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0 Ú ó

�k���å�Ý
`z¯K (e¡{¡����å`z¯K) ´�äkXe/ª

�`z¯K.

min
X∈Rn×p

f(X)

s. t. X>X = Ip,
(0.1)

Ù¥ p 6 n, Ip ´ p �ü Ý
, Cþ X ´ n× p �¢Ý
. 3�©¥, ·�?Ø�8I

¼ê f : Rn×p−→R ���ëY¼ê.

���å`z¯K3�Æ�ó§¥k2�A^. ~X, 3á��Æ¥, �Ý�¼n

Ø�>f(�O�[1−3]���Ò´¦)���k���å�Uþ4�¯K; Ød�	, �

ÚO�êâ�Æ���'��5A��¯K[4−5]!$����Ý
��O[6]!�� Pro-

crustes ¯K[7−8]!DÕÌ¤©©Û[9−10]�¯K, ÙØ%O�¯K�´���å`z¯K.

'uÙ¦A^, ·�í�Ööë�©z[11-13].

du X>X �é¡5,¯K (0.1)��å´d p(p+1)/2��g�ª|¤,Ù��´�

��à¯K.3�Ü©�¹e,ù�¯K´ NP-J�[14]. =¦éu8I¼ê f ´�g¼ê

��/, ·��=U3�~AÏ��¹e, ~X8I¼ê´àg�g¼ê½ p = 1 �, â

U�y¦�¯K��Û�`),éuÙ¦�¹,·�EØ�Ùù�¯K´Ä NP½ NP-J

�. Ùg, �±S�:���15¿�Xz�ÚI����z. ��zL§I� O(np2)

�O�þ, ¿�Ï�ÙØä��*Ð5, � p '���, ��z¬¤�O�´¶. ù
]

Ô¦��5�õ�;[ÚÆöïÄ���å`z¯K.

�©ò£�¦)���å`z¯K�Ì��{. �1�{�)Â �{ (retraction

based method)Ú�Â �{, ò©O31 1!2!¥0�. Ø�1�{�{�0�Ú��

�å�{ïÄ�Ð"31 3 !¥.

�
�Bå�, ·�Äk�Ñ�
~^�PÒ½Â. ü�Ý
 X,Y ∈ Rn×p �îª
�È½Â� 〈X,Y 〉 = tr(X>Y ), Ù¥ tr(A) ´Ý
 A ∈ Rp×p �,. ‖·‖2 Ú ‖·‖F ©OL
« 2 �êÚ Frobenius �ê. X† L« X ��_. Ý
 X ∈ Rn×p �1 i �½Â� Xi.

Xī ∈ Rn×(p−1) L«Ý
 X �K1 i �, �Ò´ Xī = [X1, · · · , Xi−1, Xi+1, · · · , Xp]. ·�

^ Xi,v ∈ Rn×p L« X �1 i��O���½�þ v �Ý
. ¥%� C ∈ Rm1×m2 ,�»

� r �¥ B(C, r) ½Â� {X ∈ Rm1×m2 | ||X − C||F 6 r}. qr (X) ´�÷�Ý
 X �Ü

© QR©)∗� QÝ
. PSn,p
(X)L« X � Stiefel6/ Sn,p := {X ∈ Rn×p | X>X = Ip}

�ÝK†.

1 Â �{

���å`z¯K (0.1) ��1� Sn,p = {X ∈ Rn×p | X>X = Ip} Ï~�¡�
Stiefel 6/[15]. XJò¯K (0.1) ��36/þ, @oùÒ´��6/þ�Ã�å`z¯

∗Q ∈ Rn×p ´�÷�Ý
X ∈ Rn×p �Ü© QR ©)� Q Ý
, XJ X = QR, Q ∈ Rn×p ��¿�
R ∈ Rp×p ´äk�é���þn�Ý
.
†PSn,p (X) = Ũ Ṽ >, Ù¥ ŨΣṼ > ´ X �Ü©ÛÉ�©), Ũ ∈ Rn×p, Ṽ ∈ Rp×p Ñ´��Ý
, ¿�

Σ ∈ Rp×p ´é�Ý
.
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K.Ïd���yS�:Ñ36/þ,�«Ã�å`z�{ÑéAX�A�6/þ�`z

�{. ~X, FÝa�{[16−18]!�ÝFÝ{[11,19]!&6��{[20−21]!Úî{[11]Ú[Ú

î{[22−24]��. ù
6/þ�`z�{Ñ�±^uAÏ�6/ Stiefel6/. l�å`z

��Ý5w,ù
�{Ñ´�1�{,�Ò´Ñ�3é��¼ê�eü��1:��e�

ÚS�:. a,��Öö�±ë�;Í [25].

3©z [25] ¥, �öl`z��ÝXÚ/ïÄ
 Stiefel 6/�AÛ(�, ¿JÑ


��#�Vg/Â 0(Retraction), ¿^§5�x��¤k®k�{��5, �Ñ
��

Ú���{µe. ��N� RX : TXSn,p → Sn,p �¡�Â , XJ§÷v

(1) RX(0X) = X, Ù¥ 0X ´ TXSn,p ��:;

(2) d
dtRX(tZ)|t=0 = Z, é¤k� Z ∈ TXSn,p Ñ¤á,

Ù¥ TXSn,p := {Y ∈ Rn×p | Y >X +X>Y = 0} ´ Stiefel 6/ Sn,p 3: X ?���m.

Â  RX r��m¥���þN��6/þ, ¢Sþ§½Â
�«�±��5��#O

K.

éu���å`z¯K,kü�aÂ �{. 1�a�{´÷X6/�ÿ/�|¢Ü

·�Á&Ú, ùa�{��ÿ/�a�{[11,18,25]. XJÀ���m�� D ∈ TXSn,p, K
©[11] ¥JÑ�äN��1|¢;,Xe,

Ygeoe(τ ;X) = [X,Q] exp

(
τ

[
−X>D −R>
R 0

])[
Ip
0

]
, (1.2)

Ù¥ QR = −(I −XX>)D L« QR ©). ,�aÿ/�d© [18] �Ñ,

Ygeoc(τ ;X) = exp(−τW )X, (1.3)

Ù¥ W ∈ Rn×n ´���é¡Ý
. d�#úª(1.2)Ú(1.3)��, O�ÿ/�I��9

Ý
�ê$�, ù¬�5O�þ�(J. ©z [17] Äu Cayley C�JÑ
�«[ÿ/�

�#úª,

Yqgeo(τ ;X) =
(
I +

τ

2
W
)−1 (

I − τ

2
W
)
X, (1.4)

Ù¥ W ∈ Rn×n ´���é¡Ý
. 3¢SO�¥, [ÿ/�úªz�ÚS��$�þ

´¦)�� n ��5�§|.

,�a�{Ì��¹ü�Ú½, k3��m?1�|¢,�ÝK£� Stiefel 6/.

Ïd, ùa�{�¡�ÝKa�{[16,25−26]. Ù¥ÛÉ�©), QR ©)Ú4©) (polar

decomposition)Ñ�±^5O�� Stiefel6/�ÝK.�½��m��D ∈ TXSn,p,©[16]

��öJÑ
IO�ÝK�{,

Ypj(τ ;X) = PSn,p(X − τD). (1.5)

Äu QR ©)Ú4©), ©z [25] JÑ
ü«ÝKaÂ �{, äNXe

Yqr(τ ;X) = qr(X − τD), (1.6)

Ypd(τ ;X) = (X − τD)(Ip + τ2D>D)−1/2. (1.7)

¯¢þ, Äu4©)�ÝK�{ (1.7) ÚIOÝK�{ (1.5) �d.
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� p = 1�,ÝKa�{�ÿ/�a�{k�Ó�S�;,. þ¡J��ù
áuÂ

 ��{, �)ÿ/�aÚÝKa�{, ÑI�(ÜäN��|¢üÑ, 3ÿ/�½��

mþ|¢, ~X Armijo �°(�|¢[27]½ö�üN�|¢[28]. �|¢üÑ^5�y�

{��ÛÂñ5, ��dÓ��¬O\�	�¼ê�, FÝ��O, lO\O��d.

1.1 CayleyC��{�O�

©z [12] �é���å`z¯KJÑ
���±�å�1�k��{. T©z�ö

3�c�ó�[29]¥, |^¦)9�§½öÙ¦ �©�§|� Crank-Nicholson Eâ, �

é¥¡�åJÑ
�|¢�{. 3© [12] ¥, ¦�òù�g�í2�
Ý
Cþ, Ó�

JÑ
�a�|¢�{. ¯¢þ, Crank-Nicholson Eâ3Ý
O�¥��¡� Cayley

C�, �öJÑ
�«� Cayley C� (1.4) ���d��#úª.

Ywy(τ ;X) = X − τU
(
I2p +

τ

2
V >U

)−1

V >X, (1.8)

Ù¥ U = [PXD,X], V = [X,−PXD], D ∈ TXSn,p ´?¿�½���m��, PX =

(In − 1
2XX

>). ��`²�´, ù�úª�´Â �{, du©[17]�â Cayley C�JÑ


[ÿ/��{, ¤±�#úª (1.8) �´�«ÿ/�a�{. ù�úªzÚI¦)��

2p ���5�§|, Ø´ Cayley C� (1.4) ¥� n ��5�§|, ù4�/ü$
O

�þ. Ùg, ÏL(Ü Barzilai-Borwein (BB) [20]�üN�|¢üÑ[31], ©z [12] JÑ�

�{��uÙ¦Â �{, äk�$O�E,Ý, ¿�3¢Sê�O�¥Ly�\`É.

1.2 ���5S�µe

©z [13]��öí2
© [12]��{,ÏL3�1: X ∈ Sn,p ?é��m?1f�
m©), ½Â|¢;,�

Yjd(τ ;X) = XR(τ) +WN(τ), (1.9)

Ù¥ XR(τ) 3 X ���m¥, WN(τ) 3 X> �"�m¥. ©[13] �Ì�g�´ÏéÜ

·� R(τ) Ú N(τ) , ¦�;, Yjd(τ ;X) ©ª�±�15. �Ò´éu?¿� τ > 0 , Ñ

k Yjd(τ ;X) ∈ Sn,p. �ö�âØ½Xê{JÑ
��aÂ ��{µe, ¿�þã�,


ÿ/�aÚÝKa��{Ñ�±w�´¦��{µe�A~,~X Ygeoe, Ywy, Ypd, Ypj,

Yqr ±9©z[13]¥� Ygp.

ÏL(Ü BB �{[20]��\�Âñ�8�, Ó��
�y�ÛÂñ5, �ö�é�

��å`z¯KJÑ
�«g·A�1�a BB �{ (daptive feasible BB-like (AFBB))

Xe. 
W = −(In −XX>)D,

J(τ) = Ip +
τ2

4
WW> + g(τ)X>D,

Yjd(τ ;X) = (2X + τW )J(τ)−1 −X.

Ù¥ D ∈ TXSn,p ´?¿�½���m��, g(τ) ´?�÷v g(0) = 0, g′(0) = 1/2 �¼

ê. ���J�´, ÷vù��#úª��{�´Â �{. �ö��Ñ
þã�{µe

(Ü BB �üN�|¢��ÛÂñ5.
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1.3 �Å��eüFÝ�{

�C,©z [32]��öò©z[13]�ó�í2�
Xe�k���å�²�ºx��

z¯K:

min
X∈Rn×p

f(X) :=
1

m

m∑
i=1

fi(X)

s. t. X>X = Ip.

(1.10)

�é8I¼ê�k�5�Ôöêâ8�²�ºx��z¯K, ©z [33] JÑ��Å��

eüFÝ�{,´¦)ùa¯K��~k���{. 8c�3��Ü©iù6/�ÅFÝ

a�{, ÑI��ÄA½�Â �{, ¿�I�Ú\²1£Ä (parallel transport) ½ö�

þ£Ä (vector transport) 5�±�Å|¢��3��m¥, ùI��þO�. 3©z [32]

¥,�öJÑ
�«ØI�Ú\�þ£Ä���6/þ��Å��eüFÝ�{,¿�ù

«�{U
^u¦)���8I¼ê,�U·^u���Â �{. �ö©Û
�{�Â

ñ5¿�Ñ
�{�E,Ý. ÏL|^  Lojasiewicz Ø�ª, �öy²
�{�ÛÜ�5

Âñ�Ý, ¿�`²
Ý
W¿¯K±pVÇ÷v  Lojasiewicz Ø�ª. ÏL(Ü BB Ú

�, ©z [32] JÑ
��¢SO��~k���{. �þ�ê�¢�L², �éÌ¤©©

Û¯KÚÝ
��z¯K, T�{�©k�.

1.4 Ù¦�{9^��

Cüc5, 3Â µee, �JÑ
�
k��U?Úî�{[34,35], ù
�{Q|^


Úî�{3ÛÜ��gÂñ�Ý,q(Ü
�
�Ûz�?�Eâ,(�
�{��Û

Âñ5.

'�Í¶����å^��,�) Manopt[36],ù´�� Matlab�ó�^��,�Ü


�e�#�iù6/`z�{. ~^�©AÛ�$�ÑSi3^��¥, ù¦���

�{��BuïÄö±9$��^r¦^.

,��'�Ð^�^�� OptM ´Äu©z [12] mu�, �é������å`z

¯K� Matlab �ó^��. T^��N^{ü¿�3�Ü©���å`z¯K¥Ly

½p�.

2 �Â �1�{

�Â �1�{´�S�:÷v���å�ØéAu��Â ��{. ùa�{´

©z [37] ��ö¤JÑ�. Äkùa�{·^u8I¼ê÷veã^���/:

b� 2.1 (i) f �g��, ½Â

ρ := sup
X∈S̃

∥∥∇2f(X)
∥∥

2
,

Ù¥ S̃ := {Y | ||Y ||2F < p+ 1}‡.
(ii) f(X) U
L«� h(X) + tr(G>X), Ù¥ G ∈ Rn×p, ¿� h(X) ��ØC, �

Ò´`, éu?¿� Q ∈ Sp,p, h(XQ) = h(X) Ñ¤á. Ó�, ∇h(X) = H(X)X, Ù¥

H : Rn×p 7−→Sn ´Ý
¼ê.

‡S̃ �±�?¿�¹ Sn,p �k.m8



62 p R, 4 Ð, �æ� 21ò

ùp, 8Ü Sn L«¤k n �é¡Ý
�N. � ρ = 0 �, 8I¼ê f(X) òz¤�

��5¼ê. 3ù«�¹e, ¯K (0.1) kwª) X = −RQ>, ùp RSQ> ´ G �Ü©

ÛÉ�©). ¤±e¡b½ ρ 6= 0.

©z[37] ¥JÑ��Â �{µe��ÛÂñ5©ÛI�b� 2.1, �¿Ø´`ù�

���´7L�. 3$�´, kA^�µ����å`z¯K, 'X>f(�O�¥�

Kohn-Sham Uþ4�[44], �5A��¯K�Ñ÷vù�b�. ÙÌ�g�´#�Ä


¯K (0.1) ����`5^�, ¿�Ñ
Xe��d/ª:
(In −XX>)∇f(X) = 0; g½5

X>∇f(X) = ∇f(X)>X; é¡5

X>X = Ip. �15

(2.1)

�
�Bå�, ª(2.1) �n�^�©O¡�g½5§, é¡5Ú�15. Äu���`

5^�, �öJÑ
���¹ü�Ì�Ú½��{µe.

1�Ú´¼ê�eü,�Ò´`é����1:¦�¼ê�eü,¿�eüþÚÝK

FÝ (3�cS�:=��"�mp) ��ê²�¤��(½'~. 3© [37] ¥, �öJ

Ñ
üaäN¢y�{. FÝ��{ (GR) ÚFÝÝK{ (GP) ´1�a�{��L, §

�©O^ØÓ��{òFÝeüÚ.£� Stiefel 6/þ. 1�a�{|^
±��¬�

¬�IeüS� (CBCD), ¿��éf¯K, JÑ
k���°(�{, ¿y²
 CBCD

�µe´ÎÜeü5�¦�.

1�Ú´Ïé���1:¦Ù÷vé¡5. �ö�âb� 2.1 JÑ
��#���

Ú, §�Ì�O�´�� p �Ý
�ÛÉ�©). ù���Ú�±�w�´d1�Ú�

��Á&Ú���^=. �3AÏ�¹ p = 1 Ú G = 0 �, é¡5 (2.1) o´÷v, d�

ù�Ú�±�Ñ.

e¡·�0�© [37] ¥JÑ��Â �{��{µe, üaäN¢yÚnØ(J.

2.1 �Â �{µe

5¿�¯K (0.1) ����`5^� (2.1) kn�5�: g½5, é¡5Ú�15.

É�'X

||∇f(X)−X∇f(X)>X||2F = ||∇f(X)−XX>∇f(X)||2F + ||X>∇f(X)−∇f(X)>X||2F
�éu, �
¦�3��m¥�FÝ�u", �±æ�Xeü�Ú½.

Äkl�cS�: Xk Ñu, Ïé��¥m: X̄ ∈ Sn,p ¦Ù÷v¿©eü5:

f(Xk)− f(X̄) > C1 · ||(In −XkXk>)∇f(Xk)||2F, (2.2)

Ù¥ C1 > 0 ´���~ê. Ø�ª (2.2) �m>Ýþ
3: Xk ?, îª�m¥�ÝK

FÝ� Frobenius �ê�²�.

¦+¥m: X̄ ∈ Sn,p ÷vª (2.2), �§¿Ø÷vª (2.1) ¥�é¡5. u´�Ä�

EXe��Ú¦�é¡5�±÷v:

Xk+1 =

{
X̄, XJ X̄>G = G>X̄;

−X̄UT>, ÄK.
(2.3)

§ùp, g½5L«8I¼ê�FÝ3 X> �"�m�½5.
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ùp X̄>G = UΣT> ´ X̄>G �ÛÉ�©). �?�Ú, �±y²

Xk+1 ∈ Sn,p, Xk+1>∇f(Xk+1)

´é¡�, ¿�¼ê�ØO

f(X̄)− f(Xk+1) >
1

8θ + 1
· ||X̄>∇f(X̄)−∇f(X̄)>X̄||2F, (2.4)

Ù¥ θ := ||G||2.

æ^ c(X) := (In −XX>)∇f(X) ��ê5�ïª�OK, ����{µe�±£ã

Xe:

�{ 1 ���å`z¯K����{µe

Ú½1 ª�Ø� ε > 0; Ð©z: X0 ∈ Sn,p; � k := 0

Ú½2 � ||c(Xk)||F > ε �

Ú½3 Äu Xk, Ïé�1: X̄ ÷vª (2.2);

Ú½4 Äu X̄, ÏLª (2.3) O��1: Xk+1;

Ú½5 � k := k + 1;

Ú½6 �£ Xk.

e¡ü��!, ·�ò0�üaäN��{5¢yÏé�1: X̄ ÷vª (2.2).

2.2 FÝa�{

Äk, ©z [37] ��öJÑXeuy:

Ún 2.1 éu?¿� Y ∈ BX,τ := B(X − τ∇f(X), τ ||∇f(X)||F), Ù¥ τ ∈ (0, ρ−1),

·�k

f(X)− f(Y ) >
1− ρτ

2τ
· ||X − Y ||2F. (2.5)

�1�!�cS�:!FÝÚÚ9Ï¥�'X

Xmã¤«.

2.3 Gradient Type Method

An intuitive idea to reduce the function value in the Euclidean space is to take the gradient descent direction. Unfor-
tunately, a gradient step must violate the orthogonal constraint. Therefore, in this section we discuss two strategies to
pull the gradient step back to the Stiefel manifold.

Both of the two strategies are based on the following observation.

Lemma 2.4. Suppose Assumption 1.1 holds. For any Y ∈ BX := B(X − τ∇f(X), τ ||∇f(X)||F), where τ ∈
(0, ρ−1), it holds that

f(X)− f(Y ) ≥ 1− ρτ
2τ

· ||X − Y ||2F. (18)

Proof. For any Y ∈ BX , we can derive

〈Y −X,Y −X + 2τ∇f(X)〉 ≤ 0,

which implies

f(Y ) ≤ f(X) + 〈Y −X,∇f(X)〉+
ρ

2
||Y −X||2F

= f(X) +
1

2τ
· 〈Y −X,Y −X + 2τ∇f(X)〉 − τ−1 − ρ

2
· ||Y −X||2F

≤ f(X)− τ−1 − ρ
2

· ||Y −X||2F.

This completes the proof.

We illustrate the relationship among the feasible region, current iterate, gradient step and the auxiliary ball BX by
the following figure which shows the special case n = 2, p = 1.

-1 -0.5 0 0.5 1 1.5 2 2.5 3

-1

-0.5

0

0.5

1

1.5

2

2.5

0

BX,τ

2.3.1 Gradient Reflection

The first possibly feasible trial step can take the point which is the farthest away from the current iterate Xk in the
intersection of the Stiefel manifold and the auxiliary ball. This point can actually calculated by the Householder

9

S2,1 

.
.

.
.

X − τ∇f(X)

 − τ∇f(X)

X 

ã 1 FÝa�{

ÄuÚn 2.1, �±�ïe¡ü«�{.

�1Á&:�1�«�U�ÀJ´�c

S�: Xk ÷ Xk− τ∇f(Xk)�"�m��,

¯¢þ,ù�:�±ÏL HouseholderC�O

���.

GR:

{
V = Xk − τ∇f(Xk), �½ τ ∈ (0, ρ−1);

X̄GR = (−In + 2V (V >V )†V >)Xk.
(2.6)
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Ï� X̄GR ´��:, ¡�{ 1 �Ú½3^ª (2.6) �� X̄ := X̄GR ��{�FÝ��{

(GR). �±y²dª (2.6) ½Â�¥m: X̄GR ´�1:, ¿�÷v¼ê��¿©eü^

� (2.2):

f(Xk)− f(X̄GR) >
2(τ−1 − ρ)

(τ−1 + ρ+ θ)2
· ||(In −XkXk>)∇f(Xk)||2F. (2.7)

,���U��1Á&:´��� Xk − τ∇f(Xk) 3 Stiefel 6/þ�ÝK:, �Ò

´

GP:

{
V = Xk − τ∇f(Xk), �½ τ ∈ (0, ρ−1);

X̄GP = PSn,p
(V ).

(2.8)

XJ3�{ 1 �Ú½3À^ª (2.8) �� X̄ := X̄GP, @o·�¡ù��{�FÝÝK{

(GP). Ó��±y² X̄GP ÷v�15Ú¼ê��¿©eü5:

f(Xk)− f(X̄GP) >
τ−1 − ρ

2(τ−1 + ρ+ θ)2
· ||(In −XkXk>)∇f(Xk)||2F. (2.9)

2.3 ±��¬�¬�Ieü�{

¬�Ieü�{ (BCD) ´�a~�����{. éu���å`z¯K, ��g,

��{´UìCþ��?1y©. ��½
Ý
 X �Ù¦ p− 1 �, 41 i ���Cþ,

�±��Xe�f¯K:

min
x∈Rn

fi,X(x)

s. t. ||x||2 = 1,

X>
ī
x = 0,

(2.10)

Ù¥ fi,X(x) := f(Xi,x), Xi,x Ú Xī ½Â31�!��.

b���
þãf¯K�)½öé�
���1: x+ ¦�¼ê��'u fi,X(Xi)

k¿©eü,@oUY^ù��1:± Gauss-Seidel��ªU��#Ò��
Xe CBCD

����S�, l��#�Á&Ú X̄.

�{ 2: ±��¬�¬�Ieü{

Ú½1 - W 0 = X, i := 1;

Ú½2 � i 6 p �

Ú½3 O� X � W i−1, ¦)f¯K (2.10), ���1: x+ ¦Ù÷vXe�¼

ê�¿©eü5Úì?��Ú��y

fi,W i−1(Xi)− fi,W i−1(x+) > k1||Xi − x+||22, (2.11)

||Xi − x+||2 > k2||(In −W i−1W i−1>)∇fi,W i−1(Xi)||2; (2.12)

Ù¥k1, k2 > 0�?¿~ê.

Ú½4 - W i = W i−1
i,x+ , i := i+ 1;

Ú½5 �£ X̄ = W p.
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�±y², d�{ 2 O���� X̄ ÷v X̄ ∈ Sn,p, ¿�÷v¼ê��¿©eü^�
(2.2):

f(X)− f(X̄) >
k1k

2
2(

1 + (p− 1)k2

(
(1 +

√
2)ρ+

√
2θ
))2 · ||(In −XX>)∇f(X)||2F. (2.13)

,��¡, ©z [37] ��Ñ
 CBCD f¯K (2.10) ��°(¦)�{.

2.4 O�E,Ý�Âñ5

ù��!¥, ·�'�Â �{Ú�Â �{ GR, GP Ú CBCD �zÚS��O�

E,Ý. Äk�½Ä���5�ê$��O�þXe: �½ A ∈ Rn×n, B1, B2 ∈ Rn×p,
S1, S2 ∈ Rp×p Ú x ∈ Rn, O�Ý
¦{ B>1 B2, B>1 B1, B1S1Ú S1S2 ©OI�2np2,

np2 + np, 2np2 Ú 2p3g2:$�. O� A−1 Ú S−1 ©OI� 8n3/3 Ú 8p3/3 g2:$

�, O� Ax I� 2n2 g2:$�. ·�æ^©z[13]¥L 1��½, ¿�Ø�Ä ∇f(X)

�O�þ, ��zÚS��O�E,ÝXL 1 ¤«.

L 1 O�þ'�

S��ª
O�E,Ý

Ä�τ �Yτ

ÿ/�a�{

Ygeoc(τ ;X) [18] O(n3) O(n3)

Yqgeo(τ ;X) [17] O(n3) O(n3)

Ygeoe(τ ;X) [11] 10np2 + 2np+O(p3) 4np2 +O(p3)

Ywy(τ ;X) [12] 7np2 + 2np+O(p3) 4np2 + np+O(p3)

ÝKa�{

Yqr(τ ;X) [25] 6np2 + 3np+O(p3) 2np2 + 2np

Ypd(τ ;X) [25] 7np2 + 4np+O(p3) 2np2 + 2np+O(p3)

Ypj(τ ;X) [16] 7np2 + 4np+O(p3) 3np2 + 3np+O(p3)

Yjd(τ ;X) [13] 7np2 + 3np+O(p3) 2np2 + 3np+O(p3)

�Â �{

GR [37] 9np2 + 4np+O(p3)

GP [37] 7np2 + 3np+O(p3)

CBCD-GR [37] 4np2 + 8np+O(p3)

CBCD-GP [37] 4np2 + 5np+O(p3)

L 1 ¥,/Ä� τ0Ú/�Y τ0ü�©OL«1��Á&ÚÚ��d�|¢���

Ù¦Á&Ú¤I�O�þ. 3�{ GP, GR Ú CBCD¥, ¿vk�	�¼ê�O�, Ï�

ù
�{ÃI�|¢, Ù¥ GR Ú GP 3�½Ú�e�ÛÂñ, CBCD �I��°(¦

)�Ú. ,��¡, CBCD-GR Ú CBCD-GP L«�{ 2 ¦^ GR ½ö GP �#úª. 5

¿� ∇fi,X((In −W i−1
ī

W i−1
ī

>
)Xi) �O��±��Ñ, Ï� W i−1

ī

>
Xi = 0, ¤±§�u

∇fi,X(Xi). XJ fi,X(Xi) (i = 1, · · · , p)Ñ´�g�,3f�m span {Xi,∇fi,X(Xi)}þ¦
)f¯K (2.10) ��Û�`, �A�O�þ´ 12np2 + 3np+O(p3).

e¡�Ñ�Â �{µe 1 ��ÛÂñ5(Ø. Äk´¼ê��Âñ5(J.

Ún 2.1b�Ð©:´ X0 ∈ Sn,p,- {Xk}´d�{ 1)¤�S�S�,K
{
f(Xk)

}
Âñ.
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�X´S�:��fS�Âñ5.

½n 2.1 b�Ð©:´ X0 ∈ Sn,p, - {Xk} ´d�{ 1 )¤�S�S�, K {Xk}
�3ÂñfS�. ?�Ú, z� {Xk} �à: X∗ Ñ÷v¯K (0.1) ����`5^�.

Ún 2.1 Ú½n 2.1 �y
 f(X) 3 {Xk} �à:8Üþ´~ê, ·�½Âù�~ê

� f∗, ¿�½Â

Ωf
∗

FON := ΩFON ∩ {X | f(X) = f∗}, (2.14)

Ù¥ ΩFON ´�¹¤k��½:�8Ü. �±y² Xk Ú Ωf
∗

FON �ålÂñ� 0.

íØ 2.1 b�Ð©:´ X0 ∈ Sn,p, - {Xk} ´d�{ 1 )¤�S�S�, K·�k

f(Xk) > f∗, ∀ k = 1, · · · (2.15)

¿�

lim
k→∞

dist(Xk,Ωf
∗

FON) = 0. (2.16)

3 Ø�1�{9o(�Ð"

c¡ü!0�����å`z¯K�Â �{��Â �1�{, ùüa�{Ñá

u�1�{, �=z��S�:Ñ7L÷v���å. ¤±ù
�{�S�L§¥ÑÛ

¹
��z. �Cþ�êO\, �= p '���, ��zdu�*Ð5$, ¤�O��´

¶. ù��ÿ, ÒI��O·��Ø�1�{.

©z[38],ò8I¼ê¥�Cþ����å�Cþ©�,ÏL�ª�åéX3�å,¿

�OO2.�KF�O���{ (ADMM) 5¦). duS�L§¥ü|©þ�ØÓ,Ï

dù��{áuØ�1�{,�´'u���å©þ�f¯KEIO�ÝK,Ïdù��

{EÎØU)û´¶JK. 3©z [39] ¥, �öé�5A��¯K� Rayleigh-Ritz 4�

z�.JÑ�«�gv¼ê�., ¿y²3¦A�f�m�¿Âe, �vëêv
�, T

v¼êÒ´°(v¼ê,¤±�I¦)Ã�å�v¼ê�.,Ò�±���5���å¯

K��`). ¢Ã�´ùa�{|^
�5A��¯K�A5, Ø·Üí2�����

�å`z¯K¥�. Ïd�ïk�����å`z¯K, ´���~��ïÄ��K.

,��¡, ÜþA��¯K!Üþ©)¯K�C�Úå
IS	;[�2�'5, Ù

3êâ?n�¯K¥kX2��A^. Üþ�A��¯K�Üþ©)¯K�Ú���

å`z¯KkX���'X. ¤±���'��.�ï��{�O�´����'5�

�K.
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