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Abstract In this short note, we present a counter-example to a conjecture made by
Ben-Tal et al. in SIAM J. Optim. 13: 535–560, 2002.
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1 Introduction

About 10 years ago, Ben-Tal, Nemirovski and Roos [1] made the following conjec-
ture:

Conjecture 1.1 (Ben-Tal, Nemirovski and Roos, 2002) Let B ∈ �n×n be a symmet-
ric matrix, and let ξ = (ξ1, · · · , ξn) ∈ �n with the coordinates ξi of ξ being indepen-
dently identically distributed random variables with

Pr(ξi = 1) = Pr(ξi = −1) = 1

2
. (1.1)

Then,

Pr
(
ξT Bξ � Tr(B)

)
� 1

4
. (1.2)
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The estimation of a quadratic form plays an important role in the study of robust
optimization. See Ben-Tal, Nemirovski and Roos [1] and the reference therein.

Therefore, a positive answer to the above conjecture would be very useful in ana-
lyzing robust solutions of uncertain quadratic and conic-quadratic optimization prob-
lems. Define the lower bound

y(n) = inf
B∈S n×n

Pr
(
ξTBξ � Tr(B)

)
, (1.3)

where S n×n = {B ∈ �n×n,B = BT}. The conjecture says that y(n) � 1
4 for all n. In

fact, there are a few results proving lower bounds for y(n). In [1], it was proved that
y(n) � 1

8n2 . Lower bounds of 1
2n

and 3
100 were proved in [2] and [3], respectively.

Unfortunately, by constructing a simple example, we give a negative answer to
Conjecture 1.1. We present our counter-example in the next section.

2 The Counter Example

Our example is an example where n = 6. We denote the vector e = (1,1,1,1,1,1)T ∈
�6 and let

B = −eeT =

⎛

⎜⎜⎜⎜
⎜⎜
⎝

−1 −1 −1 −1 −1 −1
−1 −1 −1 −1 −1 −1
−1 −1 −1 −1 −1 −1
−1 −1 −1 −1 −1 −1
−1 −1 −1 −1 −1 −1
−1 −1 −1 −1 −1 −1

⎞

⎟⎟⎟⎟
⎟⎟
⎠

. (2.1)

For the above B , we can easily calculate

Pr
(
ξTBξ � Tr(B)

) = 14

64
= 7

32
<

1

4
. (2.2)

Therefore, we can see that y(6) � 14
64 < 1

4 , which is a counter-example to Conjec-
ture 1.1. Direct computations indicate that it is very likely to have

min
n∈{1,2,···}

{
Pr

(
ξTBξ � Tr(B)

) ∣∣ B = −eeT ∈ �n×n
} = 14

64
.

Thus, it would be interesting to know whether 14
64 is a lower bound for

y(1)(n) = inf
B∈S n×n,Rank(B)=1

Pr
(
ξTBξ � Tr(B)

)
.

3 Discussions

In [1], another conjecture was also made:

Conjecture 3.1 (Ben-Tal, Nemirovski and Roos, 2002) Let x = (x1, · · · , xn) and
ξ = (ξ1, · · · , ξn) ∈ �n. If ||x||2 = 1 and the coordinates ξi of ξ being independently
identically distributed random variables with (1.1). Then one has,

Pr
(∣∣ξTx

∣∣ � 1
)
� 1

2
. (3.1)
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The above conjecture is closely related to Conjecture 1.1. Indeed, it is easy to see
that Pr(|ξTx| � 1) is a special value of Pr(ξTBξ � Tr(B)) when B = αxxT for any
α > 0. Thus, Conjecture 3.1 is for the special case when B are restricted to rank-
one symmetric positive semi-definite matrices, while Conjecture 1.1 is for general
symmetric matrices B . Our example uses a rank-one negative semi-definite matrix.
Thus, it is not a counter-example to Conjecture 3.1. Though (3.1) was proved in [1]
if the righthand side term 1

2 is replaced by 1
3 , Conjecture 3.1 remains an interesting

open problem.
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