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Abstract We present a partial first-order affine-scaling method for solving smooth optimization with
linear inequality constraints. At each iteration, the algorithm considers a subset of the constraints to
reduce the complexity. We prove the global convergence of the algorithm for general smooth objective
functions, and show it converges at sublinear rate when the objective function is quadratic. Numerical

experiments indicate that our algorithm is efficient.
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1 Introduction

Affine scaling technique is widely used in interior point methods for solving linearly constrained
optimization problems with the following form:
i 0
min f(6),
st. A0 =0, 6>0,

where A € R™*™ b € R™, and f: R™ — R is continuously differentiable. Without loss of
generality, we assume that A has rank m.

Dikin [9] first proposed a first-order affine-scaling (AS) method for quadratic programming.
Proofs of Dikin’s AS method was further developed by Adler et al. [1], Barnes [2], Monma
and Morton [14], and Vanderbei et al. [19]. Gonzaga and Carlos [10] extended AS method to
linearly constrained smooth convex minimization.

At the t-th iteration, given an interior point 6% as the current iterate point, AS method

decides the search direction by solving the following problem
: T
min Vf(6)"d,
s.t. Ad = 0,
(e ~"d|| < u,

where ©' = Diag(6') and u < 1 is a constant, and where || - || is the Euclidean norm ||z||2 =
VzTz. The objective function Vf(6*)7d is a first-order approximation to f(6* + d) — f(6%).
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[|(©%)~1d|| < p is an ellipsoid inside 6* +d > 0. The optimal solution d’ has the following closed
form solution .
=l (1)
d=u . , .
[[a*]l
where

dt = —(0")°[1 — AT[A(O')?AT] T A6V f(6").

Then §*! = 6" +a'd’, where o' is chosen by a limited maximization rule on (0, —1/(min; d’ /"))
to ensure that 0! is an interior point.

Bonnans and Pola [4] proposed a first-order AS trust region method, where stepsize o is
chosen by an Armijo-type rule. They showed every cluster point of the generated iterates is a
stationary point. Monteriro and Wang [15] proposed a second-order AS trust-region method
based on a generalization of the search direction (1.1). More AS trust-region methods have
been proposed (see [3, 21]).

Tseng et al. [18] extended the first order AS method by adding a parameter v > 0. Their
search direction is

d' = —(0")[I — AT[A(0")*AT]TLA(0")* |V £(6").

They showed that if o' is chosen by Armijo rule, then every cluster point of {6'} is a stationary
point under nondegeneracy assumption and additional assumptions such as f being convex or
concave. They discussed the value of v and suggested v < 1.
In this paper, we consider the following problem
in f(z),
st. ATz < b, (1.2)

where A € R™*™ b€ R"™, n>m, and f: R™ — R is continuously differentiable. Without loss
of generality, we assume A has rank m. Notice that the constraints are all linear inequalities.
Problem (1.2) has been studied extensively, for example, see |7, 16, 22].

To use first-order AS method, we add a slack variable s > 0, such that ATz + s = b. Then

a subproblem for obtaining the search direction can be constructed as

min  Vf(z)7d,

deR™ s€Rn
st. ATd+s—s' =0,
1S ™ (s = s < m, (1.3)

where s' = b — ATz! and S? = Diag(s?). Ignoring the length of the step-size, we see that the
solution of Problem (1.3) is

dt = —[A(SH) "D ATV f(at).

The complexity of computing A(S?)=27AT is O(m?n). When n is much larger than m, the
computation cost is very high. Notice that A(S!)=27AT = Z?Zl(sz-)*MAjA]T, where A; is
the j-th column of A. Using the fact that smaller s; dominate the sum, we consider a partial

sum of (s?)*QVAjA?, j € I, where I is an index set. Intuitively, if sg», 7 € I are much smaller



A Partial First-Order Affine-Scaling Method 3

than the others, then the partial sum losses a little. With this, the complexity can be reduced
to O(m?|I]). We propose a partial first-order affine-scaling method, with the search direction
defined by

dt = — [ Z(s;)QVAjAjT] 1Vf(xt),

jert

t
j7
M > m. Other ideas to reduce the calculation were provided by Dantzig and Ye [8] and
Tseng [17].

In the rest of this paper, we discuss the property of our partial first-order affine-scaling

where I' is the index set corresponding to the M smallest s, and M is a constant such that

method. We propose our algorithm in Section 2. Meanwhile we propose some assumptions to
make our search direction meanful and also provide the Armijo-type rule. We show that if ot
is chosen by Armijo-type rule, then every cluster point of z? is a stationary point under some
assumptions in Section 3. Then we show the sublinear convergence when f is quadratic in
Section 4. Numerical results are provided in Section 5. Final conclusion is given in Section 6.
Preliminaries 2 is an initial interior point. ¢! = Vf(z!). A = {z € R™| ATx <b}. A° =
{o e Alf(z) < f2°)} st = (siys-n8i,)7 Ar = (Aiy,. ., Aiy)), where T = {iy, ..., i}
S; = Diag(sy). Thus the search direction can be rewritten as

d' = —[Ap(Sp) "7 AL 9" (1.4)

Y1)

2 The Partial First-order Affine-scaling Method
Firstly, we provide the following nondegeneracy assumption.
Assumption 2.1 For any z € A, J = {j|s; = b; — ATz = 0}, A; has rank |J|.
This implies that |J]| < M.
To make d* well defined, we add the following assumption.
Assumption 2.2 A;: has rank m.
Under Assumption 2.2, A (S%,) 27 A%, is invertible.
Therefore, our d* is well defined. Moreover, d’ is a descent direction, due to the fact that
—(g""d" = (") [Ar (Sp) Y AL] g > 0.
For general f, stepsize o is chosen by an Armijo-type rule: o is the largest o € {af)ﬁk}k:()’lw
satisfying
@'+ adh) < f(z') + o1a(gh) T d', (2.1)
where
alb = oo max{alz’ + ad' € A}, (2.2)

0 < B,01,02 < 1 are constants.

Since d! is a feasible decent direction at z?, o' is well defined.

In the following, we present our partial first-order affine-scaling method.
Algorithm 2.3  Partial first-order affine-scaling method.
Step 0  Given 2°, s =b— Az®, M >m, 0< B,01,00 <1, t=0.

Step 1 Compute I' = {i1,... irn}, such that s} <sj <---<s! <si <...< st

M1 — — T’
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Step 2 Compute d' by (1.4).
Step 3  Compute of) by (2.2), set a = of).
Step 4  Loop a := af until (2.1) is satisfied.
Step 5 o =aq, 2!t =2t +atdt, st =b— Azt t:=t 41, go to Step 1.
From the descriptions of our algorithm, it is easy to see that the following lemma is true.

Lemma 2.4 Let {x'} be generated by Algorithm 2.3. Then x* € int(A) for all t. Moreover,
{f(z")} is decreasing.

3 Global Convergence

In this section, we show the global convergence of Algorithm 2.3. Theorems 3.7 and 3.13 state
the global convergence of our algorithm in different cases.

To prove the convergence, we need the following assumptions.
Assumption 3.1 AY is bounded.

Since {z'} € A and A® is bounded, {z'} has at least one cluster point. We define X’ as
the set of all cluster points of {z'}.

Lemma 3.2 Under Assumptions 2.1, 2.2 and 3.1, all the sequences {z'}, {s'}, {g'} and {d"'}

are bounded.
Proof The boundedness of AY implies that {z!} is bounded and {s* = b — Az'} is bounded.
Since {z!} is bounded and V£ is continuous on A, it is obvious that {g'} is bounded.
We have d' = —[A:(St,) 27 AL ]~ 1g,
1d°)1* < Amax{[Ar (S7) 27 AL] 7} llg" |1

= {Aminl A7 (S7) VALY 192

< {minlsy AR AL g7

= sy {Amin[Are AL 29" [1%,
where s, is the upper bound of {s'}. Since the number of subsets I is finite and A;: has

rank m, Amin[A7+A%] have a uniform lower bound which is larger than 0. Therefore, {d'} is
bounded. O

In order to show the convergence, we introduce a new variable.
For any z € int(A), we define y € R™ by
yr = —(S1)""ATd = ST AT (ArS;TAT) g,
yre =0,
where s = b — ATz, I is the index subset we choose, g = Vf(x) and d = (AISI_%A?)_lg.

Lemma 3.3 Let Z be any point on A, J = {j|3; = 0}. Under Assumptions 2.1, 2.2 and 3.1,
there exists &, such that I(x) 2 J for all z € B(z,5) N A.

Proof Notice that s is continuous. Combining 5; = 0 for j € J and 5; #0 for j € JC, there
exists a constant §, such that max{s;|j € J} < min{s;|j € J°} for all z € B(Z,5) N A. Since
|J| < M < |I(z)], we have I(x) D J. O
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Lemma 3.4 Let T be any point on A, J = {j|5; = 0}, J = {j|35; > 0}. Then under
Assumptions 2.1, 2.2 and 3.1, there exists a constant § such that when x € B(Z,5) Nint(A), y
is bounded. Moreover, let T be any subsequence such that {z'},e7 converge to & and I' = I for
allt € T, then

{y5}er — (ATD71A;)"TATD g,
{d'Yier — [D7' = D' A;(ATD 1 A;) " AT D g,
where D = ApnyeS; 2 0 AT o+ AjAT.
Proof  According to Lemma 3.3, there exists a constant & such that when x € B(z, ) Nint(A),
IDJ . Let W=S;?"—Tand D= AjyeS;2)cAL, c + A;AY. D is bounded by
min{1, max{s;;c} 2 }A;AT < D < max{1,min{s;,c} 2 }A;AT.
Using Sherman-Morrison-Woodbury formula that

(A[SI_2’YA?)71 = (D —+ AJWA:Z]W)il
=D - DAWHI 4 WEATD AW W AT D,

it follows that
Ap(ArS; AT =w (Wt + ATDA,) T ATDL

Then
yy =S,V AL(AS;P AT g = S W (WL + ATDTA,) AT D

When s goes to zero, W1 goes to zero and S;QWW goes to identity. Therefore, y; is bounded.
Moreover, when I is fixed, y; goes to (ATD=*A;)"*ATD~'g, and

d= (A1 AN g — (D7 —= D1 A;(ATDtA;)~ AT D 1g. O

1

Lemma 3.5 Under Assumptions 2.1, 2.2 and 3.1, when v > 5,

inf af) > 0.
Proof Let T be any cluster point of {z'}. J is defined by J = {j|s; = 0}. Considering
x € B(z,9), we have I(z) is fixed.

Since AJd =W (W' + ATD'A;)"'ATD g, then ATd = 0(537) for j € J. When z
is in a neighborhood of Z, sj/|AJTd| > CJS;_Q’Y for j € J, where C is a constant depending on
Z but not x. Because d is bounded, A%.d is bounded. It follows that sj/|A]Td| > Cjes; for
j € JC. The initial stepsize can be calculated by

Qp = o min  s;/|ATd|.
02 {5:ATd>0} i/14;d
Overall, there exists an € such that ag > Cy for all z € B(Z,€) N A°, where Cj is a constant
depending on z but not =x.

For a proof by contradiction, we suppose that infaf = 0. It follows that there exists a
subsequence 7 such that o — 0 for ¢t € 7. Since A° is bounded, there exists a subsequence
T, C T, {z'}ter, — T € X'. When t is large enough, 2! is in B(%,¢€) for t € T, then of > Cj.
This contradicts to oy — 0 for ¢t € T5. O

Lemma 3.6 Under Assumptions 2.1, 2.2 and 3.1, when v > 1, (¢")Td" — 0.
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Proof Let Z be a cluster point of {z'}. Then f(z') — f(z), and f(z*) — f(z'*!) — 0.
According to the stepsize rule, we have

al(gh)Td — 0. (3.1)

For a proof by contradiction, we suppose that (¢*)”d® - 0. This means that there exists a

subsequence 7 and a constant a such that
[(g)Tdt| > a >0 (3.2)

for t € T. Due to the boundedness of {z'};c7 and the finiteness of I*, there exists a subsequence
71 € T such that {z'};c7; converges to Z and I = I for all t € 73. By (3.1) and (3.2), we
have {a'}ie7; — 0. According to Lemma 3.5, o < of) when ¢ € T is large enough. From the
stepsize rule, condition (2.1) is violated by a = a!/B3. We have

fat + (at/B)d") — f(z")
ot/
Since g* and d* have limits, we take the limit of the above inequality with {a'};c7;, we obtain

g'd > 01g%d. Due to 0 < oy < 1, it follows that g”d > 0. On the other hand, (¢*)Td" < 0,
therefore g”'d = 0. This is a contrary to (3.2). O

> oy (gM)7d", VteT. (3.3)

Theorem 3.7 Let T € X'. Under Assumptions 2.1, 2.2 and 3.1, and v > % is satisfied, then
there exists a unique y such that

Yy =Y,
Sy =0,
g = Aj.

Proof From the fact
(9")7d" = (g")" (A (Spe) "7 A7) " g" = [|(S1e) VAL (Ap (S1) T2V AR) TP = 1I(SY) P

and (¢g")Td! — 0, it follows that
(SH7y" — 0.

For any subsequence 7 such that I* is fixed for all ¢ € 7, we have {y'} has limit. It yields
yyc = 0from 5 ;¢ # 0. We take the limit t € 7 — oo on gt = Ayt, then we have g = Ay = A 4.
Since A; has full column rank, g is unique. For different subsequences, we have g and A are
fixed, which means g are the same. 0

Lemma 3.8 Under Assumptions 2.1, 2.2 and 3.1, if v >}, then {z'T! — z'} — 0.

Proof Let z € X', T be any subsequence such that {z'};c7 — . We define H = {j|y; # 0}.
So we have 55 = 0, which implies H C J. Since a!(g")Td" — 0 and (¢*)Td* = ||(S?)"y"||?, then
(a?)2(S*)7y" — 0. Due to 3; # 0 for j € H, we have {(a’)2(S%) }rer — 0.

Notice that

lim 2P —2t=  lim ofd
{teT}—o0 {teT}—o0

= oA A
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= dm ot (A ()AL A
Since
AR (Ap (Sp) A7) = Wi DT A;(W T+ ATD ™ A gy,
then we have, for t € T,
J,},t-i-l _ .T,'t _ at[D—lAJ(W—l +A§D_1AJ)_1]HWI;1
— o' DT A (ATD AL Tk () gu-
Notice that D has both upper and lower bound. Thus

{x”l —a'her — 0.

Due to the arbitrariness of 7, it is easy to show that lim;_,., 2T — 2! = 0. O

To prove the global convergence, we only need y < 0. In the rest of this section, we consider
two cases. One is strict complementarity, the other is that the objective function is convex or

concave. In either case, we show the global convergence.

Theorem 3.9 Under Assumptions 2.1, 2.2 and 3.1, if v > é and every x € Acg satisfies

strict complementarity (i.e., s; —y; # 0 for all j), where
Aos = {z € ANX'|Sy =0, f(x) = lim f(z")}.

Then every cluster point of {z'} is a stationary point of (1.2).
Proof Letz € X' and

/_\CS = {.’E S ACS|yj0 = anj+ > anJ__ < 0}7

where Jo = {j|y; = 0}, J4+ = {jly; > 0}, J_ = {j|y; < 0}.

For each z € Acg satisfies strict complementarity, then there exists a § such that Acg +
B(0,6) N Acs = Acs. By Lemma 3.8, we have z‘*t! — 2t — 0, hence it implies that X’ forms
a continuum. Therefore X’ C Acg and X’ C Acs.

For each j € J, we have yfh > 0, when ¢ is large enough. Since gil — th = at(53+)27y3+
> 0, when ¢ is large enough. It follows that lim inf, th > 0, which contradicts with s;, = 0.
Therefore, Jy =0, i.e., § <0. O

In the following of this section, we analyze the convergence when f is convex or concave.
Lemma 3.10 Letz € X', H = {jly; #0}, A={x € Alsg =0, f(z) = f(@)}. If f is convex

or concave, then A is convex and V f is constant on A.

Proof Since Sy = 0, then Z is the optimal solution of the following problem
optimize{ f ()| A%z = by, AL ;cx < bye}. (3.4)

When f is concave, “optimize” is “maximize”. When f is convex, “optimize” is “minimize”.
Therefore, A is the optimal solution set. Due to (3.4) is equivalent to a convex minimization
problem, A is convex. Then according to [13], it follows that V f is constant on A. O

Lemma 3.11 Under Assumptions 2.1, 2.2 and 3.1, if v > ; and f is convex or concave, then
y(z) =4 for allz € AN X'.
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Proof For any # € AN X', since s;=0and H C J, we have g = Ay = Ay ;. It follows
that A;9; = g = A;y;. Since Aj; has full column rank, we have §; = 4;. Furthermore,
§jc =0=1yjc. Therefore, y(z) =7 for allz € AN X'. O

Lemma 3.12 Under Assumptions 2.1, 2.2 and 3.1, if v > % and f is convex or concave, then
X' =AnX.

Proof Firstly, we show that there exists a constant 6 > 0 such that |y;| > ;|g;| for all
r € [A+6B(0,0)]N X" and all j € H.

If not, then there exists a subsequence 7 and an index j, such that z* € (ANX")+ B(0,§"),
6 — 0and |y;| < 5|7;|. Due to the boundness of {z'}, there exists a subsequence 77 of sequence
T, such that 2! — & € AN X’. Since y — § = g, it follows that |y;| > 1|y;| for all j € H. This
is a contradiction.

For a proof by contradiction, we suppose that there exists # € X’ but & ¢ A. By {z!*! —
x'} — 0, we have that X’ forms a continuum. Then there exists Z € X’ such that 7 €
[A +0B(0,0)]N X" but & ¢ A. It follows that there exists j € H such that §; > 0. Therefore
5;9; # 0 contradicts with € X". O

Combining Lemmas 3.11 and 3.12, we claim y* — % for all ¢.

Theorem 3.13 Under Assumptions 2.1, 2.2 and 3.1, if v > %, f is convexr or concave, then
every cluster point of {z'} is a stationary point of (1.2).

Proof We only need to prove § < 0. Since y* — ¢, we suppose § % 0, then there exists j € J
and T such that y¢ > 0 for all ¢ > T. Since 55" — st = a!(S1)?7y!, we have st > sT for all

J
t > T. This contradicts with 5; = 0. Therefore, y < 0. g

We extend the proof in [18] to prove the convergence of our algorithm. However in our

proof, we propose none assumptions on stepsize af, and o'.

4 Sublinear Convergence When f is Quadratic

In this section, we show {f(x!)} converges sublinearly when f is quadratic. Moreover, we show
{z'} converges sublinearly for v < 1. If vy = % and strict complementarity holds, then the
convergence is linear.
Let
flz) = ;xTQx +clz.

Theorem 4.1 Suppose Assumptions 2.1, 2.2 and 3.1 hold, and v > % Then the following
results hold with w = 1/( — 1) and ¥ = max{1 + v, 2v}.
(1) There exist v € R and C > 0 (depending on z°) such that

0< f(z")—v<Ct™™, Vt>1. (4.1)
(2) Assume j <~ < 1. Then there exist T € A° and C' > 0 (depending on z°) such that
Iz -2l <Ct >, Vi1

T 1s a stationary point.
Moreover, if v = } and 5 —§ > 0, then {f(z")} converges Q-linearly and {||z — «*||}

converges R-linearly.
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Proof Let ' = (S*)7y" and v = lim, f(z*). We have

f@") = @) = ovad||n|? (4.2)

and {f(2!) — f(z**!)} — 0. By Lemma 3.6, we obtain {n'} — 0. For any index set J C
{1,...,n}, we define

1 . 1 .
Ty = {tls; < |nf|v+ V5 € J, |y;| < |nf|++, V5 € JO}

Since (s5)7|y4| = [n}|, we have only one of s; < |n§-\1iw and |y;| < \n§|1}rw holds. The number
of different J is infinite, therefore there exists an index set J, such that 7 is infinite. Consider

any infinite set 77, for each t € 7, the following linear system in (z, s, y)
Sy=28% Qr+c=Ay, wyjo :ygc, s>0, ATz4+s=b
has a solution (x!,s*,y"). Let || - ||, denote the v-norm. Then we have
(s 5 I EY < Il Yt € T

Since {n'} — 0, it follows that {(s’, y%c)}+e7r, — 0. Therefore, every cluster point of {z?, s*, 3"}
satisfies

s;7=0, Qr+c=Ay, y;c=0, s>0 ATz+s=0.

Denote the solution set of this linear system by ¥ ;. Using an error bound of Hoffman [11],
there exists (z¢, 5%, y) € £ such that

Iz",5%5") = (2, s y")| < Call (T, yhe) lawns VEE T,

where C1 is a constant depending on @), A and J.
Firstly, we show f is constant on X ;. Suppose (z,s,y), (¢/,s",y’) € T,

Fa) = @) = @~ ) Q! — ) + Qo+ &) (' — )

et
= @~ QE ~ ) + 47 (s~ )

1 !/ T !/
= 2(9& —z)" Q(a' —x).

A symmetric argument yields f(z) — f(2/) = }(2' — 2)7Q(2’ — z). It implies f(z) = f(a').
For any t € 7,

Q' + ¢ (' — ') = (Qa + ¢ — AgHT (2" — 2) + (1) (5" = ') = (1) (5" 5.

If v < 1, then it follows that

) = 1] = o' =7 Q! ~ )+ (Qa' + 97"~ o)
— [y -t et ¢ ()76 )
< It =27 QGt — )] + 155, — s5)

jEJ
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1

=, (2 — 2" Q2" — 2")| + Z |7;55
jeJ

< Collat =27+ 1 —yhst + > lyhst

jedJ JjeJ
< Colla’ — 2|1 + Z |75 — yjls + Z mfl(s5)'

jeJ jeJ

2 1 1 2

< G117 + chﬂﬁt\hm ] 1+ + Z |mj] 1+,

JjeJ jEJ

where C5 depends on ). The last inequality in true due to v < 1. We have

2
[f(=") = f@) < Cylln'lli™, VEe T, (4.3)
where C is a constant depending on @, A, J, 2% If v > 1, then |ys}| = |77§|# |y§|1_$ Using
{y'} is bounded and IJQFW > i, we have
1
[f(@") = F@N] < Colln'lly, Vte T (4.4)

Let C3 = max{C;| |7T;| = oo}.
Since f(a') — v and {n'} — 0, it follows from (4.3) and (4.4) that {f(z")}+e7, — v. Since
7' € ¥ and f is constant on X ;, we have f(z') = v. Therefore, for all t € 7},

_ min{12»y7},}
f@) —v=f(a") = f@@) < Csllnlly T
= Cs|ln'lly
< w(f(a) = f)
The last inequality is from (4.2) and inf; ' > 0. Denote A* = f(z') — v. Then
t\ Y
AT < AT - (A ) (4.5)
K

holds for all ¢ € 7; and all J such that 7 is infinite. It implies when ¢ is larger than some
T, (4.5) holds. 7

(1) Take C' > max{x71, (;/"_Wl)iil 1, sufﬁcientﬁly large so that f(z') — v < Ct™“ holds for
t=1,...,T. When w < 1, it follows from C > k+* that (S)TY > C. Then

t\ Y el
AL < AT A SC— C <c 1_1_ < C .
K tv Kt [ twy (t + 1)“’

The last inequality is implied by w5y = 14+ w and (1 — til)“’ >1- Hl_l. When w > 1, since
C> (;Y“jl)ﬁil yields (¢)7 > ﬁl, we have

C c\” 1 1 1 w C
o Y < — = — <
o o ) e ) e

1 w
because (1 — , | )“>1— % .

(2) Assume v < 1, then 7 = 1 + v < 2. We have, for all ¢t > T,
st = st ll = a*[I(s*) 0"l

< o[8[
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5 'l
(o)

[l
o'[|n*|>
712
(a") = f(a")

a1y
At — ARy B

At ) T

On the other hand, ||s}" — st || = | AL (2! —2t)|| > Ca||2*+! — 2|, where C4 depends on A.

This is because the number of different I is finite, and for each I, A; has full row rank. Then

= of[|s"||
< [Is" [l vn

< st L vn’

< [Is" 1% vn

2+t — || < Cy(A? — AP (AY) 3

Al 5
§C4/ t72dt

At+1

= Gl -l

For any to > t; > T, we have

ta
C _ 5
Yol =gt < T (AT - (A2

t=t; Sl
Cy _5
< 1_Z<A‘i)1 .

Since A" — 0 as t; — oo, this shows that {z'} satisfies Cauchy’s criterion for convergence.

Thus {z'} has a unique cluster point Z. Using triangle inequality, we have

to
Jats+t = ot = | 3t - a9
t=t,
to
<3l =2
t=t,
Cy 5
< _ At 1—2 .
<, 7@

Let ty — oo, it follows from (4.1) that ||z — 2! || = O((t;w)l_z) =0(t, 2 ).
Moreover, suppose § — ¢y > 0 and v = é We have {z'} — Z and § < 0. Then there exist
J C{1,...,n} such that

1 ) — 3 —
s5=0(n|>), VieJ, and [yj|=0(n), VjeJ,

j =
we have [|(s,¥5¢)ln < |[n*[ly and [|(z*, 5", 7%) — (2%, s*, y")Il < C1ll(s%, y5¢)ll1. Then it follows
that
@) = F@)] < Co(CP 1T+ D Ol + Y Infl? < Callmll?

jeJ jeJ
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and

A< Gyl < W (F(ah) = fa™F)) = #/(AT = AT,
Using this relationship, we have ATl < “;‘,1At. It implies that {A'} — 0 Q-linearly. In
addition, ||Z — 2! || = O((A")4) = O((1 — L)i%). This means that {||Z — ']} converges to 0
R-linearly. O

5 Numerical Experiments

In this section, we test the practical behaviour of Algorithm 2.3. We test different problems
containing convex quadratic programming and nonconvex programming. Our code is written in
MATLAB R2012b, and all the experiments are performed on a Dell Optiplex 780 workstation
with Intel Core Quad 2.83GHz CPU and 4GB of RAM.

Firstly, we consider LASSO problem that

1 - -
. A _ 2
min , [ A8 = b[|" + All6]l1,

where A € R™*"_ b € R™. The dual problem of LASSO is that
~T
min 1a:TJ;— b T
zER™ 2 A ’
st. ATz < (1,..., )7,
ATz <(,..., )T,

which has the same form of Problem (1.2). It has m variables and 2n constraints. Moreover, it
is a convex quadratic programming.

In our experiments, A and b are generated by synthetic method. Firstly we generate a
sparse variable z and a random matrix A with gaussian distribution. Then we set b to be Az
with a noise (1%). In our implementation, we use three different values of v (v = 0.6,0.8,1).
For each case we use five different M (M = 2n,n,2m,1.6m,1.2m). When M = 2n, the method
is the classic Affine-Scaling Method. We use an exact-type rule

t . _(gt)Tdt t
o ( a1 ’“°>

to exchange the Armijio-type rule. The new af satisfies (2.1) with o = }

5, and inf; ot > 0.
Thus, the convergence can be guaranteed. In addition, we set g2 = 0.9 and take 0 to be the
initial point. We terminate the method when both [y’ || and ||S*y*|| are less than a tolerance
tol = 1072, where (y%); = max{y}, 0}.

Table 1 reports the number of iterations (iter), cpu time (in seconds), final objective value,
final ||y’ ||, and ||S*y"| (complementary). We see from Table 1 that it has better performance
at v = 0.6,0.8 rather than v = 1. When v = 0.5, it leads to numerical error that the sequence
{zt} goes to boundary rapidly. For each case, it saves about half of the time, when M is down
from 2n to n. For the most cases, M = 2m yields less cpu time than M = n. But when M
reduces to a number close to m, the number of iterations grows rapidly. When M = m, the
algorithm is numerically unstable and does not converge in the most cases. This states that
the appropriate choice of M makes the algorithm efficient.
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Problem
N
m n A
500 2000 1le—3 0.6
0.8
1
500 4000 1le—3 0.6
0.8
1
250 1000 1le—3 0.6

4000
2000
1000
800
600
4000
2000
1000
800
600
4000
2000
1000
800
600
8000
4000
1000
800
600
8000
4000
1000
800
600
8000
4000
1000
800
600
2000
1000

iter

61
52
47
57
66
64
43
78
60
136
86
86
130
132
411
107
88
53
47
45
52
45
36
34
45
98
69
95
116
127
53
46

cpu

8.162
4.240
2.775
3.259
3.499
8.564
3.360
4.836
3.329
7.343
10.766
6.725
7.904
7.037
21.102
26.928
13.421
4.208
3.503
2.913
12.244
6.284
2.642
2.310
2.739
24.196
10.332
8.026
9.514
9.518
1.628
0.966

obj

—47186.2
—47186.2
—47186.2
—47186.2
—47186.2
—47186.2
—47186.2
—47186.2
—47186.2
—47186.2
—47186.1
—47186.1
—47186.1
—47186.1
—47186.2
—46993.9
—46993.9
—46993.9
—46993.9
—46993.9
—46993.9
—46993.9
—46993.9
—46993.9
—46993.9
—46993.9
—46993.9
—46993.9
—46993.9
—46993.9
—24884.8
—24884.8

[

9.53e — 4
1.45e — 3
2.12e — 3
1.52e — 3
9.73e — 4
2.66e — 3
2.09¢ — 3
1.45e — 3
1.55e — 3
1.34e — 3
5.11e — 3
5.36e — 3
3.88¢ — 3
4.16e — 3
2.49e — 3
1.10e — 4
1.50e — 4
1.40e — 4
1.55e — 4
0.99¢ — 4
1.73e — 4
1.79e — 4
1.19¢e — 4
0.96e — 4
1.02e — 4
2.23e —4
3.12e — 4
2.18e —4
2.20e — 4
2.08e — 4
1.74e — 3
1.24e — 3

coml.

9.60e — 3
6.83e — 3
9.00e — 3
9.19¢ — 3
8.91e — 3
9.98¢ — 3
8.53e — 3
9.81e — 3
9.25e — 3
9.94e — 3
9.35e — 3
9.95e — 3
9.74e — 3
9.89¢ — 3
9.95e — 3
3.23e — 3
7.92e — 3
3.95e — 3
4.66e — 3
4.88e — 3
8.25e — 3
9.99¢ — 3
8.49e — 3
7.28¢ — 3
7.98e — 3
9.70e — 3
9.75e — 3
9.92e — 3
9.78¢ — 3
9.07¢ — 3
6.70e — 3
6.38¢ — 3

continued on next page
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continued from previous page

Problem . ) .
v M  iter  cpu obj lyi || com.
m n A

500 35 0.562 —24884.8 2.52e —3 8.45e—3

400 41 0.618 —24884.8 19le—3 9.34e—3

300 56  0.792 —24884.8 2.28¢e—3 8.93e—3

0.8 2000 38 1.086 —24884.8 242e—3 9.29¢—-3
1000 32 0.606 —24884.8 2.6le—3 9.29¢e -3

500 37 0.579 —24884.8 2.72¢e —3 8.56e — 3

400 34 0.506 —24884.8 2.92e—3 9.45e-—3

300 126 1.812 —24884.8 1.98e—3 9.67e—3

1 2000 61 1.811 —24884.7 6.97e—3 9.93e -3
1000 63 1.259 —24884.7 6.45e¢—3 9.28¢—3

500 204 3.349 —24884.8 3.59e—3 9.94e-3

400 142 2.126 —24884.7 4.7le—3 9.96e — 3

300 469 6.703 —24884.8 2.58e—3 9.92e -3

250 2000 le—3 0.6 4000 79  4.548 —24854.9 1.46e—3 6.64e—3
2000 67 2433 —24854.9 9.77e—4 5.06e — 3

500 43  0.902 —24854.9 6.54e—4 4.8le—3

400 38 0.754 —24854.9 T7.14e—4 5.72¢e—3

300 42 0.778 —24854.9 5.90e—-4 9.3le—3

0.8 4000 39  2.048 —24854.9 4.53e—4 9.26e —3
2000 35 1.160 —24854.9 5.2le—4 6.0le—3

500 29 0.564 —24854.9 T7.28¢—4 9.6le—3

400 39 0.762 —24854.9 6.48¢—4 9.57e—3

300 47 0.824 —24854.9 4.82e—4 9.17e—3

1 4000 118 6.733 —24854.9 6.95e—4 9.69e —3
2000 115 4.173 —24854.9 7.32e—4 9.9le—3

500 64 1323 —24854.9 1.00e —3 8.59¢ —3

400 52 1.030 —248549 14le—3 8.55¢—3

300 79  1.447 —248549 1.13e—3 7.29e—3

Table 1 Behavior of partial first-order affine-scaling method to LASSO

We now compare the numerical results of our method with fmincon Interior Point Algorithm
on nonconvex problems. The Matlab function fmincon is to solve nonlinear programming. More
extensive description can be found in [5, 6, 20].

For f, we choose 5 test functions from the set of nonlinear least square functions used by
Moré et al. [12]. Among the 5 nonconvex functions, ER, DBV, BT are with sparse Hessian,
and TRIG, BAL are with dense Hassion. We use the default starting point z° given in [12]. For
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constraints, we generate A with gaussian distribution, then the primary constraints are A7z <
w(l,..., )T, where p > 0 is given. After that, we translate the center of the feasible region
from the origin to 2%, which means AT (z — 2°) < pu(1,...,1)T. We terminate both methods
when the first order optimality measure is below a tolerance (tol > 0) times ||V f(2°)|loo. We
set tol = le — 3 except BAL. For BAL, we set tol = 1le — 10. For Algorithm 2.3, we set v = 0.8
and M = 2m, since such selections may bring good performance due to the experience from
Table 1.

The results are shown in Table 2. We see that Algorithm 2.3 costs less time than fmincon in
the most cases. Especially, for BT and BAL, Algorithm 2.3 performs much better. For DEV,

Algorithm 2.3 costs more time than fmincon, but with a better objective function value.

Algorithm 1 fmincon
Problem m n I

obj iter cpu obj iter cpu

ER 250 2000 1 3.436e —2 1457 1496 3.60le—2 81 66.89
DEV 250 2000 le—4 797le—8 351 10.77 5.184e—-7 19  9.66
BT 250 2000 1 2.885e — 1 432 420 3.640e —1 o1  43.52
TRIG 250 2000 le—3 1.31lle—4 187 714 2218 —4 16  8.36
BAL 250 2000 le—1 2947e+6 30 074 2947¢e+6 27 21.21

Table 2 Comparing Algorithm 2.3 with fmincon to nonconvex problems

6 Conclusion

In this paper, we have proposed a partial first-order affine-scaling method for solving smooth-
ing programming with inequality constraints. The method chooses a subset of constraints in
consideration at each iteration. We have proved the global convergence and showed the local
convergence rate under some assumptions. Numerical experiments show that the method can
solve Problem (1.2) efficiently, and a appropriate M can improve the efficiency of affine-scaling
method.
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