*) = 9iis)ds+ £ Zi0,-(zi)+ '»2(t)^+£zi/ii(z2)-g2(0)z1z2 (A.4)
Jo « = 2 Jo i+l

z = (z1,z2,...,zB)r6R".

It is straightforward to show that F(.) is continuously differentiate and satisfies
(A.3). The lemma is proved.

Our theorem is true if there exists a twice continuously differentiate function
F(.), which satisfies (1.5)—(1.6), where {xk} is defined by (2.1). Direct calculations
show that

1 ) r (A.5)

for all fe = 1,2,.... Hence if we let
2))r (A.6)

then the first equation of (1.5) is satisfied. To ensure that the second equation of (1.5)
is satisfied, we require that

)] = 0 (A.7)

and

for all /c. Hence if a(t) and fc(t) satisfy

b{t) =

and

2)n

then (A.7) and (A.8) hold. Eliminating b{t) from (A.9) and (A. 10) we have the
following form of function equation

a(ts+1) = ^ L ^ i 4 — 1 1 1 1 a(t) (A.
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where aJb b}l and IJb Jn are constants and positive integers, respectively. A special
solution of this equation is as follows:

(A.12)

for all sufficiently small t. Therefore we define a(t) by the equation

f]

for small t and then we let b(t) have the value (A.9), in order that (A.9) and (A. 10) arc
satisfied. Thus if F(x) satisfies (A.6), then (1.5) holds for all k.

From (A. 13) and (A.9), we have that a(t) and b(t) are analytic functions and that

a{t) = tN(l-

= r"(l +

b(t) = tatfll + t" + t2N + O(\t\3N)-tN)/(l + O{\t\N

For sufficiently small non-negative t, we define
tff) = ait1'"), (A.15)

From (A.14), we have

where 4>*, $* are defined for small non-negative t, and

Further, <f>* and \ji* are twice continuously differentiable for small non-negative t,
and

(A.18)
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Hence if we define

for sufficiently small negative t, then (j>* and ip* are well defined and twice
continuously differentiable in a small neighbourhood of zero. Thus, by (A. 16), <f> and
ip can be well defined and twice continuously differentiable in a small
neighbourhood of zero. Further, for positive t, (A. 15) holds.

What we need to show is the existence of F(t, u) such that

VF(r, fi + ww.jN+i-i/i*) = ^ W ) t l " V W A l - t + f + 1 ~ a / J 0 ] T . (A.20)

From Lemma A.1, given at the beginning of the Appendix, there exists a
continuously differentiable function F(.) such that (A.20) holds. In our special case,
F(.) can be made twice continuously differentiable. For more details see Yuan
(1983).

From (2.1), (A.6) and (A.14), it follows that V2F(x*) = /, where x* = (0,0)r.
Therefore F(.) is not only twice continuously differentiable but also uniformly
convex in a neighbourhood of x*. We may modify F if necessary away from the
origin, and then choose rt > 0 small so that the modification is irrelevant to the
above analysis. Therefore the condition 5jVF(x t+1) = 0 is sufficient for x t + 1 to be
the point that would be calculated by a perfect line search. Because <5[VF(xi) < 0 for
small tx > 0, there exists a positive definite matrix Bx such that <5t = — Bi'1VF(x1).
Thus the variable metric algorithm generates exactly the sequence {xk} as defined in
(2.1), whose Q-order of convergence is 1 + l/N.


