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We study the self-scaling BFGS method of Oren and Luenberger (1974) for solving unconstrained
optimization problems. For general convex functions, we prove that the method is globally convergent
with inexact line searches. We also show that the directions generated by the self-scaling BFGS method
approach Newton'’s direction asymptotically. This would ensure superlinear convergence if, in addition,
the search directions were well-scaled, but we show that this is not always the case. We find that the
method has a major drawback: to achieve superlinear convergence it may be necessary to evaluate the
function twice per iteration, even very near the solution. An example is constructed to show that the
step-sizes required to achieve a superlinear rate converge to 2 and 0.5 alternately.
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1. Introduction

We analyze the convergence properties of a self-scaling BFGS method for solving
the unconstrained optimization problem

min f(x), (1.1)

where f is a smooth function of n variables. At the kth iteration of the self-scaling
method, a symmetric and positive definite matrix By is given, and a search direction
is computed by

di = =By g, (1.2)

where g, is the gradient of f evaluated at the current iterate x;. One then computes
the next iterate by

Xery = X+ ody, (1.3)
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where the stepsize a, satisfies the Wolfe conditions:

SO+ andi) < f (%) + 81 onedl e, (1.4)
and

g(xe+ apdy)Tdy = 8,d g, (1.5)

where 0< 8, <} and 8, < 8,< 1. The Hessian approximation is then updated by

Bksksszjl kaz
By = B, — + , 1.6
e d)k[ « S{Bksk stk (16)
where
T
YiSk
:—_’ 1-8
d’k SZBksk ( )

which is one of the self-scaling quasi-Newton methods proposed by Oren and
Luenberger (1974). If ¢, =1, this method reduces to the standard BFGS method.
Other choices for ¢, are given in Luenberger (1984) and Oren (1982), and in the
references therein. In this paper we only study (1.8) because it simplifies the analysis
and because we believe that other choices of ¢, do not possess stronger convergence
properties than (1.8).

Self-scaling methods were derived, motivated and analyzed in the context of
unconstrained minimization of quadratic functions. They also arise when deriving
secant methods by variational means (Dennis and Wolkowicz, 1991). In this paper
we consider the behavior of one of these methods on general convex problems and
show that it can be implemented so as to be globally and superlinearly convergent,
but we find that the superlinear rate can normally be obtained only at an additional
computational expense. We construct an example that illustrates this.

2. Global convergence analysis

In this section we show that the self-scaling BFGS method with an inexact line
search is globally convergent on general convex functions. The analysis is based on
the study of the trace and determinant expressions for the matrices B, — an approach
due to Powell (1976).

The analysis is greatly simplified by defining the auxiliary sequence { B} by

Bl = B1 N (2.1)

— SIBkSk

Beii=—5— Biw1, k=1 (2.2)
YiSk

Since B, and B, are related by a constant factor, we can express the step s, in terms
of By. Indeed, using (1.2), (1.3), (1.7) and (2.2), we obtain, for k> 1,

sk = — @By g, (2.3)
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where

r 5

- Si—1 By 15k

oy = Oy T . (2.4)
Yi-15K—1

We now find a recursion for B,. From (2.2), (1.6) and (1.8) we obtain

= s}c-gksk stk BkskSIBk Slﬁksk ykyI
B =—% o | Bs——x +—= T, ° (2.5)
ViSk S Bisi 81 Bisic ViSk YiSk
and using (2.2) gives
= __(SZBksk stk )S—IE—IB_k—lsk—l[B BkSkSIBk]
= -
ko y{sk SIBkSk yLlsH S-Ilc-Bksk
S—llc-Eksk‘J’ky—Il;
+——T_ —T—'
YiSi YiSk
Thus
__ BuseTBe sTBusi yeyt
B =B.— SkS i By | Sk BiSic YV (2.6)

siBse  yis yise
From the determinant relation for the BFGS formula (see Pearson (1969)) we obtain

_ _ TE T
det(By,,) = det(B,) “e FicSe

Vise SiBse
=det(B,).
We have thus found that the determinant of the matrices B, stays constant,
det(By.,) = det(B,). 2.7

If B, is positive definite and siy,> 0 for all k, we can easily see from (1.6) and
(1.8) that all the matrices By generated by the self-scaling BFGS method are positive
definite, and consequently, from relations (2.1)-(2.2), that all B, are also positive
definite.

Next we study the trace relation. To do this we define the scalars

TR TR
skBksk SkBkSk
g =~ cos O =——=——"— (2.8)
O sis | Busl llsell”
B TS 2
m=2 g 0l (29)
S8k YiSi
where here, and for the rest of the paper, | - || denotes the £, vector or matrix norm.

Since B, and B, differ only by a constant factor, it is clear that cos 6, remains
unchanged if we replace B, by B,. Thus 6, is the angle between the steepest descent
direction —g; and the search direction d; of the self-scaling BFGS method, and the
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convergence properties of the method can be deduced directly from the behavior
of cos 6.
From (2.6) we obtain the trace relation

“Bksk”2 skBisi “J’k”
TBksk yssk ykSk

tr(By.y) =tr(By) — (2.10)

—tr(B) ——T 4 9 6 (2.11)
OS Ok m

We are now ready to establish a global convergence result, under the following
assumptions. The Hessian matrix of f is denoted by G.

Assumptions 2.1. (1) The objective function f is convex, bounded below, and twice
continuously differentiable in R”. (2) The Hessian matrix G(x) is bounded above
in norm for all xe D={xeR": f(x) =< f(x,)}.

Theorem 2.1. Let x, be a starting point for which Assumptions 2.1 are satisfied. Then
for any positive definite starting matrix B, the self-scaling BFGS method (1.2)-(1.8)
is globally convergent, i.e.

lim inf| g | = 0. (2.12)
ko0

Proof. It is easy to see (Powell, 1976, Lemma 1) that Assumptions 2.1 imply that
{M,} is bounded above by some positive constant M. The line search condition
(1.5) implies that

sy = = (1-8,)58k. (2.13)
Therefore, from (2.10), (2.13) and (2.3), and defining §;= M(1—5,)"", we have

s
- — SkBkSk
tr(B, <tr(B,) + M————————
1(Bytq) <tr(By) (1= 58,)s' 8
=tr(B)+ 83
=tr(B_k)[1+83&k/tr(§k)]. (214)
Therefore
—_— k —
tr(Bii1) <tr(By) [I [1+ 8;a:;/tr(B;)]. (2.15)
i=1

Now, from (1.4),

K
Jeri=fis6, X s:‘rgia
i=1
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and since f is bounded below, we obtain
=Y sig <. (2.16)
k=1
We now proceed by contradiction and assume that
lim inf| g, || # 0. (2.17)
k-0

Then there exists a constant 8,> 0 such that

gl = 8, (2.18)
for all k. Then from (2.3) and (2.18) we have

- T - = Tg-1 2 v %
B _ B =0 2\’
kél 518k Zl HeBle i 8= 04 k; tr(By)

since | By <tr(By). Thus by (2.16),
- —k
— << 0
k§1 tr(Bk)
A basic result of infinite products (see for example Apostol, 1957) states that if {y,}
is a sequence of positive numbers, then

(2.19)

T <o = [] (1+y)<co. (2.20)
k=1 k

=1

Using this result, (2.19) and (2.15) we see that the trace of B, is bounded. Since
we have also shown that the determinant of B, is bounded away from zero, we
conclude that both {B,} and {B;'} are uniformly bounded above. Moreover, by
(2.8), we conclude that cos 6, is bounded away from zero. This and assumption
(2.18) give a contradiction, since Zoutendijk’s result (see Zoutendijk, 1970, or Wolfe,
1969, 1971) states that any method of the form (1.2)-(1.5) satisfies

o0
kZ_:I cos” B, [ gl <.

The contradiction shows that lim inf]|g,|| =0. O

Thus we have proved that the self-scaling BFGS method, with inexact line searches,
is globally convergent on general convex functions.

3. Linear convergence
We make the following assumptions on the objective function.

Assumptions 3.1. (1) The objective function f is twice continuously differentiable.
(2) The level set D={xeR": f(x)=<f(x,)} is convex, and there exist positive con-
stants m and M such that

m|z|’<z"G(x)z< M|z|?, (3.1)
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for all zeR" and all x € D. Note that this implies that f has a unique minimizer x,,

in D. (3) The Hessian matrix G is Lipschitz continuous at x,,.

Under these assumptions, Theorem 2.1 implies that x, > x,.. We now investigate
the rate of convergence of the iteration.
Since (1.6) and (2.6) are invariant under the transformations

8= G:k/zsk, V= G;]/zJ’k, ék = G;I/ZB_kG;l/z,
we can assume, without loss of generality, that G, = I. Let us define
Ep = Xp — Xy -

By the Mean Value Theorem,

1
Y= J' Gk(xk+ ’TSk) dTSk

0

1 1
IJ [Gk(xk+TSk)_G*] dTSk+j G* dTSk. (3.2)
0

[

Thus, since G is Lipschitz continuous at x,, we have

[yell = I siell (1 +0()), (3.3)
where

o =max{|lexl, | e 1}-
Also from (3.2),

yisi = |si[7(1+0(a)), (3.4)
and using this in (2.9), we obtain

M,/ m,=1+0(0y). (3.5)
Substituting this in (2.11)

tr(By.1) = tr(By) + gi[1+ O(oy) — 1/ cos” 6;] (3.6)

=tr(By)+ ¢ O(a) + gi[1—1/cos® 8;]. (3.7)

Since the last term is non-positive, and since

g =<tr(By), (3.8)
we obtain
tr(Bist) <tr( B )(1+O(0y)). (3.9)

We can now establish a linear convergence result.

015201575
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Theorem 3.1. Let x, be a starting point for which f satisfies Assumptions 3.1. Then for
any positive definite starting matrix B,, the self-scaling BFGS method (1.2)-(1.8)
generates a sequence {x,} that satisfies

[+
L % —x,] <o,
k=1

and there is a constant 0=< r <1 such that

Ji+1 _f* = rk[fl _f*]a
Jor all k.

Proof. Since we know that the iterates converge to x,, we have that o, »0. Thus
using (3.9) we have that for large k,

[tr(Bei)]" <tre(B)]"(1+ a,00), (3.10)

for some constant a,. On the other hand, the line search conditions (1.4)-(1.5) and
the assumptions on f give (see for example Byrd, Nocedal and Yuan, 1987, p. 1175)

ﬁ<+1_f*s(1—‘31 cos’ ek)(ﬁc _f*) (3-11)

for some constant 0 < ¢, < 1. Combining (3.10) and (3.11), asuming that cos® 6, =3
and that k is large enough, we obtain

[tr( By )1 (fierr = fi) < [tr(BOTP" (fe = fi) (1 = 3e)(1+ @y 00 )
< [te(B)T" (fe = f)s (3.12)

since o > 0. We note that the relation (3.12) also holds when cos® 8 <3, since in
that case (3.6) implies that, for large k, tr(By.;)<tr(B), and since fi., <f, by
(3.11). Therefore, we see from (3.12) that the sequence {[tr(B,)]*"(fi—f,)} is
bounded, i.e. there exists a constant # such that

[te(B)T" (f — fi) < 1, (3.13)
for all k. Moreover by Taylor’s theorem
fo=fi=zam|ed, (3.14)

where m is the lower bound in (3.1). Using this in (3.13) we obtain
[tr(B)"||ec])> < m (3.15)

where m =2/ m. Similarly, from (3.13) and the condition fi.; < f;, we have that
[te(B) " (ferr —fi) < 1,

and thus applying (3.14) for k+1 we obtain

[tr(ék)]zn'[5k+1|'2<m- (3.16)
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Using (3.15) and (3.16) in (3.10) we have
[tr(Bi1)]" < [tr(B)]" + a)[tr( By) ] o,

<[tr(By)]" +m,

(3.17)

where m = a;m ">, Thus we have shown that [tr(B,,)]" grows at most linearly; we

shall make use of this fact later on.

We will now consider the behavior of the trace relation (3.6) when cos’ 8, is

small. Thus let us suppose that
cos® 6, <3.
Then 1+2 cos® 6, <2, which in turn implies that

1+2 cos® 8, 1
2cos’ 6, cos’ 0,

or

1 1
1, STl S5
cos” 6 2 cos” 6,

Substituting this in (3.6) we have

_ _ 1
tr(Biyq) Str(By) + Qk[l +0(0y) -1 _m]

_ 1
Str(Bk)—%qk[m—l],
k

since O(oy) <3 for large k.
Let u{¥<---<u'® be the eigenvalues of B,. Then from (2.8),

qc= pi =det(B)/ps" - - - uil.

By the geometric/arithmetic mean inequality

tr(B) "7 [pi0 4+l
[n——l o el IS AR

Using this in (3.21), and recalling that det(B,) = det(B,) we have
g =(n—1)""" det(B,)/[tr(B,)]"""

= oo/ [tr(B)]" 7,

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

where ¢; = (n—1)""" det(B,;). Substituting this bound in (3.20) and defining ¢ =3¢,,

we have

tr(§k+1)<tr(1§k)—5[ . —1]/[tr(1§k)]"_1-

cos’ 6,

(3.23)
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Moreover by (3.18) and (3.6) we have tr(B,.,) <tr(B,), for large k, so that by(3.23)

[tr(By1)]" < [tr(Bes) Wt (B

<[te(B)T" — a[coslz . 1]. (3.24)

This relation states that, when (3.18) holds, [tr(B,)]" decreases — and the reduction
is proportional to 1/cos” 6, —1.

We now apply (3.17) (which holds for all k) when cos® 8, =%, and apply (3.24)
when cos? 6, <. We obtain

k ke
0<[tr(Bis)]"<[te(B)I"— X 5[ 2, 1] + Y m,
cos?8;<1/2 cos” 8; cos?6,=1/2
i=1 i=1
and hence
k |: 1 ]
—1|=<ck
coszﬂz,-:<1/2 COS2 0,- 3
i=1
or
k
< ek, (3.25)

2
cos?6,<1/2 COS~ 0;

i=1

for some constants ¢; and ¢,. From this last relation we obtain

k 1 k 1
Y —r—<cgkt Y < ¢sk,
i=1 €08~ 6; cos?8,=1/2 COS” B;

i=1

where ¢s= ¢, +2. Applying the geometric/arithmetic mean inequality we have
k
= cs . (3.26)

We now conclude the proof as in Powell (1976). Let
L={ir1<i<k cos’6;<1/c?}
Jo={i:1<i<k cos’6;=1/c3}.

From (3.26)

1 i 1

2 P 2 ZC?“"I~
cos” 0; iey, cos” 0;  icq, cOs”6;

cs= ]
iely
This implies that |I,| <3k, and therefore |J | = k. Using the latter in (3.11) we obtain

S —fe = Clsc(fl —fe)s
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where cs=[1-¢,/c2]"/*<1. Therefore f; converges to f, R-linearly. It is then easy
to show (see for example Byrd and Nocedal, 1989, p. 733) that
kZ el <oo, , (3.27)
=1

and that x, converges to x, R-linearly. [

4. Can superlinear convergence be obtained?

We will now show that the search direction generated by the self-scaling BFGS
method approaches the Newton direction, asymptotically. From (3.9),

tr(Bewr) <tr(B) T1 [1+0()].

i=

Since (3.27) implies that Zil o; <o, we apply the basic result (2.20) on infinite
products to obtain

[1 [1+0(o;)]<c0.

i=1
Therefore {tr(B,)} is bounded, and since det(B,) is constant, we conclude from
(2.8) that

¢y = qk = Cg,

for some positive constants ¢; and ¢s. Using this in (3.7) and recalling that tr( Bii1)>0
we have

[e o) 1 ©
igl qu:COSZ 0, - 1:’ <tr(B1)+ Cg igl O(O',-) < 00,

We conclude that
cos® 0~ 1. (4.1)

Since we have assumed that G,, = I, this means that the search direction approaches
the Newton direction asymptotically, and superlinear convergence would be
obtained if the steplength «, is chosen appropriately. Byrd, Liu and Nocedal (1991,
Lemma 3.2), show that if (4.1) and

s ;erSk

T
SkVi

(4.2)

hold, then setting o, =1 for all large k gives a Q-superlinear rate of convergence
(this is just a restatement of the well-known Dennis and Moré (1974) condition).
The BFGS method satisfies (4.1) and (4.2), so that asymptotically only one function
evaluation per iteration is needed if the trial value o, =1 is always used in the line
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search. However the self-scaling BFGS method does not satisfy (4.2), and to obtain
superlinear convergence it may require non-unit steplengths. This is illustrated by
an example given below in which the desired steplengths satisfy @, >3 and a;.; ~> 2.
The question, therefore, is whether it is possible to predict the correct steplength
and avoid the function evaluations required by a line search iteration.

For general steplengths, Lemma 3.2 of Byrd, Liu and Nocedal (1990) implies that
superlinear convergence is obtained only if (4.1) and

T
%Sk

1 4.3
sTBusi (“43)

hold. Suppose that an exact line search is performed at x; to obtain x,.,, i.e.

Xpr1 =X, —afd, where af is the steplength to a one-dimensional minimizer of f

along d;. Then gf, s, =0, and using (1.2), (1.3) and (1.7) we obtain

T
SIBkSk SkBkSk
. -

%
T T k-
SVi — 5k8k

It is clear from this relation that a¥ satisfies (4.3), so that the self-scaling method
with exact line searches is superlinearly convergent. Unfortunately exact line
searches are impractical, and we need to look for other strategies.

It turns out that by making two function evaluations per search direction we can
compute a value of « satisfying (4.3). We can use any initial guess, say a{’ =1,
evaluate f and g at that point and make a quadratic interpolation to obtain ay. It
is easy to see that (4.3) holds for this choice of . This is the best strategy we know
for obtaining superlinear convergence — and it is expensive.

We will now present a simple example that shows that non-unit steplengths may
be needed by the self-scaling BEGS method to obtin superlinear convergence. This
shows that the condition (4.2) is not satisfied.

Consider the two-dimensional quadratic problem

min f(x) =3(u’+v?), (4.4)
with x = (u, v), which has the unique solution
x, = (0, 0)7. (4.5)

We define the functions

(A, B)=A(1+ B2, (4.6)

p(A, B)=(1+A8%?* (4.7)
and

t0r gy = BTV P BIT(A B) 45)

[p(A, B)+B2r(A, B)T
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In what follows we will assume that A > 1. We first note that

4p(r, 1)7(A, 1)
[p(A, 1) +7(2, DI”

£(A1)=

so that using the elementary inequality (a + b)>=4ab we conclude that
A 1)=s1.
We also note that

lim é(A, B)=A.

B>+

For any A =1 and 8 =1, it follows from the definitions (4.6)-(4.7) that
(A, BY<p(A, B)<A7(A, B).

Using (4.8) and (4.11) we have

CEAB) _pUp—=1)+282(A—)pr+ i (AT—p)T
A Alp+p21)?

_ 282G~ 1)pr
" MppTy?

_28°(a-1)
T A+pT

1

0,

where p=p(A, 8) and 7= 7(A, 7).
Let us now define the sequence

Ae=2+G), k=1,2,....

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

Since &(Ax, B) is a continuous function of B, since {A} is a decreasing sequence,
and since A, > 1, we see from (4.9) and (4.10) that, for each k, there exists 8, > 1

such that

‘f(/\k, Bk) = Ag+r-

As Arsy/Ar = 1, we have from (4.14) that £(Ay, Bi)/ Ak~ 1, so that by (4.12),

lim 28i(A—1) _
k>0 )Li(1+ﬂi)2 ’

This implies that

k->co

(4.14)

(4.15)
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The sequences {A.} and {8} will help us exhibit the desired behavior of the
self-scaling method. Suppose that at iteration 2k the current iterate is of the form

Xop = .ek[ L ], (4.16)
AkBr
and the Hessian approximation is
By = [(1) ;)k], (4.17)
where we assume that
exBr =o(1). (4.18)
From (4.16), (4.18), (4.15) and (4.5) we have that
21 = x| = [ Ak Bic (14 0(1)). (4.19)
The search direction is given by
dyy = '”Ek[ ! ] (4.20)
B
Due to the special form of the objective function we have that
Vi = Sk, (4.21)
for all k, so that the scaling factor (1.8) is
b =-df%2d"—= (1+ B0/ (1+ABR). (4.22)
2kP22kY%2k

We now compute the next Hessian approximation. Using (1.6), (4.21), (4.17), (4.20),
and (4.22), we have

B2kd2kd;kB2k} + d2kd’{k
d;kB2kd2k d;kdzk

_ _)‘k_[ B —,Bk] _1_[ 1 Bk]
- ¢2k 2 + 2 2
1+AkBk _Bk 1 1+ﬁk Bk Bk

By = ¢2k|:B2k -

_ 1 Bimt o Bilox— 7]
- _ : (4.23)
pi(1+81) LBeloc — 7] Bror+ 7
where 7. = 7(Ay, Br) and pr = p(Ar, Br). We choose the step-size to be
Mi(pic+ Bimi) + 7 — pe
= : 4.24
o ne(1+ %) 429
because it gives a superlinear step for large k. Indeed, the next iterate is
(A —A)e [ pk+BiTk :l
X = Xopt O dy =——= 4.25
T T O L (14 B LB — ) )’ (423
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and a short computation shows that
[[%2scer — ¥ = (A — 1)‘8k|(1 +0(1)) = o([|x2x — x*|). (4.26)

We now compute a new iteration of the self-scaling method. Due to the special
form of f we also have that g, = x,, for all k, so that by (4.25) and (4.23), the new
search direction satisfies

1 l: BT+ px ,Bk[Pk“Tk]]d B (/\k_l)EkI: it B ]

p(1+B2) LBl — 7] Bipet e 175 m(1+83) LBilpor— )
By observation we conclude that d,,, is a multiple of (1,0)"; more precisely
Ar—1 1
a1 z(_k*)eﬁc I: ] (4.27)
T O

Thus it follows that

dr .. d
boserr =Tt — = 5 (14 B2/ (pi +BET), (4.28)

2k+1B2k+1d2k+1

and consequently

T T
B _ B2k+ld2k+ld2k+lB2k+l d2k+1d2k+1
2k+2 ¢2k+1 B2k+1 -

d’2rk+1-BZk+1d2k+1 d-zrk+1d2k+1
0 0
¢ ! (Bit1) +[1 0]
= Qok+1 T L L2 K PrTk
1+8%)] 0 0 0
prull+Bi pi+ Btk
1 0
=[ ], (4.29)
0 Aps

where the last step follows from (4.14). Note that these formulae are independent
of the stepsize a,i.,. We now define

. A 1B 1(px "'.B%Jk) = Bilpi— 1)

wor = , (4.30)
2kt A1 Biipe(1+ BE)
and a direct calculation using (4.25) and (4.27) shows that
1
Xopar = Xopr1 T Copr18ogyr = 5k+1|: ], (4.31)
Ak+lﬁk+l
where
1—-A —
=( i) B — T ) &k (4.32)

£ .
kot Tk(1+ﬁi))‘k+lﬂk+l
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Using (4.32), (4.11), the boundedness of A,, (4.15) and (4.26) we obtain

%212 = X*[| = Ay 1 Bess| i |(1+ 0(1))
= (A= Dlec(pe—1) 7 (B + Bx) ' (1+0(1))
=O(|ex/ Bxl)
=0(|5k|)
= o([[X21 = x¥|)). (4.33)

Thus we obtain once more a superlinear step.

We deduce, by induction, that the sequence {x,} generated by the self-scaling
BFGS method can satisfy the cyclical pattern (4.16)-(4.33) for all k. Now, taking
limits in (4.24) and (4.30) we obtain

~ 1
a2k—>l and Arpy1>3.

Our example therefore shows that the self-scaling BFGS method can converge
superlinearly with a,, -2 and a1~ 3.

In practice, however, it may not be easy to guess the correct steplength, and a
practical algorithm that attempts to use only one function evaluation per search
direction may exhibit a linear-superlinear-superlinear type of convergence, as we
now discuss. Let {X;} be a sequence generated as follows. The iterate %;; is given
by x.x, as defined in the derivation above. Remembering that a stepsize near 2 would
give a superlinear step, we see that a stepsize of one would be accepted by the line
search conditions (the function decreases along that direction, and a shorter step
will reduce the function), so that

%31/ 1 %sicll > -

Then the new Hessian approximation at X5, will be given by (4.23), which for
large k is very close to Diag[0.5, 1]. Hence at the next iteration a unit step will give
a superlinear step. We can assume that X5, , takes us to x,,, in the above derivation.
Note that this last step would not change the Hessian approximation much, and
hence we can assume that the latter is still given by (4.23). Now at the 3k+2th
iteration, as the superlinear step requires a stepsize close to 0.5, the unit trial
steplength will give a point having about the same function value as the current
iterate. Then the line search technique would adjust the stepsize correctly to a num-
ber close to 1, which we could assume to be (4.30), and consequently Xz 3 1S Xo40-

Therefore, the sequence { X, } converges in a linear-superlinear-superlinear pattern.
This is exhibited in the following numerical test.

5. Numerical results

We present a numerical example using problem (4.4). The initial point is (10", 10°°),
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the initial matrix is Diag[1, 2], and the stopping condition is
|l gell <1072 (5.1)

The runs were performed on a Sparcstaion 1, in double precision. We ran the
self-scaling BFGS method both with an exact line search as well as with an inexact
line search that satisfies the Wolfe conditions (1.4)-(1.5) with §, =0.01 and 5,=0.9.
The results are given in Table 1 and Table 2 respectively.

In the exact line search case, we observe that «, converges to 3 and 2 alternatively.
In the inexact line search case, we find that the iterates converge in a linear-
superliner-superlinear pattern. We also note that in the second of the two consecutive
superlinear steps, two function values were calculated. These results confirm the
predictions of our analysis.

For purposes of comparison we also present in Table 3 the results of the (unscaled)
BFGS method with an inexact line search. We see that the rate of convergence is
superlinear and that the unit stepsize is used at every iteration.

We have also performed numerical tests with the self-scaling BFGS method using
the Moré, Garbow and Hillstrom (1971) collection of test functions. We tried both
well scaled and badly scaled starting matrices, and observed that, in terms of function
evaluations, the standard BFGS method is superior to the self-scaling method most
of the time. Moreover, we observed that the self-scaling method required almost
twice as many function evaluations as the BFGS method on several test problems.
In these cases, the behavior of the self-scaling method was similar to that described
in Sections 4 and 5.

Table 1
Self-scaling BFGS method with exact line search

X B, dy ay
10%° 1.0 0.0 -10'%
10%° 0.0 2.0 —0.5%10%° 2.0
-10%° 0.5 107° 2x10'%
2x10% 1073 1.0 —4x10%° 0.5
0.875 1.0 2.0x107° —0.475
3.994 x 10* 2.0x107° 2.0 -1.997 x 10* 2.0
-7.620x1072 0.5 1.191x107° 0.152
1.815x107° 1.191x107° 1.0 —3.629%x107¢ 0.5
1.804x 10716 1.0 2.382x107° —8.606x 1077
7.923 %1072 2.382%107° 2.0 7.923x 10712 2.0
8.287 x 10718 0.5 1.086x107° -1.657x 10~
—1.800x 10722 1.086 %107 1.0 3.600x 1072 0.5
1.540x 10732

7.433x107%
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Table 2

Self-scaling BFGS method with inexact line search
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X By, dy, o
1015 1.0 0.0 -10%° 1.0
10%° 0.0 2.0 —0.5x10%

0.0 0.5 107° 10% 1.0
0.5x10% 1075 1.0 -0.5x10%
10%° 0.5 -107° —-2x10% 1.0(failed)

~2x10"° -107% 1.0 14488 0.5

-0.125 1.0 7.244x107'2 5.256x1072 1.0

-2x10% 7.244x10712 20 10

—7.244x 1072 0.5 2.628 x 10712 9.232x1072 1.0

-0 2628x107% 1.0 10%°
1.988 x 1072 0.5 4.616x 1072 —3.976x1072 1.0(failed)
3.815x107° 4.616x10712 1.0 —-3.815x107 0.5

—1.830x 1070 1.0 ~9.594 % 1073 9.150x 1071 1.0
1.907 x 1078 —9.594x 107° 2.0 —9.537x1077

—9.150x 107! 0.5 —4.797x107° 9.150x 107! 1.0
9.537x1077 —4.797 x 1075 1.0 -9.537x1077

—8.677x107* 0.5 -4.797x107° 1.735%x 1078 1.0(failed)
0.0 —4.797x 1075 1.0 8.235x107% 0.5

-1.997x107%
4.163x107%

Table 3

BFGS method with inexact line search

X By i oy
10'° 1.0 0.0 —-10"® 1.0
10?0 0.0 2.0 -0.5x10%

0.0 1.0 —-4x 107" -2x10° 1.0
0.5 % 10%° —4x107% 1.0 —0.5%10%

-2x10° 1.0 -8x 107> 2x10° 1.0

—1.638 x10* -8x107% 1.0 1-638 x10*

—4x%1073 1.0 —10713 4x1075 1.0

—7.276 10712 -10713 1.0 7.276x 10712

—3.523x 107" 1.0 2.41x107%° 3.523%x1071° 1.0
4.338%1078 2.41x107" 1.0 —4.338x107'8
0

5.745x107%°
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6. Final remarks

Several researchers (see for example Shanno and Phua, 1978) report disappointing
numerical results with self-scaling quasi-Newton methods. Their results are con-
sistent with our analysis. Indeed, even though our analysis is asymptotic, the main
lesson we derive from it is that for the self-scaling method it is not easy to guess
the correct steplength, which results in additional function evaluations. Therefore
it would be desirable to design scaling strategies that do not suffer from the
inefficiencies just mentioned. Some authors prefer to apply the scaling parameter
at selected iterations — usually only during the first few iterations. This can be very
useful for some problems. A rather different scaling technique, in which the columns
of a factorization of the Hessian approximation are scaled, has been proposed by
Powell (1987). This strategy has been improved by Siegel (1991) and Lalee and
Nocedal (1991), who establish global and superlinear convergence results. The
numerical resuts with these techniques appear to be very satisfactory.
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